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Abstract: In this paper, we study the Hom-structures of a special class of solvable Lie

algebras with naturally graded filiform nilradical nn,1. Over an algebraically closed field F of zero

characteristic, we calculate the Hom-structures of these solvable Lie algebras using the Hom-Jacobi

identity, obtain the bases of these Hom-structures and observe that there are certain similarities

among these bases.
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1 Introduction

Hom-Lie algebras are a new class of algebraic structures, which can be regarded as the
deformation of Lie algebras. The study of Hom-Lie algebras originated from applications
in Lie algebras and physics, especially in quantum field theory and string theory, where
they provide new mathematical tools for the study of certain symmetries in these theories.
Hom-Lie algebras are a class of nonassociative algebras satisfying antisymmetry and the
Hom-Jacobi identity. In 2006, Hartwing, Larsson and Silvestrov introduced the structures of
Hom-Lie algebras in order to study the deformable Witt algebras and Virasoro algebras [1].
In recent years, Hom-Lie algebras have received wide attention, for example, literature [2]
describes cohomology and deformations on Hom-Lie algebras. The literature [3] provides the
adjoint representation, trivial representation, derivations, deformations, central extensions
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of Hom-Lie algebras, etc. The literature [4] provides a complete classification of Hom-Lie al-
gebras on the Lie algebra gl(2, C). The literature [5] extends the concept of Hom-Lie algebra
to Hom-Lie superalgebra, and thus the study of Hom-Lie superalgebra is developed. Hom-
structures have been widely studied by researchers, since Hom-algebras were proposed. For
example, the literature [6] proves that the Hom-Lie algebra structures on finite-dimensional
simple Lie algebras are trivial, and the literature [7] proves that the Hom-Lie superalgebra
structures on finite-dimensional simple Lie superalgebras are also trivial.

By Levi’s theorem, we know that any finite-dimensional Lie algebra is isomorphic to a
direct sum of a semi-simple Lie algebra and a maximal solvable ideal [8]. In this paper, we
will focus on studying a class of solvable Lie algebras. Since any solvable Lie algebra has a
uniquely determined nilradical, the main work of studying solvable Lie algebras comes down
to studying their nilradicals. The literature [9] describes 1

2
-derivations of finite-dimensional

solvable Lie algebras with a filiform nilradical and the literature [10] describes local and
2-local 1

2
-derivation of these solvable Lie algebras. The literature [11] finds one-dimensional

extensions of solvable Lie algebras with nilradical nn,1. In this paper, we mainly study the
Hom-structures on solvable Lie algebras with filiform nilradical nn,1 over an algebraically
closed field F of zero characteristic.

2 Preliminaries

In this section, we mainly introduce the definitions of the Lie algebra, Hom-Lie algebra
and Hom-structure, then we recall the definitions of the solvable Lie algebra and nilpotent
Lie algebra.

Definition 2.1 [12] A Lie algebra over the field F is a vector space G together with a
bilinear map [·, ·] : G × G → G, called the Lie bracket of G, which is skew symmetric, i.e.

[a, b] = −[b, a],∀a, b ∈ G,

and satisfies the Jacobi identity, i.e.

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0,∀a, b, c ∈ G.

The Hom-Lie algebra can be regarded as a deformation of the Lie algebra. Next, we
will introduce the definition of the Hom-Lie algebra.

Definition 2.2 [13] A Hom-Lie algebra (G, ϕ ) is a non-associative algebra G together
with an algebra homomorphism ϕ : G → G, such that

[a, b] = −[b, a],∀a, b ∈ G,

[ϕ (a) , [b, c]] + [ϕ (b) , [c, a]] + [ϕ (c) , [a, b]] = 0,∀a, b, c ∈ G, (2.1)

where [·, ·] denotes the product in G. We call the equation (2.1) the Hom-Jacobi identity.
Let (G, [·, ·] ) be a Lie algebra and ϕ be a linear map satisfying the Hom-Jacobi identity,
then ϕ is a Hom-structure on (G, [·, ·] ).
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Obviously, all the Hom-structures of Lie algebra G constitute a vector space, denoted
HS (G).

For a Lie algebra G, consider the following lower central and derived sequences:

G1 = G,Gk+1 =
[G,Gk

]
, k ≥ 1,

G(0) = G,G(1) = [G,G] ,G(s+1) =
[G(s),G(s)

]
, s ≥ 1.

Definition 2.3 [12] A Lie algebra G is called nilpotent (respectively, solvable), if there
exists p ∈ N (q ∈ N) such that Gp = 0 (respectively, G(q) = 0).

