Vol 45 (2025 ) J. of Math. (PRC)

LOCALLY QUASIDIAGONAL EXTENSIONS OF
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Abstract: This paper introduce the concept of locally quasidiagonal extension of C*-algebras
and give some basic properties. We use the method of analogy, based on some properties possessed
by quasidiagonal extensions, we investigate whether local quasidiagonal extensions still retain these
properties. We then show that an extension of a locally AF algebra by a locally AF algebra is a
locally quasidiagonal extension.
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1 Introduction

Let I and B be two C*-algebras. An extension of B by [ is a short exact sequence
0—1-5%ES B — 0of C*algebras. The extensions of C*-algebras were first studied
by Busby and the attension was not attracted until the development of BDF theory. The
extension theory becomes more and more important since it describes how complicated
C*-algebras can be constructed. As the extension theory is concerned, there is a special
case called the quasidiagonal extension and many results have been obtained up to now.
Quasidiagonality plays a major role in C*-algebras and Quasidiagonal(QD) C*-algebras have
been studied for over 40 years. They are a large class of algebras which arise naturally in
many contexts and include many of the basic examples of finite C*-algebras[1]. Nathanial
P. Brown gave a suitable definition of a quasidiagonal(QD) C*-algebra and considered the
extension of quasidiagonal(QD) C*-algebras. A short exact sequence 0 — I LSELB—-0O
is called a quasidiagonal extension if there exists an approximate unit (p,), of I consisting
of projections, which satisfies lim, . ||pna — ap,|| = 0 for all @ € E. Since the theory
of extensions is a very useful tool for studying the classification and the structure of C*-
algebras, the discussion of the quasidiagonal extension is very meaningful. This definition is

invalid when I doesn’t have an approximate unit consisting of projections. In this paper we
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try to give a new definition on the basis of quasidiagonal extension and consider the relevant
theorems derived from the new definition.

2 Locally Quasidiagonal Extension

Definition 2.1 [2] Let 0 — I % E > B — 0 be a short exact sequence of C*-algebras.
Such a sequence is called a quasidiagonal extension if there exists an increasing approximate
unit (p,)n, of I consisting of projections, which satisfies

lim lpna — ap,|| =0

for all a € E.

Definition 2.2 Let 0 — I = F 5 B — 0 be a short exact sequence of C*-algebras.
Such a sequence is called a locally quasidiagonal(QD) extension, if for any ¢ > 0, finite sets
F C E and F’' C I, there exists i € I, satisfying ¢ > 0 and [|7|| < 1, such that

lif' = fll <e llif —fl <e, and [lif — fil <e

for all f € F and f' € F'.

Theorem 2.3 Let {0 — I, “E, B, — 0} be a sequence of short exact sequences
of C*-algebras, and let ¢, : E,, — E, 1 be a sequence of *-homomorphisms with ¢, (I,,) C
I,1. Let I = T}ergown(ln), E = JLHOIOSO”(E”) and B = JLH;O ©n(By). If for any n € N,

0— I, E, ™ B, — 0is locally quasidiagonal, then the extension 0 - I - F 5 B — 0
is locally quasidiagonal.

Proof For any n € N, there is a natural x-homomorphism ¢ : E, — E. Fix ¢ > 0,
finite sets 7/ C I and F C E. Then there exists a sufficiently large integer n, finite sets
F! C I, and F,, C E, such that for any f’ € F' and f € F, there exist f' € I,, and f € E,
such that

le™ () =l <& ™ () = fll <e
Since 0 — I, &% E,, I8 B, — 0 is loaclly quasidiagonal, for any ¢ > 0 there exists a
positive element i € I,, with [|7]] < 1 such that
lif = fil <e, lif = fill <e, and [|(i =) f] <<

for any f/ € 7', and f € F,.
Since (™ is -homomorphism, we have ||o™ (V)™ (f) =™ (f)|| <&, ||o™ @)™ (f)—
oM (feM™ @) < e, and [|(9™ (i) — ™ (7)?)™ (f)|| < €. Then one easily checks

le™ @ f = 1]
<lle™ @) f =™ D™ (P + l™ (D™ (F) = "™ (P + l™ (F) = £
<lle™ @I = "™ () + l™ D™ (F) = "™ (P + ™ (F) = f]
<lle™ @) lle + 2e,
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le™ @) f = f™ @)
<™ (@) =™ @™ (Dl + 1™ D™ (f) = ™ (D™ Dl + 0™ (He™ (@) = F™ @),
, ,

<ll™ @I = ™ DI+ ™ D™ (f) ~ so(”)( ) @I+ ™ (F) = Fllle™ @]
<2l @)le +e,

and

1™ @) = ™ (@) £l
<™ (@) =" @™ (D + 10" (D™ (f) = ™ @ (Dl + 1™ (D™ (f) = ™ @) [
<™ @I = ™ (DI + 1™ @™ () = o™ @)™ (D) + 1™ @2l (F) — £l
<@le™ @I + ™ @)?[)e.

