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1 }�~
�s���

Hamilton ��� 



ẋ = −∂H
∂y

+ εf(x, y),

ẏ =
∂H

∂x
+ εg(x, y),

(1.1)

���
0 < |ε| � 1,H(x, y) ����� x � y � m+ 1 ���h�^�t� ,f(x, y) � g(x, y) ����� x �

y �:�^���^��� n �:�t����� . ���w��� (1.1)ε=0 �w�����7���^ 
Γh ⊆ {(x, y) ∈ R

2|H(x, y) = h, h ∈ Σ}.

Σ ¡ h �N¢�£^¤w¥�¦¨§w© . ªs«s¬�­¯®:�
d(h, ε) := Pε(h) − h = εI(h) + o(ε2),

�°�
Pε(h) ¡ Poincar ±³²:´¯µ h �N¶ , · ε �<�s� I(h) ¸^¹�º�¡

I(h) =

∮

Γh

f(x, y)dx− g(x, y)dy, h ∈ Σ, (1.2)

� (1.2) »¯¡ Abelian ¼h½ . ¾ I(h) �w¿hÀh��Á¨Â ,Abelian ¼h½ I(h) �<ÃhÄtÁ¨ÅÆ�:¢h£�Ç
� ( ÈtÉs� ) ÊwË�Ì�Í/¥�ÎwÏ�Ðw��� (1.1) � �7�s �Ñ�ÒsÓ �s§<Ô4Õ-Ö�×wØ¨Ù<Ú�Çw� ( ÈtÉs� )

�RÛhÜ [1]. ÝwÞ Abelian ¼h½ I(h) �:Á¨Å^Çt���RÛhÜ B(n) »¯¡tß�à�� Hilbert á 16 âNã
[2]. ä Hamilton ®:�

H(x, y) =
1

2
(x2 + y2) − 1

3
x3 + axy2 +

1

3
by3,
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Horozov À [3] � Picard-Fuchs ���������wÍ B(n) ≤ 5n+ 15. ät� Hamilton ®:�
H(x, y) = ax2 + by2 − x4 + cx2y2 + y4,

�! #"
[4] À����wÍ B(n) ≤ 90n+24. ät� Hamilton ®:� H(x, y) = 1

2
y2+U(x) ,degU(x) = 4

Â , $&%('wÀ [5] ���wÍ B(n) ≤ 7n+ 5. ät� 4 � Hamilton ®:�
H(x, y) = x2 + y2 + ax4 + bx2y2 + cy4

)!* À [6] +&,.-!/ Abelian ¼h½ I(h) �10h�&2�3 , 4wË�ÌhÍ a > 0, b = 0 � c = 0 Â I(h)

Á¯ÅRÇw���<Û�Ü . ät� Hamilton ®:�
H(x, y) = x2 + y2 − x4 + ax2y2 + y4, a > −2,

5.6.6 À [7] ���wÍ B(n) ≤ 2[n−1
4

] + 12[n−3
4

] + 23. ä Hamilton ®:�
H(x, y) =

1

2
y2 +

a

2
x2 +

b

4
x4 +

c

6
x6,

$�7.8wÀ [8] ���wÍ B(n) ≤ 54n− 13. ä Hamilton ®:�
H(x, y) = x2 + cx4 + y4,

9#:�; À [9] ���wÍ B(2n+ 2) = B(2n+ 1) ≤ 2[n
2
] + 3[n−1

2
] + 4.

<.=.>&? ÍA@tµ Hamilton ®:�
H(x, y) =

1

4
x4 +

1

4
y4 − 1

8
x8 +

1

72
x12 = h, h ∈ Σ =

(
0,

√
3

12

)
, (1.3)

-./ ��BDC�E 


ẋ = −y3,

ẏ =
x3

6

(
6 − 6x4 + x8

)
.