Any solvable Lie algebra G contains a unique maximal nilpotent ideal, called the nilrad-
ical of this Lie algebra G. Thus, we can consider a given nilpotent Lie algebra as a nilradical,
and then find all of its extensions to solvable Lie algebras.

It is well known that there are two types of naturally graded filiform Lie algebras, the
second type only occurs if the dimension of the algebra is even, and any naturally graded
filiform Lie algebra is isomorphic to one of the following non-isomorphic algebras [14].

nn,1 : [ei, e1] = − [ei, e1] = ei+1, 2 ≤ i ≤ n− 1.

Q2n :

{
[ei, e1] = − [e1, ei] = ei+1, 2 ≤ i ≤ 2n− 2,

[ei, e2n+1−i] = − [e2n+1−i, ei] = (−1)i
e2n, 2 ≤ i ≤ n.

All solvable Lie algebras whose nilradical are naturally graded filiform Lie algebras nn,1

are classified in [15]. Here we introduce the solvable Lie algebras with nilradical nn,1:

Sn+1,1(β) :





[ei, e1] = − [e1, ei] = ei+1, 2 ≤ i ≤ n− 1,

[ei, x] = − [x, ei] = (i− 2 + β)ei, 2 ≤ i ≤ n,

[e1, x] = − [x, e1] = e1;

Sn+1,2(α3, · · · , αn−1) :





[ei, e1] = − [e1, ei] = ei+1, 2 ≤ i ≤ n− 1,

[ei, x] = − [x, ei] = ei +
n∑

l=i+2

αl+1−iel, 2 ≤ i ≤ n,

if the first non-vanishing parameter {α3, · · · , αn−1} exists, it can be assumed to be equal to
1.

Sn+1,3 :





[ei, e1] = − [e1, ei] = ei+1, 2 ≤ i ≤ n− 1,

[ei, x] = − [x, ei] = (i− 1)ei, 2 ≤ i ≤ n,

[e1, x] = − [x, e1] = e1 + e2;

Sn+2 :





[ei, e1] = − [e1, ei] = ei+1, 2 ≤ i ≤ n− 1,

[ei, x1] = − [x1, ei] = (i− 2)ei, 3 ≤ i ≤ n,

[ei, x2] = − [x2, ei] = ei, 2 ≤ i ≤ n,

[e1, x1] = − [x1, e1] = e1,
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where {e1, e2, · · · , en, x} is a standard basis of Sn+1,1(β), Sn+1,2(α3, · · · , αn−1), Sn+1,3, and
{e1, e2, · · · , en, x1, x2} is a standard basis of Sn+2.

3 Hom-structures

In this section, we will calculate the Hom-structures on solvable Lie algebras with nil-
radical nn,1.

Theorem 3.1 The bases of HS (Sn+1,1(β)), HS (Sn+1,2(α3, · · · , αn−1)), HS (Sn+1,3) and
HS (Sn+2) are as follows:

Table 1 Hom-structures of A Class of Solvable Lie Algebras

Hom-structures The bases

HS (Sn+1,1(β))
n−2∑
i=2

Ei,i+1 + En+1,1, E11 −
n−1∑
i=2

(i− 2 + β)Eii,

n−1∑
i=2

(i− 1 + β)Eii + En+1,n+1,

Ein, En+1,j , E1k, 2 ≤ i, j, k ≤ n.

HS (Sn+1,2(α3, · · · , αn−1)) Eij , 2 ≤ i, j ≤ n, E11 + En+1,n+1,

En+1,t, E1k, 2 ≤ t, k ≤ n.

HS (Sn+1,3) En+1,1 +
n−2∑
i=2

Ei,i+1, E11 −
n−1∑
i=2

(i− 1) Eii,

En+1,n+1 +
n−1∑
i=2

iEii, Ein, En+1,j , E1k, 2 ≤ i, j, k ≤ n.

HS (Sn+2) Ein, En+1,j , E1k, 2 ≤ i, j, k ≤ n,
n+2∑

i=1,i 6=n

Eii, En+2,n.

In this paper, we provide the proof only for HS (Sn+1,1(β)).
Proof Suppose

Γ =

{
n−1∑
i=2

(i− 1 + β)Eii + En+1,n+1

}
∪ {Ein, En+1,j , E1k |2 ≤ i, j, k ≤ n}

∪
{

n−2∑
i=2

Ei,i+1 + En+1,1, E11 −
n−1∑
i=2

(i− 2 + β)Eii

}
.