Thus 0 — I % E 5 B — 0 is locally quasidiagonal.

Theorem 2.4 [3] Let 0 - I — E — B — 0 be a locally quasidiagonal extension of
C*-algebras and A is a nuclear C*-algebra, then 0 - I® A - E® A - B® A — 0is a
locally quasidiagonal extension.

Proof Fix finite sets 7/ C [ and F C E. Since 0 - [ — F — B — 0 is a locally
quasidiagonal extension, for any ¢ > 0 there exists a positive element ¢ € I with |7 < 1
such that

lif’ = fll <& llif = fill <e, and [|(i —*)fll <e

for any f' € F' and f € F. Let {ax}reca be an approximate unit for A. Fix a finite set
A’ C A. Then for any € > 0, there exists ay, € {ax}xrea such that ||ay,a’ — d'| < € for all
a € A. And F' ® A’ is the finite set of I ® A, F ® A’ is the finite set of E ® A. And for
any ff®@d e FFQA, f®d € F® A and for any € > 0, we have

1(i® ax,)(f' @ d') = f @ d|
=|if ® ay,a' — f'@d||
=[lif ® ar,d' —if @d +if' ®d — f@d|
<llif'llllax,a” = @'l + [[if" — f'lllla’|
<llif'lle + lla’ll,

1(i @ ax,)(f ®d') = (f@a)(i®a)]
=llif ® ay,a’ — fi®d'ay,||
=|if @ ar,a' —if @ d'ax, +if ® d'an, — fi@d ay,||
<[lifllllas,a’ = a'ax || + llif = fillla’ax,|

SH7’f||8 + 5”0’/&)\0 H7
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and

Ili ® ax, — (i ® ax,)*)(f @ a)|
=[[[(i = %) ® ax,)(f @ ') + [i* @ (ax, — a3,)|(f ® a')|
=@ =) f ®ara’ +f @ (ax, — a3, )d|
<[l = @*) fllllax,a’l| + [l fllllaxo la” = ax,a’l

<ellax,a'll + [ f[Hlax,le-

This imples that 0 = T ® A - F® A — B® A — 0 is a locally quasidiagonal extension.
Theorem 2.5 Let 0 — I - E 5 B — 0 be a locally quasidiagonal extension of
C*-algebras. If I and B are stably finite, then E is stably finite.
Proof  We just need to verify that for any partial isometry v € E, if vv* < v*v,
then vv* = v*v. We put F = {v,v*,vv*,v*v} and F' = {v*v — vv*,vv* — v*v}. From the
definition, for any € > 0 there exists ¢ € I such that ¢ > 0, ||i|]] < 1 and

lif' = f'll <e, [lif —fl <e, and ||if — fil| <e
for all f* € 7' and f € F. Then we have

livi+ (1 —i)v(1 —1i) — | = [Jivi — iv + ivi — vi]]
=||ivi — i*v + i*v — iv + ivi — vi® + vi® — v
<[lillllvi — dv]| + [li*v — dv[| + [lav — vil|[il] + [|vi* — i

<||ille + & + ¢||i]| + € = 2(||¢]] + 1)e.

So
llivi+ (1 —i)v(1 — i) —v|| < 2(||¢|| + 1)e. (2.1)

On the other hand, we have

| (ivi)* (ivi) — dv*vi|| = ||iv*i*vi — sv*vi|
<|liv*i?vi — v ivi|| + ||i*v*ivi — 2o vi? || + 2o vi? — 2ot vi|| + ||[ifvTvi — vt
<llilllv*i = dv* [ llavill + [[i*o*[[[liv — villld]] + [liv* v (@® = D)l + [1(6* = d)v*[[]|vil]

<lldllellavill + ll*0* [lellil| + [[*v*|le + e[lvi].
Since ivi € I, for any € > 0 there exists a partial isometry w € I such that ww* < w*w and
|lw —ivi|| <e.

