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Abstract: In this paper, we study the Hom-structures of a special class of solvable Lie
algebras with naturally graded filiform nilradical n,,1. Over an algebraically closed field F of zero
characteristic, we calculate the Hom-structures of these solvable Lie algebras using the Hom-Jacobi
identity, obtain the bases of these Hom-structures and observe that there are certain similarities
among these bases.
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1 Introduction

Hom-Lie algebras are a new class of algebraic structures, which can be regarded as the
deformation of Lie algebras. The study of Hom-Lie algebras originated from applications
in Lie algebras and physics, especially in quantum field theory and string theory, where
they provide new mathematical tools for the study of certain symmetries in these theories.
Hom-Lie algebras are a class of nonassociative algebras satisfying antisymmetry and the
Hom-Jacobi identity. In 2006, Hartwing, Larsson and Silvestrov introduced the structures of
Hom-Lie algebras in order to study the deformable Witt algebras and Virasoro algebras [1].
In recent years, Hom-Lie algebras have received wide attention, for example, literature [2]
describes cohomology and deformations on Hom-Lie algebras. The literature [3] provides the

adjoint representation, trivial representation, derivations, deformations, central extensions
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of Hom-Lie algebras, etc. The literature [4] provides a complete classification of Hom-Lie al-
gebras on the Lie algebra gl(2, C'). The literature [5] extends the concept of Hom-Lie algebra
to Hom-Lie superalgebra, and thus the study of Hom-Lie superalgebra is developed. Hom-
structures have been widely studied by researchers, since Hom-algebras were proposed. For
example, the literature [6] proves that the Hom-Lie algebra structures on finite-dimensional
simple Lie algebras are trivial, and the literature [7] proves that the Hom-Lie superalgebra
structures on finite-dimensional simple Lie superalgebras are also trivial.

By Levi’s theorem, we know that any finite-dimensional Lie algebra is isomorphic to a
direct sum of a semi-simple Lie algebra and a maximal solvable ideal [8]. In this paper, we
will focus on studying a class of solvable Lie algebras. Since any solvable Lie algebra has a
uniquely determined nilradical, the main work of studying solvable Lie algebras comes down
to studying their nilradicals. The literature [9] describes 3-derivations of finite-dimensional
solvable Lie algebras with a filiform nilradical and the literature [10] describes local and
2-local -derivation of these solvable Lie algebras. The literature [11] finds one-dimensional
extensions of solvable Lie algebras with nilradical n,, ;. In this paper, we mainly study the
Hom-structures on solvable Lie algebras with filiform nilradical n,, ; over an algebraically

closed field F of zero characteristic.

2 Preliminaries

In this section, we mainly introduce the definitions of the Lie algebra, Hom-Lie algebra
and Hom-structure, then we recall the definitions of the solvable Lie algebra and nilpotent
Lie algebra.

Definition 2.1 2l A Lie algebra over the field F is a vector space G together with a

bilinear map [-,-] : G x G — G, called the Lie bracket of G, which is skew symmetric, i.e.
[a,b] = —[b,a],Ya,b € G,
and satisfies the Jacobi identity, i.e.
[a, [b, c]] + [b, [, a]] + [c, [a,b]] = 0,Va,b,c€G.

The Hom-Lie algebra can be regarded as a deformation of the Lie algebra. Next, we
will introduce the definition of the Hom-Lie algebra.
Definition 2.2 ['¥l A Hom-Lie algebra (G, ¢ ) is a non-associative algebra G together

with an algebra homomorphism ¢ : G — G, such that

[a,b] = —[b,a],Va,b € G,

[90 (a’) ) [b? CH + [90 (b) ) [C, a’“ + [SD (C) ) [a’7 b“ =0,Va,b,c€ G, (21)

where [-,] denotes the product in G. We call the equation (2.1) the Hom-Jacobi identity.
Let (G, [-,-] ) be a Lie algebra and ¢ be a linear map satisfying the Hom-Jacobi identity,
then ¢ is a Hom-structure on (G, [-,] ).
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Obviously, all the Hom-structures of Lie algebra G constitute a vector space, denoted
HS (G).