Obviously, Γ is a linearly independent set and Γ ⊆ HS (Sn+1,1(β)). For all ϕ ∈ HS (Sn+1,1(β)),
suppose that the matrix of ϕ in the standard basis is A = (aij)(n+1)×(n+1), where aij ∈ F,
that is (

ϕ(e1) ϕ(e2) · · · ϕ(en) ϕ(x)
)T

= A
(
e1 e2 · · · en x

)T

.

Putting a = ek, b = el, c = x in equation (2.1), where k 6= l, k, l = 1, 2, · · · , n.

Case 1 If 2 ≤ k, l ≤ n− 1, we can obtain

(k − 2 + β)2 al,n+1ek + (k − 2 + β) al,1ek+1 − (l − 2 + β) ak,1el+1

− (l − 2 + β)2 ak,n+1el = 0,
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then

al,n+1 = al,1 = 0, 2 ≤ l ≤ n− 1. (3.1)

Case 2 If k = 1, 2 ≤ l ≤ n− 2, we can obtain

al,n+1e1 − (l − 2 + β)2 a1,n+1el + [(l − 1 + β) an+1,n+1 − (l − 2 + β) a11] el+1

+ an+1,1el+2 −
n∑

i=3

al,i−1ei = 0,

then

al,2 = al,3 = · · · = al,l−2 = 0, 4 ≤ l ≤ n− 2; (3.2)

al,l−1 = −(l − 2 + β)2a1,n+1, 3 ≤ l ≤ n− 2;

al,l = (l − 1 + β) an+1,n+1 − (l − 2 + β) a11, 2 ≤ l ≤ n− 2; (3.3)

al,l+1 = an+1,1, 2 ≤ l ≤ n− 2; al,l+2 = al,l+3 = · · · = al,n−1 = 0, 2 ≤ l ≤ n− 3. (3.4)

In particular, when l = 2, we can obtain a1,n+1 = 0, then

al,l−1 = 0, 3 ≤ l ≤ n− 2. (3.5)

Case 3 If k = 1, l = n− 1, we can obtain

an−1,n+1e1 −
n−2∑
i=3

an−1,i−1ei −
[
an−1,n−2 + (n− 3 + β)2 a1,n+1

]
en−1

+ [(n− 2 + β) an+1,n+1 − an−1,n−1 − (n− 3 + β) a11] en = 0,

then

an−1,2 = an−1,3 = · · · = an−1,n−3 = 0; (3.6)

an−1,n−2 = −(n− 3 + β)2a1,n+1 = 0; (3.7)

an−1,n−1 = (n− 2 + β) an+1,n+1 − (n− 3 + β) a11. (3.8)

Case 4 If k = n, 2 ≤ l ≤ n− 1, we can obtain

− (l − 2 + β)2 an,n+1el − (l − 2 + β) an1el+1 + (n− 2 + β)2 al,n+1en = 0,

then

an1 = an,n+1 = 0. (3.9)
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Case 5 If k = n, l = 1, we can obtain

−an,n+1e1 +
n−1∑
i=3

an,i−1ei +
[
an,n−1 + (n− 2 + β)2 a1,n+1

]
en = 0,

then

an,2 = an,3 = · · · = an,n−2 = 0; (3.10)

an,n−1 = −(n− 2 + β)2a1,n+1 = 0. (3.11)

By (3.1)–(3.11) and a1,n+1 = 0, we have

A =




a11 a12 a13 · · · a1,n−1 a1n 0
0 a22 an+1,1 · · · 0 a2n 0
0 0 a33 · · · 0 a3n 0
...

...
...

. . .
...

...
...

0 0 0 · · · an−1,n−1 an−1,n 0
0 0 0 · · · 0 ann 0

an+1,1 an+1,2 an+1,3 · · · an+1,n−1 an+1,n an+1,n+1




,

where aii = (i − 1 + β)an+1,n+1 − (i − 2 + β)a11, 2 ≤ i ≤ n − 1. Then the matrix A can be
expressed linearly by Γ.
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一类具有Filiform幂零根基的可解李代数的Hom-结构

张菊双 1 ,远继霞 1 ,张爽 2

(1. 黑龙江大学数学科学学院, 黑龙江哈尔滨 150080)

(2. 黑龙江大学俄语学院, 黑龙江哈尔滨 150080)

摘要: 本文研究了一类特殊的可解李代数的Hom-结构, 此类李代数是一类具有自然阶化Filiform

幂零根基nn,1的可解李代数. 在特征零代数闭域F上, 本文利用Hom-Jacobi等式计算了此类可解李代数

的Hom-结构, 得到了这些Hom-结构的基底, 并且发现这些基底存在一定的相似之处.
关键词: 可解李代数; Hom-结构; Filiform 幂零根基
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