And since |jw — wi|| < e, we have |(ww* — w*w) — (iv*vi — vv*i)|| < e. Note that

ww* = w*w since [ is stably finite. We have

|livivi — ivv*i|| < e. (2.2)
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Note that
(1 = dyo"u(1 — i) — (1 — iyow*(1 — 3|
=[|(v'v —vv*) = (v'v —vv*)i +i(vv — vv*)i —i(vTv — V)|
<l — v0) — (% — v0* )il + (670 — v0)i — (u70 — v0")|
<e 4+ |i|le.
Since

(i) (1 = i)o(1 = d)|| < [lav[l| (@ —*)o]l[|1 =il < [livllel|1 — ],
from (2.1) and (2.2) we obtain that |[v*v — vv*|| is sufficiently small. Since v*v — vv* is a
projection, v*v = vv*, this means that F is stably finite.

Definition 2.6 [2] A subset Q C B(H) is called a quasidiagonal set of operators if
for each finite set w C 2, finite set x C H and £ > 0 there exists a finite rank projection
P € B(H) such that |[TP — PT|| <eand ||P(x) —z| <eforall T € w and z € y.

Definition 2.7 [2] Let A be a C*-algebra. Then A is called quasidiagonal(QD) if
there exists a faithful representation 7 : A — B(H) such that m(A) is a quasidiagonal set of
operators.

Theorem 2.8 Let 0 — I % E 5 B — 0 be a locally quasidiagonal extension of
C*-algebras. If both I and B are quasidiagonal, then F is quasidiagonal.

Proof To ease notation somewhat, we identify I with «(I). For any finite subsets
F C E and F' C I, there exists ¢ € I which satisfies the conditions of Definition 2.2. Now
consider the contractive completely positive map ¢ : E — I ® B, ¢(a) = iai ® 7(a) where
a € E. Evidently these maps are asymptotically multiplicative, and the proof is as follows.
For any € > 0 and all a,b € F C E, we have

lo(ab) — (a)p(b)|| = |[iabi ® m(ab) — (iai & 7(a))(ibi & m(b))]|
=||(iabi — iaiibi) & (w(ab) — m(a)m(b))|| = max {|jiabi — iai?bi|, |7 (ab) — 7(a)w(b)||}
=|iabi — iai®bi|| < ||iabi — i*abi|| + ||i*abi — iai®bi| < ||(i — i*)ab||||i|| + ||i*abi — iaibi|
+ ||iaibi — iai?bi||
<[ = @*)ab||[lil| + llillllia — ai||[|bi]] + l[éall[|i — 2*)b]|||2]
<(lill + lall1eall + lialllli]))e,

and [|¢(a)|| > ||a|| — . Since I and B are quasidiagonal, by Lemma 4.1 of [2], there exists a
contractive completely positive map ¥ : I & B — M, (C) such that

[P(p(a)p(d)) = P(p(a)P(p®))] <&, and [[Y(p(a))l| > [p(a)l e

Let p =4 o p. We compute that

lp(ab) = p(a)p®)[| < [[¢¥(p(ab)) = P(p(a)p(b)] + ¥ (p(a)p(b)) — ¢ (p(a))b(e ()]
< (el + Nelllivall + Néal[ll2ll + 1)e
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and
[p(a)[| > [[p(a)l| — & > |lal| — 2¢

for all a,b € F. Consequently, by Lemma 4.1 of [2], E is quasidiagonal.

Definition 2.9 Let 0 — I % E = B — 0 be a short exact sequence of C*-algebras.
We call this a generalized quasidiagonal extension if there exists an approximate unit (ey)x
of I such that

li/r\n llexa — aey|] = 0 and li/{n l(ex — ex?al| =0

forall a € F.

Theorem 2.10 Let 0 — I % E 5 B — 0 be a locally quasidiagonal extension of
C*-algebras. If E is separable, then 0 — I % E 5 B — 0 is generalized quasidiagonal.

Proof Since E is separable, I is separable. Then there exist countable sets T' C E
and 7" C I such that T = E and 77 = I. We may assume that T = {z1,...,2,,...|z; € E}
and T = {ay,...,an,...|la; € I'}. Put T,, = {z1,...,z,|x; € E}, T, ={a1,...,anla; € I},
Fy = {x1} and F{ = {a1}. Then for any ¢ > 0 and for F; and F7, there exists a positive
element e; € I with ||e;]] <1 such that

lera —all <e, lerf —eifl <e, and flerf — fei| <e

for any f € F, and a € Fj. Set F,, = Fo_1 U{zp, €1}, F, =F,_ 1 U{an,en_1}, (n € N).
Then for any n € N, there exists a positive element e,, € I with |le,|| < 1 such that

1
272n(2n + 1)’

1

— 2 -

lena —al| < and |le, f — fen| <

1
272n(2n + 1)’

for any a € F) and f € F,.
(n)