(1.4)

¥Æ����� f(x, y)=
∑

1≤4i+4j+1≤n

aijx
4iy4j+1 � g(x, y) =

∑
1≤4i+4j+1≤n

bijx
4i+1y4j ÎwÏhµ -./ �

Abelian ¼�½ I(h) Á¯ÅRÇw���<Û�Ü ( ÈtÉs� ). � P (x, y)=−y3, Q(x, y)=x3

6
(6 − 6x4 + x8) . F

P (x, y)=0 G Q(x, y)=0 ¸ + ��� (1.4) ��H Ç�IhÅ Õ1(− 4

√
3 +

√
3, 0),O (0, 0),O1

(
4

√
3 +

√
3, 0

)
,

C ′
(
− 4

√
3 −

√
3, 0

)
,C

(
4

√
3 −

√
3, 0

)
. J�K.LNM

[
∂P
∂x

∂P
∂y

∂Q

∂x

∂Q

∂y

]

¥ H Å Õ1, O,O1, C
′, C O �!PRQSJ4¸ + , ¾ h ∈ Σ =

(
0,

√
3

12

) Â , �4� ��T Ç �&U Å
Õ1(− 4

√
3 +

√
3, 0), O (0, 0), O1

(
4

√
3 +

√
3, 0

) �WV¯Ç¯äÆ» �#XÆà&Y4Å C ′
(
− 4

√
3 −

√
3, 0

)
,
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p
1: qsr (1.4) t�u p

C
(

4

√
3 −

√
3, 0

)
, �.T Ç�½�vxw1y �
U Õ1, O,O1 � ).z ÚwÔ Γ̃1

h,Γh,Γ
1
h. @x{ 1 Ñ º .�°�

Γ̃1
h =

{
(x, y)

∣∣∣H(x, y) = 1
4
x4 + 1

4
y4 − 1

8
x8 + 1

72
x12 = h, x < −

4
√

3 −
√

3, h ∈
(
0,

√
3

12

)}
,

Γh =
{
(x, y)

∣∣∣H(x, y) = 1
4
x4 + 1

4
y4 − 1

8
x8 + 1

72
x12 = h,−

4
√

3 −
√

3 < x <
4
√

3 −
√

3, h ∈
(
0,

√
3

12

)}
,

Γ1
h =

{
(x, y)

∣∣∣H(x, y) = 1
4
x4 + 1

4
y4 − 1

8
x8 + 1

72
x12 = h, x >

4
√

3 −
√

3, h ∈
(
0,

√
3

12

)}
.

µ(|sä h ∈ Σ =
(
0,

√
3

12

) Â:¥ ).z ÚwÔ Γh Û¨�A} Ò#~!����� ,
<.= �A����2��w¡

�.�
1.1 ä Hamilton ®:�

H(x, y) = 1
4
x4 + 1

4
y4 − 1

8
x8 + 1

72
x12 = h, h ∈ Σ =

(
0,

√
3

12

)
,

¥ ).z ÚwÔ Γh Û ,B(n) ≤ 7[n−1
4

] + 5,
�°�

n = max{deg f, deg g} G n = 4k + 1, k ∈ N+.

2 Abelian ��� I(h) �S�������
¥ ).z ÚwÔ Γh Û , F/½.�s¼�½w¸ +

∮

Γh

x4i+1y4jdy = − 4i+ 1

4j + 1

∮

Γh

x4iy4j+1dx, (2.1)

ÑR� Abelian ¼�½ (1.2) ¸^¹�º�¡
I(h) =

∮

Γh

L(x, y)dx, (2.2)

�°�
L(x, y) =

∑
1≤4i+4j+1≤n

cijx
4iy4j+1, i � j �����w� ,cij = −

(
4i+1
4j+1

aij + bij

)
.

ä h ∈ Σ, �
I4i,4j+1(h) =

∮

Γh

x4iy4j+1dx, (2.3)
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ÑR�
I(h) =

∑

1≤4i+4j+1≤n

cijI4i,4j+1(h).

