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Abstract: In this paper, we study the geometric ergodicity of continuous time Markov pro-

cesses in general state space. For the geometric ergodic continuous time Markov processes, the

condition π(fp) < ∞, p > 1 is added. Using the coupling method, we obtain the existence of a full

absorbing set on which continuous time Markov processes are f -geometric ergodic.

Keywords: Markov process; coupling; f -norm; geometric ergodicity; f -geometric ergodicity

2010 MR Subject Classification: 60J25

Document code: A Article ID: 0255-7797(2025)06-0493-09

1 Introduction

Ergodicity of Markov processes is one of the basic topics in the study of Markov pro-
cesses. The research on ergodicity of homogeneous and nonhomogeneous Markov chains
is becoming more and more mature. For example, the ergodicity of homogeneous Markov
processes was studied by Wang [1] before. Chen and Fu [2] also made a deep research on
the ergodicity of Nonhomogeneous Markov chains. The ergodicity of Markov processes has
important and wide applications involving Markov processes derived from queuing theory
and birth and death processes in q processes.

In order to study the convergence rate of ergodicity, geometric ergodicity (also known as
exponential ergodicity) and f -geometric ergodicity (also known as f -exponential ergodicity)
are introduced and studied by Nummelin and Tweedie in the sense of total variation norm
of general state space. Meyn and Tweedie introduced the more general form of f -geometric
ergodicity in [3]. They studied the f -geometric ergodicity of discrete-time Markov chains
using the coupling method.

Zhu [4] studied the f -geometric ergodicity of Markov chains in discrete-time general
state space. For the geometric ergodicity of continuous time Markov processes, the criteria
given by Meyn and Tweedie [5, 6] by means of drift functions are sufficient.

Coupling method has been widely used in stochastic process. It has become an impor-
tant tool to study the stability of the Markov processes.
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Zhang [7, 8, 9] proposed the concepts of the ϕ optimal coupling operator, where ϕ is a
nonnegative lower semicontinuous function. Zhang also proved the existence theorem of the
optimal measurable coupling of transition probability and the existence theorem of optimal
coupling operator of jump process. Both Chen M.F [10] and Zhang [11] used the coupling
method to study the ergodicity of homogeneous Markov processes. Zhu [4, 12] used the
coupling method to study the ergodicity of Markov processes.

In this paper, we study the geometric ergodicity of continuous time Markov processes
and the geometric ergodicity of continuous time Markov processes by the coupling method.
We strengthen the condition π(f) < ∞ to π(fp) < ∞(p > 1). Using the coupling method,
the conclusion of f -geometric ergodicity of continuous time Markov process is obtained,
which is the main result of this paper.

Let {Φt, t ∈ R+} be a continuous time Markov process, which is sometimes abbreviated
as Φt. The state space X is a polishi space (i.e., a complete and separable metric space),
and B(X) is a σ algebra generated by a countable subset of X. The transition probability
function of Markov process is denoted by P (t, x, A), t ∈ R+, A ∈ B(X), i.e.,

P (t, x, A) = Px[Φt ∈ A] = Ex[IΦt∈A].

Sometimes, continuous time Markov processes are also represented by P (t). The Markov
processes mentioned in this paper, if not specified, refer to continuous time Markov processes.

Definition 1.1 Let v be the signed measure on B(X), and g and f be measurable
functions on B(X). Define

‖v‖ := sup{|v(g)| : |g| ≤ 1}

and

‖v‖f := sup{|v(g)| : |g| ≤ f}, f ≥ 1.

Definition 1.2 The Markov process {Φt, t ∈ R+} is called ergodic if there is a unique
invariant measure π satisfying

lim
t→∞

‖P (t, x, ·)− π(·)‖ = 0,∀x ∈ X.

Definition 1.3 Let f be a measurable function. The Markov process {Φt, t ∈ R+} is
called f -ergodic if f ≥ 1 and satisfies the following conditions:

(i) Φt is a positive Harris recurrent and has an invariant measure π;
(ii) π(f) < ∞;
(iii) for any initial state of x,

lim
t→∞

‖P (t, x, ·)− π(·)‖f = 0.

If f ≡ 1, then the f norm becomes the total variation norm, and accordingly the f -ergodic
becomes ergodic.
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Definition 1.4 The Markov process {Φt, t ∈ R+} is called geometric ergodicity if there
exists ρ ∈ (0, 1) and a nonnegative function R(x) < ∞ such that

‖P (t, x, ·)− π(·)‖ ≤ R(x)ρt, t ∈ R+},∀x ∈ X.