For a Lie algebra G, consider the following lower central and derived sequences:
G'=6,6"" =[6,6"] .k >1,

g(O) — g’g(l) _ [g’g} ’g(sﬂ) — [g(S)’g(S)] s> 1.

Definition 2.3 12l A Lie algebra G is called nilpotent (respectively, solvable), if there
exists p € N (¢ € N) such that G? = 0 (respectively, G(9 = 0).

Any solvable Lie algebra G contains a unique maximal nilpotent ideal, called the nilrad-
ical of this Lie algebra G. Thus, we can consider a given nilpotent Lie algebra as a nilradical,
and then find all of its extensions to solvable Lie algebras.

It is well known that there are two types of naturally graded filiform Lie algebras, the
second type only occurs if the dimension of the algebra is even, and any naturally graded

filiform Lie algebra is isomorphic to one of the following non-isomorphic algebras [14].

Nt e e1] = — e, en] = ey, 2<i<n—1
Q ) [ei,eﬂ:—[el,ei]:e¢+1,2§i§2n—2,
2n - . .
s, eant1—i] = — [€ant1-i, €] = (—1)"€2n,2 < i < m.

All solvable Lie algebras whose nilradical are naturally graded filiform Lie algebras n,, 1

are classified in [15]. Here we introduce the solvable Lie algebras with nilradical n,, 1:

lei,e1] = —[er,e] =€41,2 <i<n—1,
Spt11(8) : < e, x] = —[z,e;] = (1 — 2+ PBe;,2 < i < m,
le1, 2] = — [z, e1] = eq;
[ei,e1] = —e1, €] =eir1,2<i<n-—1,
Sn+172(a3’ o) [€i>35] = - [357 ei] =e + zn: ap1-i€;;,2 <1 <n,
I=i+2
if the first non-vanishing parameter {as, -+ , @, _1} exists, it can be assumed to be equal to
1.
lei,e1] = —[e1,e] =€11,2<i<n-—1,
Snt1,3: 8 e, x]=—[z,ei] = (i —1)e;,2 <i<n,
ler,z] = — [z, e1] = e1 + es;
leiser] = — e, e] = €41,2 <i<n—1,
S e, 1] = — [x1, 6] = (1 — 2)e;, 3 < i < n,
lei, 2] = — [x2, €] = €;,2 <i <m,
ler, 21] = = [z1,e1] = ey,
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where {eq, ez, - ,e,,x} is a standard basis of S, 41,1(5), Sn+1,2(s, -+, @n—1), Snt1,3, and

{e1,ea2, -+ ,en, 1,22} is a standard basis of S, 1.

3 Hom-structures

In this section, we will calculate the Hom-structures on solvable Lie algebras with nil-
radical 1, 1.

Theorem 3.1 The bases of HS (S,,+1.1(03)), HS (Sp41.2(as, -+ ,an-1)), HS (Sp41,3) and
HS (S,,42) are as follows:

Table 1 Hom-structures of A Class of Solvable Lie Algebras

Hom-structures The bases
n—2 n—1

HS (Sn+1,1(8)) Y Eiit1+ Eni11, Evi — >, (i —2+ B)Ey,
i=2 i=2

n—1
Z (’L -1 + ﬁ)E” + En+1,n+17
1=2

EinaEn—i-l,j)Elka 2 S iaj) k S n.