���
,Abelian ¼�½ I(h) �D0��!2�3w¸�FNµ(|�VsÇx�1�sË°Ì .� �

2.1 ¾ n = 4i+4j+1 = 4k+1 ≥ 5 Â , ¼�½ I4i,4j+1(h) ¸ � ¹�º�¡ Il,m(h)(l+m =

4k − 7, 4k − 3) � hIl,m(h)(l +m = 4k − 11, 4k − 7 � 4k − 3) � �.�.��  .¡ ¥h� (1.3) V�¢S£RÂ:ä x ¤�¥s¸ +
x3 − x7 +

1

6
x11 + y3 ∂y

∂x
= 0, (2.4)

Ët� (2.4) V�¢S£§¦ � x4i−11y4j+1 , 4#¨ Γh �w� x ¼�½w¸ +
I4i,4j+1 = 6I4i−4,4j+1 − 6I4i−8,4j+1 +

6(4i− 11)

4j + 5
I4i−12,4j+5, (2.5)

�°�
i ≥ 3, Ët� (1.3) V�¢S£§¦ � x4iy4j−3, 4#¨ Γh �w� x ¼�½w¸ +

I4i,4j+1 = 4hI4i,4j−3 − I4i+4,4j−3 +
1

2
I4i+8,4j−3 −

1

18
I4i+12,4j−3. (2.6)

F7� (2.5) ¸ +
I4i+12,4j−3 = 6I4i+8,4j−3 − 6I4i+4,4j−3 +

6(4i+ 1)

4j + 1
I4i,4j+1. (2.7)

© � (2.7) 0.ªh� (2.6) ¸ +
I4i,4j+1 =

4j + 1

8(i+ 3j + 1)
[24hI4i,4j−3 − 4I4i+4,4j−3 + I4i+8,4j−3]. (2.8)

F7� (2.6) ¸ +
I4i−12,4j+5 = 4hI4i−12,4j+1 − I4i−8,4j+1 +

1

2
I4i−4,4j+1 −

1

18
I4i,4j+1. (2.9)

© � (2.9) 0.ªh� (2.5) ¸ +
I4i,4j+1 (2.10)

=
1

4(i+ 3j + 1)
[72(4i− 11)hI4i−12,4j+1 − 36(2i+ 2j − 3)I4i−8,4j+1 + 9(4i+ 8j − 1)I4i−4,4j+1].

¥h� (2.5)
�A«

(i, j) = (3, k − 1) ¸ +
I12,4k−3 = 6I8,4k−3 − 6I4,4k−3 +

6

4k + 1
I0,4k+1. (2.11)

¥h� (2.8)
�A«

(i, j) = (2, k − 1) ¸ +
I8,4k−3 =

4k − 3

24k
[24hI8,4k−7 − 4I12,4k−7 + I16,4k−7]. (2.12)
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F7� (2.10) ¸ +
I4i+8,4j−3 (2.13)

=
1

4(i+ 3j)
[72(4i− 3)hI4i−4,4j−3 − 36(2i+ 2j − 1)I4i,4j−3 + 9(4i+ 8j − 1)I4i+4,4j−3].

¥h� (2.13)
�A«

(i, j) = (1, k − 1), (2, k − 1), (2, k − 2) ¸ +
I12,4k−7 =

1

4(3k − 2)
[72hI0,4k−7 − 36(2k − 1)I4,4k−7 + 9(8k − 5)I8,4k−7]. (2.14)

I16,4k−7 =
1

4(3k − 1)
[360hI4,4k−7 − 36(2k + 1)I8,4k−7 + 9(8k − 1)I12,4k−7]. (2.15)

I16,4k−11 =
1

4(3k − 4)
[360hI4,4k−11 − 36(2k − 1)I8,4k−11 + 9(8k − 9)I12,4k−11]. (2.16)

¥4� (2.8)
� ½Wv « (i, j) = (0, k), (1, k − 1), (2, k − 2), ¥4� (2.10)

�.«
(i, j) = (3, k −

3), (4, k − 4), · · · , (k − 1, 1), (k, 0), £RÂ#2   (2.11),(2.12),(2.14),(2.15) � (2.16) ¸ +
AJ = B,

�°�
J = (I0,4k+1, I4,4k−3, I8,4k−7, I12,4k−11, I16,4k−15, · · · , I4k−4,5, I4k,1),

A =




1 4k+1
2(3k+1)

− (4k+1)(4k−3)
8(3k+1)

[h

k
+ 1056k2−880k+151

128k(3k−1)(3k−2)
] 0 0 · · · 0 0

0 1 − 4k−3
8(3k−1)

[ 9(8k−5)
4(3k−2)

− 4] 0 0 · · · 0 0

0 0 1 − 4k−7
8(3k−3)

[ 9(8k−9)
4(3k−4)

− 4] 0 · · · 0 0

0 0 0 1 0 · · · 0 0

0 0 0 0 1 · · · 0 0
...