Definition 1.5 Let f be a measurable function. The Markov process {Φt, t ∈ R+} is
called f -geometric ergodic if f ≥ 1 and satisfies the following conditions:

(i) Φt is a positive Harris recurrent and has an invariant measure π;
(ii) π(f) < ∞;
(iii) there is 0 < ρ < 1 and nonnegative function R(x) such that

lim
t→∞

‖P (t, x, ·)− π(·)‖f = 0,∀x ∈ X.

If f ≡ 1, then the f norm becomes the total variation norm, and accordingly the f -geometric
ergodic becomes geometric ergodic.

Lemma 1.1 (see [3]) Let Φ be an irreducible aperiodic Markov chain of ψ and f ≥ 1
be a function of X. Then the following conditions are equivalent:

(i) Markov chain Φ is positive recurrent and has an invariant measure π satisfying
π(f) < ∞.

(ii) There is a petite C ∈ B(X) such that

sup
x∈C

Ex[
τC−1∑
n=0

f(Φn)] < ∞. (1.1)

(iii) There is a petite of C and an extended value nonnegative function V for some
x0 ∈ X satisfying V (x0) < ∞ and

4V (x) ≤ −f(x) + bqC (x). (1.2)

Under any one of the above conditions, we obtain that SV = {x : V (x) < ∞} is a fully
absorbing set, where V is the solution of the satisfying condition (iii) of the Formula (1.2)
and any sublevel set V satisfying the Formula (1.1), for any x ∈ SV ,

lim
n→∞

‖P n(x, ·)− π(·)‖f = 0.

The following result is Theorem 14.0.1 in Reference [3].
Theorem 1.1 Let P (t) be a geometric ergodic Markov process satisfying the following

conditions:
(i) π is the only stationary distribution of P (t), there is a measurable function f ≥ 1

and p > 1 so that π(fp) < ∞;
(ii)

lim
t→t0

P (t, x, fp) = P (t0, x, fp),

P (t0, x, fp) does not have to be less than infinity. Then there exists a full absorbing set
M c(⊂ X) such that P (t) is f -geometrical ergodic on M c.
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We use rε+ and L+ to denote the set of nonnegative real valued B(X) measurable
functions and the set of finite measure on B(X), respectively.

Definition 1.6 (see [10]) {P (t, x, A) : t ∈ R+, x ∈ X, A ∈ B(X)} is called the transition
probability function of jump process if the following conditions hold:

(i) ∀ t ∈ R+, A ∈ B(X), P (t, ·, A) ∈r ε+;
(ii) ∀ t ∈ R+, x ∈ X, P (t, x, ·) ∈ L+, and P (t, x, X) ≤ 1;
(iii) (C-K equation) ∀ t, s ∈ R+, x ∈ X, A ∈ B(X),

P (t + s, x, A) =
∫

X

P (t, x, dy)P (s, y, A);

(iv) (Continuity condition) ∀ x ∈ X, A ∈ B(X),

lim
t→0

P (t, x, A) = P (0, x, A) = δ(x,A).

In this situation, we directly call P (t) a jump process.
If P (t) is a jump process, then the Condition (i) in Theorem 1.1 is automatically satis-

fied. Therefore, the following Corollary 1.1 is obtained.
Corollary 1.1 Let P (t) be a jump process, π be the only stationary distribution of

P (t). There is a measurable function f ≥ 1 and p > 1 so that π(fp) < ∞. Then there exists
a full absorbing set M c(⊂ X) such that P (t) is f -geometrical ergodic on M c.

If P (t) is a Feller process, then P (t0, x, fp) can take infinity. This special case is included
by Theorem 1.1.

2 Lemmas and Their Proofs

Definition 2.1 (see [13,14]) Let µ1, µ2 be probability measures on B(X) and µ̃ be
a probability measure on B(X) ×B(X). Then µ̃ is called the coupling of µ1 and µ2 if it
satisfies the following marginality:

(1) µ̃(A1 ×X) = µ1(A1), A1 ∈ B(X);
(2) µ̃(X ×A2) = µ2(A2), A2 ∈ B(X).
Lemma 2.1 (see [15]) Let µ1, µ2 be probability measures on B(X), and µ′ = µ1 + µ2.

Denote
g1 =

dµ1

dµ′
, g2 =

dµ2

dµ′
,

g = min{g1, g2}, γ =
∫

gdµ′,

v1(A) =
∫

A

(g1 − g)dµ′, A ∈ B(X),

v2(A) =
∫

A

(g2 − g)dµ′, A ∈ B(X),

and
Q(B) =

∫

B∩{(x,y):x=y}
g(x)µ′d(x), B ∈ B(X)×B(X).
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Then,
(1) 0 ≤ γ ≤ 1;
(2) v1, v2 are two probability measures on B(X);
(3) Q is a probability measure on B(X)×B(X).