Now we set e; ' =€y, ...€1...€,(i <n). If m <n, then

(n) _ (m) _ _
€, €; —=€n...€1...€n €m...€1...€Ep

=€p...€1...6p —€p...€1...6h_ 1+€C,...0 ... 1—€Cy_1...€1...€n_1
+...t€my1---€1 ...y —€Ep...€1...6p

=€n...€1...6n o(en 16n —€n_ 1)+ (€n€n_1—€n_1)€n_o...€1...€5_ 1
+ ...+ (Emt1lm — €m)em—_1---€1...€m

1 1

2(n — .
2= G 1) S T En D)

So there exists «; such that
(n) _

lim e, = a.
Note that ||e§n) — a4 < % and
(n) (n) 1 ! L
i — el <oy — e el < gy 2o e s < o
o —eill < llas — ;|| + le; il 2n(2n +1) T n2n2n(2n+ 1) 2n
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Thus {«;} is the approximate unit of I. Since ||o; — ¢;| < we have

2717

1

1
if = faill € s, and ||(a; — ) f|| <
loaf = Foull € gy and s —ad) 1 < 5

2n(2n +1)°
Therefore 0 — I % E 5 B — 0 is generalized quasidiagonal by the definition.

3 Locally AF Algebra

Theorem 3.1 [5] If A is a locally AF algebra, then there exists a net (px)iea of
projections in A such that a = limy ap, for all a € A.

Proof Let S be the set of all finite subsets of the closed unit ball of A. Put A =
{(S, ) : s € S,n € N}. Define a partial ordering relation in A by (Sy, --) < (Ss, ;-) if and
only if S; C S, and n% > n% It is easily checked that A is a directed set. For each A\ = (5, %)
in A, there exists a finite dimensional C*-subalgebra Ay of A such that Sy C;/, Ag. Denote
by pa the identity of Ay.

For any a € A and € > 0, take \y = ({a},1/N), where N is a positive integer with
1/N < e. It is easy to see that if A > X¢, then |[pya —a| < e.

The following two lemmas are used to prove Theorem 3.4, but we refer to the proofs of
{[4], Lemma IT1.6.1 and II1.6.2} for details.

Lemma 3.2 (see [4]) Suppose that J is an locally AF ideal of a C*-algebra A. Then
for each projection p in A/J, there exists a projection P in A such that P+ J = p.

Lemma 3.3 (see [4]) Suppose that J is a locally AF ideal of a C*-algebra A and
that B is a finite dimensional subalgebra of A/J. Then there is a (not necessarily unital)x-
monomorphism p of B into A such that 7p = idp.

Theorem 3.4  Suppose that 0 — J 4, A5 B — 0is an exact sequence of C*-
algebra and that J and B are locally AF algebras. Then 0 — J L AL B0is locally
quasidiagonal.

Proof Take finite sets F C A, ' C J and € > 0. Since 7(F) = {7(f)|f € F} lies
in the locally AF algebra B, there exists a finite dimensional C*-subalgebra By of B such
that, for any f € F, there exists b in By such that ||[7(f) — b|| < ¢/3. Put Ay = p(Bo).
By the last lemma, there exists a *-monomorphism p : B — A such that 7p = idg. Since
7(f —po7(f)) =0 for all f € F, there exists a finite dimensional C*-subalgebra Jy of J
such that, for each f; € F, there exists ¢; in Jy such that ||f; — po 7(fi) — ¢l < /3.

Let ez(-;) for 1 < s < k,1 <1i,j < ng be a set of matrix units for Ag; and let p be
the unit of Ay. For cach s, e{}Je!? is loaclly AF. And thus there exists anet (p)ren of
projections in eg‘? J eg such that a = lim, apA) for all a € elsl) Jel e;7 . Similarly, there exists
a net (gp)oco of projections in ptJpt such that a = limg agy for all a € ptJpt. It is clear
that goa = age = 0 for all a € Ay. Define

Z ST e el

s=1 i=1



492 Journal of Mathematics Vol. 45

In addition,

ey pr = e e el = e = el plVelel) = pacl).

Hence each py commutes with Ag.

For each a € Ay and ¢ in J, we have
1;1(51(10,\ + qo)(a+c)(pxr+ qo) + (pr + o) "alps + q0) " = a + l/i\fg(px +qo)c(pr +qo) = a+c.
So there exist sufficiently large A and 8 such that

lpoT(fi)+ci—(pa+ao)(por(fi)+ci)(pr+a0) — (px+q0) (po7(fi))(pa+q0) || < ¢

and ||(px +qo)f' — f'|| < e for all f € F'. This implies that 0 — J 4, A5 B —0is locally
quasidiagonal.
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