...
...

...
...

...
...

...

0 0 0 0 0 · · · 1 0

0 0 0 0 0 · · · 0 1




,

B =




4k+1
8(3k+1)

{
24hI0,4k−3 + (72k+21)(4k−3)

16k(3k−1)(3k−2)
hI0,4k−7 + [ 15(4k−3)

4k(3k−1)
h − (216k−75)(2k−1)(4k−3)

32k(3k−1)(3k−2)
]I4,4k−7

}

4k−3
8(3k−1)

[ 18
3k−2

hI0,4k−7 + (24h − 18k−9
3k−2

)I4,4k−7]
4k−7

8(3k−3)
[ 90
3k−4

hI0,4k−11 + (24h − 18k−9
3k−4

)I8,4k−11]
1

4(3k−5)
[72hI0,4k−11 − 36(2k − 3)I4,4k−11 + 9(8k − 11)I8,4k−11]

1
4(3k−7)

[360hI4,4k−15 − 36(2k − 3)I8,4k−15 + 9(8k − 15)I12,4k−15]

...
1

4(k+3)
[72(4k − 15)hI4k−16,5 − 36(2k − 3)I4k−12,5 + 9(4k + 3)I4k−8,5]

1
4(k+1)

[72(4k − 11)hI4k−12,1 − 36(2k − 3)I4k−8,1 + 9(4k − 1)I4k−4,1]




.

¬ � ,detA = 1, G B
� �A­�®#¯�° � Il,m(h)(l+m = 4k−7, 4k−3) � hIl,m(h)(l+m =

4k − 11,4k − 7 � 4k − 3). ÑR� , �1� 2.1 Ó Ä .� �
2.2 ¥ (1.2)

� ��� n ≥ 5, ä Hamilton ®:� (1.3),I(h) ¸^¹�º�¡
I(h) = α(h)I0,1(h) + β(h)I4,1(h) + γ(h)I8,1(h), (2.17)
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� �
α(h),β(h),γ(h) �h�h� h �w�w�¯� ,deg α(h) ≤

[
n−1

4

]
= k,deg{β(h), γ(h)} ≤

[
n−1

4

]
−

1 = k − 1. G k � degα(h) �N¢!±sÛ�Ü ,k − 1 � deg β(h) � deg γ(h) �N¢!±sÛ�Ü .¡ µ(| � �!²�³#´������ . F7� (2.8) �t� (2.10) ¸ +
I0,5(h) =

5

32
[24hI0,1 − 4I4,1 + I8,1], I0,9(h) =

9

56
[24hI0,5 − 4I4,5 + I8,5],

I0,13(h) =
13

80
[24hI0,9 − 4I4,9 + I8,9], I4,5(h) =

1

8
[24hI4,1 − 4I8,1 + I12,1],

I4,9(h) =
9

64
[24hI4,5 − 4I8,5 + I12,5], I8,5(h) =

5

48
[24hI8,1 − 4I12,1 + I16,1],

I8,9(h) =
1

8
[24hI8,5 − 4I12,5 + I16,5], I12,1(h) =

1

16
[72hI0,1 − 108I4,1 + 99I8,1],

I16,1(h) =
1

20
[360hI4,1 − 180I8,1 + 135I12,1], I12,5(h) =

1

28
[72hI0,5 − 180I4,5 + 171I8,5],

I16,5(h) =
1

32
[360hI4,5 − 252I8,5 + 207I12,5]. (2.18)

ÑR� , ¾ k = 1, 2, 3 Â#2 �sÓ Ä .