Furthermore, let

µ =

{
Q, γ = 1;
v1×v2
1−γ

+ Q, γ 6= 1.

Then µ is the coupling of µ1 and µ2. We call µ the basic coupling of µ1 and µ2.
Lemma 2.2 Let µ1(t, x, dx), µ2(t, y, dy) be probability measures on B(X). There is a

discrete distance on X, i.e.,

d(x, y) :=

{
1, x 6= y,

0, x = y,

where µ(t;x, y; du, dv) is the basic coupling of µ1(t, x, du) and µ2(t, y, dv). Then we have

‖µ1(t, x, du)− µ2(t, y, dv)‖ = 2
∫

d(u, v)µ(t;x, y; du, dv). (2.1)

Proof The proof method is shown in Ref. [15].
Lemma 2.3

‖µ1(t, x, du)− µ2(t, y, dv)‖f ≤
∫

d(u, v)[f(u) + f(v)]µ(t;x, y; du, dv), (2.2)

where µ(t;x, y; du, dv) is the coupling of µ1(t, x, du) and µ2(t, y, dv).
Proof We have g(u)−g(v) ≤ ϕ(u, v), where ϕ(u, v) = d(u, v)[f(u)+f(v)], and |g| ≤ f .

Then
∫

gdµ1 −
∫

gdµ2 =
∫

µ(t;x, y; du, dv)[g(u)− g(v)]

≤
∫

µ(t;x, y; du, dv)ϕ(u, v).

Similarly, ∫
gdµ2 −

∫
gdµ1 ≤

∫
µ(t;x, y; du, dv)ϕ(u, v).

Hence,

|
∫

gdµ1 −
∫

gdµ2| ≤
∫

µ(t;x, y; du, dv)ϕ(u, v).

In the above inequality, we calculate the supremum of |g| ≤ f and get

‖µ1 − µ2‖f ≤
∫

µ(t;x, y; du, dv)ϕ(u, v).

Therefore (2.2) holds.
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Definition 2.2 Let {P (t), t ∈ R+} be an Ψ irreducible continuous time Markov process.
Set A is called full set if there exists A ∈ B(X) such that Ψ(Ac) = 0, and Set A is called
absorbing set with ∀x ∈ A,P (t, x, A) = 1.

Obviously, sets A and B are both full sets of the Ψ irreducible continuous time Markov
process {P (t), t ∈ R+}. Then A∩B is also full set of Φ. It is obviously from Theorem 2.2.6
in Reference [8], for the irreducible continuous time Markov process {P (t), t ∈ R+}, if there
is a unique stationary distribution π, then Ψ(Ac) = 0 is equivalent to π(Ac) = 0.

Lemma 2.4 (see [16]) Suppose that {P (t), t ∈ R+} is Ψ−irreducible, then
(i) every absorbing set is full,
(ii) every full set contains a non-empty, absorbing set.
Proof The proof is shown in Proposition 2.2.8 of Ref.[16].
Lemma 2.5 For a transition probability P and a generalized real valued function

V : X → [0,∞] satisfying any one conditions of Lemma 1.6, if PV (x) < ∞, then SV = {x :
V (x) < ∞} is a full set.

Proof From

PV (x)− V (x) = 4V (x) ≤ −f(x) + bqC (x),

we obtain

PV (x) ≤ V (x)− f(x) + bqC (x) < V (x) + b.

Since PV (x) < ∞, we get

PV (x) =
∫

P (x, dy)V (y) =
∫

SV

P (x, dy)V (y) +
∫

Sc
V

P (x, dy)V (y).

Suppose P (x, Sc
V ) > 0, then we have

∫
Sc

V

P (x, dy)V (y) = ∞, and thereby PV (x) = ∞,

which contradicts with the assumption. Hence P (x, Sc
V ) = 0 for x ∈ SV . Therefore SV =

{x : V (x) < ∞} is a full absorbing set.

3 Proof of the Main Result

From Lemma 2.3 we have that

‖P (t, x, du)− π(dv)‖ = 2
∫

d(u, v)P (t;x, y; du, dv),

where P (t;x, y; du, dv) is the basic coupling of P (t, x, du) and π(dv).
Since P (t) is geometric ergodic Markov process, there exists 0 < ρ < 1, and for any

x ∈ X, there is a nonnegative function R(x) < ∞ such that

‖P (t, x, ·)− π(·)‖ ≤ R(x)ρt, t ∈ R+. (3.1)