HS (Sy412(as, -+ ,an-1)) Ei;j,2<i4,5<n, E.n+ Eniint1,
En-‘rl,ta Elka 2 S t) k S n.
n—2 n—1
HS (Sh41.3) Entia+ > Eiip1, BEni— Y (i—1)Ey,
i=2 i=2
n—1
Entint1+ Y 1By, B, Eny1j, E1g, 2 < 0,5,k < n.
i=2
HS (Sn+2) Ein? EnJrl,j? E1k72 S ivjv k S n,
n+2
z Eii7 En+2,n~
i=1,i#n

In this paper, we provide the proof only for HS (S,,11.1(5)).
Proof Suppose

n—1
r= {Z (i— 14 B)E; + Enﬂ,nﬂ} U{Ein, Eny1j, Br |2 < iy j, k <n}

=2
n—2 n—1

U {ZEi,iH +Ep0, B — Z (t—2+ 5)En} .
=2 =2

Obviously, I' is a linearly independent set and I' C HS (S,,41,1(8)). For all o € HS (S,,41,1(5)),
suppose that the matrix of ¢ in the standard basis is A = (aij)(
that is

1) X (1) where a;; € F,

(@(61) plea) - wlen) sO(w))T = A<61 e - en x)T-
Putting a = e, b = ¢;,¢ = x in equation (2.1), where k # [, k,l=1,2,--- n.
Case 1 If 2 < k,l <n—1, we can obtain
(k—2+p)? anirer + (k=24 B)agrepp1 — (L — 24+ B) ag €41
— (1 =2+ B) k11 =0,
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then
Q1 =a1=0, 2<I<n-1L1 (3.1)
Case 2 If k=1,2 <[ <n— 2, we can obtain
arnirer — (L= 2+ B) avnrrer + (L= 14 B) anginser — (= 2+ B) ara] e

n
+ Apt1,1€142 — g aji—1€; =0,

i=3
then
Qo =a3 =" """=0a -2 = O, 4 S l S n — 2; (32)
a1 =—(1 =2+ B) a1, 3<I<n—2
au = (l -1 + ﬂ) an+1,n+1 — (l -2 + ﬂ) aii, 2 S l S n — 2, (33)
i1 = nt1,1,2 <U<n—25a 40 =a 43 =" =0a;,—1 =0,2< 1 <n—3. (3.4)

In particular, when [ = 2, we can obtain a; »+1 = 0, then
apl—1 = 0, 3 S l S n— 2. (35)

Case 3If k=1,l =n — 1, we can obtain

n—2

Apn—1,n+1€1 — Z Ap—1,-1€; — |Qpn_1n—2 T (Tl -3+ 5)2 al,n+1:| €n—1
i=3

+ [(n -2+ /8) Aptin+l — Qn-1n—-1 — (n -3+ 6) all} €n = 07

then
Ap—-12 =0Ap—-13 = *** = Apn—-1,n—-3 = 07 (36)
Ap-1p-2=—(n—3+ 5)2a1,n+1 =0; (3.7)
ap—1,n—1 = (TL— 2+6) An41mn+1 — (TL—3+5> ai1. (38)

Case 4 If k =n,2 <[ <n-—1, we can obtain
— (=24 8) annsrer — (1= 2+ B) anerpr + (n = 2+ B)* arnsren =0,
then

An1 = Apptl1 = 0. (39)
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Case 5 If k =n,l =1, we can obtain

then

n—1
—Qpn+1€1 + Zan,Hei + [an,nfl +(n=248)"a1n1| en =0,
=3
Qp2 = 0p3 =" "' =0pnp-2 = 0) (310)
Unm1 = —(n—2+ B) a1 11 = 0. (3.11)

By (3.1)-(3.11) and ay ,+1 = 0, we have

a1 a2 ais ce a1,n—1 A1n 0
O as2 an+171 cee O A2n O
0 0 ass cee 0 a3n 0
A = )
0 0 0 te p—-1n—1 An—-1,n 0
0 0 0 e 0 Ann 0
Un4+1,1 An41,2 An41,3 " Ontin—1 Antin Anglntl

where a;; = (1 — 1 4+ )ant1,n+1 — (0 — 2+ B)as1,2 < i <n —1. Then the matrix A can be
expressed linearly by T'.
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