���¯¾ k ≤ d− 1 Â , µ n = 4k + 1 ≤ 4d− 3 Â ,I(h) =
∮
Γh
L(x, y)dx ¶R¹�º Ó

I(h) = αn(h)I0,1(h) + βn(h)I4,1(h) + γn(h)I8,1(h), (2.19)

�°�
degαn(h) ≤

[
n−1

4

]
= k ≤ d− 1, deg{βn(h), γn(h)} ≤

[
n−1

4

]
− 1 = k − 1 ≤ d− 2.

¾ k = d Â , F(�1� 2.1 �t� (2.19) ¸ +
I(h) =

∑

l+m≤4k−3

AlmIlm + h
∑

l+m≤4k−3

BlmIlm

=α4d−3(h)I0,1(h) + β4d−3(h)I4,1(h) + γ4d−3(h)I8,1(h)

+ h(α1
4d−3(h)I0,1(h) + β1

4d−3(h)I4,1(h) + γ1
4d−3(h)I8,1(h))

=α(h)I0,1(h) + β(h)I4,1(h) + γ(h)I8,1(h).

�°�
deg{α4d−3(h), α1

4d−3(h)} ≤ d−1,deg{β4d−3(h), β1
4d−3(h), γ4d−3(h), γ1

4d−3(h)} ≤ d−2,

Alm � Blm �#·&¸�¹^� . º1» ,

degα(h) ≤ max{degα4d−3(h), degα1
4d−3(h) + 1} ≤ d = k,

deg β(h) ≤ max{deg β4d−3(h), deg β1
4d−3(h) + 1} ≤ d− 1 = k − 1,

deg γ(h) ≤ max{deg γ4d−3(h), deg γ1
4d−3(h) + 1} ≤ d− 1 = k − 1.

ÑR� , ä.·&¸¯� k ∈ N+ , �1� 2.2 Ó Ä .

3 Picard-Fuchs ¼¾½�¿ Riccati ¼¾½
<.À�Á ��� I0,1,I4,1,I8,1 Â�Ã � Picard-Fuchs ����� - �¨� Riccati ��� .� �

3.1 ä Hamilton ®:� (1.3), BDC V = (I0,1, I4,1, I8,1)
T Â�Ã Picard-Fuchs ���

RV = (Bh+ C)V ′, (3.1)
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�°�

B =




24 0 0
9
2

24 0
99
8

18 24


 , C =




0 −4 0

0 − 27
4

35
16

0 − 297
16

513
64


 , R =




8 0 0

− 9
2

16 0

− 99
8

−18 24


 .

¡ ¥h� (1.3) V�¢��w� h ¤�¥s¸ +
∂y

∂h
=

1

y3
, (3.2)

~
� F7� (2.3) ¸ + I ′4i,4j+1 = (4j + 1)

∮
Γh
x4iy4j−3dx, µ:¸ +

I4i,4j−3 =
1

4j + 1
I ′4i,4j+1. (3.3)

©
(3.3) 0.ª (2.8) ¸ +

I4i,4j+1 =
1

8(i+ 3j + 1)
[24hI ′4i,4j+1 − 4I ′4i+4,4j+1 + I ′4i+8,4j+1]. (3.4)

¥h� (3.4)
� ½�v « (i, j) = (0, 0), (1, 0) � (2, 0) ¸ +





I0,1 =
1

8
(24hI ′0,1 − 4I ′4,1 + I ′8,1),

I4,1 =
1

16
(24hI ′4,1 − 4I ′8,1 + I ′12,1),

I8,1 =
1

24
(24hI ′8,1 − 4I ′12,1 + I ′16,1).

(3.5)

F7� (2.18) ¸ +
{

I ′12,1 = 1
16

(72I0,1 + 72hI ′0,1 − 108I ′4,1 + 99I ′8,1),

I ′16,1 = 1
20

(
1215

2
I0,1 + 360I4,1 + 1215

2
hI ′0,1 + 360hI ′4,1 − 3645

4
I ′4,1 + 10485

4
I ′8,1

)
.