By Lemma 2.4, we have
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‖P (t, x, du)− π(dv)‖f ≤
∫

d(u, v)[f(u) + f(v)]P (t;x, y; du, dv), (3.2)

where P (t;x, y; du, dv) is the coupling of µ1(t, x, du) and µ2(t, y, dv).
According to the Hölder inequality, when p, q > 1 and 1

p
+ 1

q
= 1, there is

∫
d(u, v)[f(u) + f(v)]P (t;x, y; du, dv)

≤ (
∫

[d(u, v)]qP (t;x, y; du, dv)
1
q (

∫
[f(u) + f(v)]pP (t;x, y; du, dv))

1
p

= (
∫

[d(u, v)]P (t;x, y; du, dv))
1
q (

∫
[f(u) + f(v)]pP (t;x, y; du, dv))

1
p

= (
1
2
‖P (t, x, du)− π(dv)‖) 1

q (
∫

[f(u) + f(v)]pP (t;x, y; du, dv))
1
p .

Then

‖P (t, x, du)−π(dv)‖f ≤ (
1
2
‖P (t, x, du)−π(dv)‖) 1

q (
∫

[f(u)+f(v)]pP (t;x, y; du, dv))
1
p . (3.3)

From Minkowski inequality we have that

(
∫

[f(u) + f(v)]pP (t;x, y; du, dv))
1
p

≤ [
∫

fp(u)P (t;x, y; du, dv)]
1
p + [

∫
fp(v)P (t;x, y; du, dv)]

1
p

= [
∫

fp(u)P (t, x, du)]
1
p + [

∫
fp(v)π(dv)]

1
p ,

i.e.,

(
∫

[f(u) + f(v)]pP (t;x, y; du, dv))
1
p ≤ [

∫
fp(u)P (t, x, du)]

1
p + [

∫
fp(v)π(dv)]

1
p . (3.4)

Since there exists p > 1 such that π(fp) < ∞, we have [π(fp)]
1
p < ∞, i.e.,

[
∫

fp(v)π(dv)]
1
p < ∞. (3.5)

Then for each t ∈ R+, πP (t) = π,

π(P (t)fp) = πP (t)(fp) = π(fp) < ∞,

i.e., ∫
π(dx)

∫
P (t, x, du)fp(u) < ∞.

Set
Nt = {x ∈ X : P (t, x, fp) = ∞},
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then π(Nt) = 0. Denote M =
⋃
t≥0

Nt. From

lim
t→t0

P (t, x, fp) = P (t0, x, fp),

we get
M =

⋃
t≥0

Nt =
⋃

t≥0,t∈Q

Nt,

where Q is a rational number. So π(M) = 0, π(M c) = 1, equivalently Ψ(M c) = 1. Therefore,
for every x ∈ M c,

P (t, x, fp) < ∞, t ≥ 0. (3.6)

This means that
[
∫

fp(x)P (t, x, dx)]
1
p < ∞. (3.7)

Because P (t) is geometric ergodic Markov process, P (t) is ergodic, i.e.,

∀x ∈ X, ‖P (t, x, ·)− π(·)‖ → 0, t →∞.

This together with π(fp) < ∞, (p > 1) gives

lim
t→∞

P (t, x, fp) = π(fp) < ∞. (3.8)

From (3.8), we get that there exists a positive integer T and any positive integer ε, when
t > T , such that

P (t, x, fp) < π(fp) + ε.

From (3.6), if t ∈ [0, T ], P (t, x, fp) has the maximum value, and thereby it has supremum,
which is

sup
0≤t≤T

P (t, x, fp).

Set
M(x) = max{ sup

0≤t≤T
P (t, x, fp), π(fp) + ε}.

By (3.6) and (3.8) we can get
∀x ∈ M c,M(x) < ∞. (3.9)

Note that
R
′
(x) = (

1
2
R(x))

1
q ([M(x)]

1
p + [π(fp)]

1
p ), r = ρ

1
q . (3.10)

Obviously, 0 < r < 1. By (3.5) and (3.9) we have R
′
(x) < ∞. It follows from (3.2)(3.3)(3.4)

and (3.10) that
∀x ∈ M c, ‖P (t, x, ·)− π(·)‖f ≤ R

′
(x)rt.

Then the proof is completed.
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用耦合方法研究连续时间Markov过程的f-指数遍历

朱志锋, 周俊超

(湖北工程学院数学与统计学院, 湖北 孝感 432000)

摘要: 该文在一般状态空间下研究连续时间Markov过程指数遍历性. 指数遍历的连续时

间Markov过程, 增加条件π(fp) < ∞, p > 1, 利用耦合方法得到了存在满的吸收集, 使得连续时

间Markov过程在其上是f -指数遍历的.
关键词: Markov过程; 耦合; f -范数; 指数遍历; f -指数遍历
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