(3.6)

© � (3.6) 0.ªh� (3.5) µ:¸ + 2 �sÓ Ä . �ÅÄ .� �
3.2 ät��� (1.4), I0,1,I4,1 � I8,1 Â�Ã

D(h)



I ′′0,1

I ′′4,1

I ′′8,1


 =



a11(h) a12(h)

a21(h) a22(h)

a31(h) a32(h)




[
I ′0,1

I ′4,1

]
, (3.7)

�°�

D(h) = 288h(48h2 − 1),

a11(h) = −9216h2 − 288h+ 144, a12(h) = −48h− 36,

a21(h) = 144h(1 + 12h) − 324h(16h+ 5) + 1188h, a22(h) = −288h(16h+ 5) + 1728h,

a31(h) = 3456h2 + 324h(12h− 11) − 3564h(4h− 1), a32(h) = 288h(12h− 11)− 5184h(4h− 1).
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¡ ¥h� (3.1) V�¢sä h ¤�¥s¸ +
(R −B)V ′ = (Bh+ C)V ′′, (3.8)

�°�

R −B =




−16 0 0

−9 −8 0

− 99
4

−36 0


 .

F (3.8) ¸ + (3.7). �ÅÄ .Æ F (3.8) Ç!¥ (3.7) ÂÅÈÉF/� TÅÊ LNM (Bh+C) �AË�LNM:È!Ì�C�£WÈ �s�!Í�ÎxÈ <.=.ÏÐ �!²�Ñ#Ò Maple ~!� - �^È!ÌWÈÓ�.Ô!@tµ&Õ LinearAlgebra:-MatrixInverse(rtable(1..3, 1..3, [[−4∗
h,−4, 1], [(1/7) ∗ k ∗ h,−4 ∗ h− 9/7 ∗ k, 27/28 ∗ k− 1], [−(4/7 ∗ k) ∗ h+ (3/28 ∗ (k2)) ∗ h, k ∗
h+ 36/7 ∗ k − 27/28 ∗ (k2),−4 ∗ h+ 81/112 ∗ (k2) − 48/7 ∗ k]],subtype=Matrix)).

F7� (3.3) ¸ + I ′0,1(h) =

∮

Γh

y−3dx = 3

∫∫

int(Γh)

y−4dxdy 6= 0, ÑR� ¸ + @tµ&�1� .

� �
3.3 ä Hamilton ®:� (1.3),ω(h) =

I′

4,1(h)

I′

0,1(h) Â�Ã Riccati ���
D(h)ω′(h) = −a12(h)ω

2(h) + [a32(h) − a11(h)]ω(h) + a31(h). (3.9)

¡ F/� ω′(h) =
I′′

4,1(h)I′

0,1(h)−I′

4,1(h)I′′

0,1(h)

I′

0,1
2(h)

, 2   � (3.7) µ:¸ + � (3.9). �ÅÄ .

4 Ö¾×���ØÙ�SÚÜÛ
F (2.17) � (3.1) ¸ +

I ′(h) = α1(h)I
′
0,1(h) + β1(h)I

′
4,1(h) + γ1(h)I

′
8,1(h), (4.1)

�°�
degα1(h) ≤ k, deg{β1(h), γ1(h)} ≤ k − 1.� �

4.1 � Ω = {h|γ1(h) = 0, h ∈ Σ}, ·¯¾ h ∈ Σ\Ω Â , Àt�
(
I ′(h)

γ1(h)

)′

=
M(h)

D(h)γ1
2(h)

(4.2)

Ó Ä ,
�°�

M(h) = α2(h)I
′
0,1(h) + β2(h)I

′
4,1(h), (4.3)

degα2(h) ≤ 2k + 1, deg β2(h) ≤ 2k.¡ F (4.1) � (3.7) ¸ +
(
I ′(h)

γ1(h)

)′

=

(
α1(h)

γ1(h)

)′

I ′0,1(h) +

(
β1(h)

γ1(h)

)′

I ′4,1(h) +
1

γ1(h)
[α1(h)I

′′
0,1(h) + β1(h)I

′′
4,1(h) + γ1(h)I

′′
8,1(h)]

=
1

D(h)γ2
1 (h)

[α2(h)I
′
0,1(h) + β2(h)I

′
4,1(h)],



No.6 Z\[^] : _a`^bc_^d Hamilton e^fhg Abelian icjakmlon^� 533

�°�

α2(h) = D(h)[α′
1(h)γ1(h) − α1(h)γ

′
1(h)] + a11(h)α1(h)γ1(h) + a21(h)β1(h)γ1(h) + a31(h)γ

2
1(h),

β2(h) = D(h)[β′
1(h)γ1(h) − β1(h)γ

′
1(h)] + a12(h)α1(h)γ1(h) + a22(h)β1(h)γ1(h) + a32(h)γ

2
1(h).

4#G degα2(h) ≤ 2k + 1, deg β2(h) ≤ 2k. �ÅÄ .� �
4.2

[3] � I ′(h),M(h), γ1(h) ¥ Σ
� �NÁ¯ÅRÇw��½�v�¡ #I ′(h),#M(h),#γ1(h), ·

#I ′(h) ≤ #M(h) + #γ1(h) + 1. (4.4)

�.�
4.3 ä Hamilton ®:� (1.3),W (h) = M(h)

I′

0,1(h) Â�Ã Riccati ���

D(h)β2(h)W
′(h) = R0(h)W

2(h) +R1(h)W (h) + R2(h), (4.5)

�°�

R0(h) = − a12(h), R1(h) = D(h)β′
2(h) + [a32(h) − a11(h)]β2(h) + 2a12(h)α2(h),

R2(h) =D(h)[α′
2(h)β2(h) − α2(h)β

′
2(h)] − [a32(h) − a11(h)]α2(h)β2(h) − a12(h)α

2
2(h)

+ a31(h)β
2
2(h), degR2(h) ≤ 4k + 3.

¡ F7� (4.3) ¸ +

W (h) =
M(h)

I ′0,1(h)
= α2(h) + β2(h)ω(h), (4.6)

ÑR�
W ′(h) = α′

2(h) + β′
2(h)ω(h) + β2(h)ω

′(h),

£RÂ#2   � (3.9) µ:¸ + � .� �
4.4

[5] ��� Σ0 = (a, b) ⊂ Σ, ·¯¾ h ∈ Σ0 Â , #W (h) ≤ #β2(h) + #R2(h) + 1.
�

� ¹.Ýh� #ψ(h) ¹�º ψ(h) ¥ Σ0 Û¨�NÁ¯ÅRÇw�ßÞ ÈtÉs�xà .�!�
1.1 á ¡xâ ½�v�F��s� 4.1 ���s� 4.3 ¸ + deg β2(h) ≤ 2k,degR2(h) ≤ 4k + 3.��� F(�1� 4.4 ¸ +

#W (h) ≤ 6k + 4.

F7� (4.1) ¸ + deg γ1(h) ≤ k − 1 .
��� F(�1� 4.2 ¸ +

#I ′(h) ≤ 7k + 4 = 7

[
n− 1

4

]
+ 4.

º1» , ä h ∈ Σ =
(
0,

√
3

12

)
Gs¥ ).z ÚwÔ Γh ÛhÂ , B(n) ≤ 7

[
n−1

4

]
+ 5. ª�� 1.1 �ÅÄ .
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THE NUMBER OF ZEROS OF ABELIAN INTEGRALS OF A

CLASS OF HAMILTONIAN SYSTEM WITH ELEVEN DEGREE

BAI Long, DONG Bai-Ying

(School of Mathematics and Computer Science, Ningxia Normal University, Guyuan Ningxia 756099,

China)

Abstract: In this paper, we study the number of zeros of Abelian integral for a class of

Hamiltonian system under perturbations of a polynomials with degree n ( n = 4k + 1, k ∈ N+). By

using Picard-Fuchs equation method, we derive the upper bound of the number of zeros of Abelian

integrals for this class of perturbed Hamiltonian systems (taking into account the multiplicity).
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