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ps’ ( Y ) p& ( i ) = _(/\ + ﬂ?)p?),n(mvy’t) + )‘p3,n—1(xay)t)v n 2 27 (27>
ot oy
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D((A+ B+ E)") = {(qi‘,q;‘,q;“) € X’

d‘h(.,lv;(m)’ 32,%(;774) Pl 63,%(;4/) AEE, I A }

qr,n(oo) = q;JL(x? OO) = q;,n(x7 OO) = T? n Z 1
ZXHE D(A+B+E)) 0T &5 n LRIEE
3 B% (1.13) — (1.14) TEFHIEHHE

SIE3.1 % p> N (u—=NBifa—MBe—Aaf >0, WA 0 2RGFLEHT A+B+E
B UATEHCN 1 FRFAEE.
WE EIEHFE (A+ B+ E)(p1,p2,p3) =0, REM T NI TR

Ap1o = ,U/ p11(z)dx, (3.1)
0

dpld;(l‘) = —¢p11(z) + 51/ poa(z,y)dy +52/ ps.a(z,y)dy, (3.2)
0 0
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dpld’izc(x) = —Yp1a(z) + B /Oo P2.n(T,y)dy + Ba /Oo Do (@, y)dy + A\p1p_1(x), 0> 2,
i 0 (3.3)
&z)zla(yx,y) = —(A+ B)p2.1(z,y), (3.4)
L) (0t B (19) + Npas (2 0)im > 2, (35)
e (36)
apg’g(yx’y) = —(A+ B2)p3n(,y) + Ap3n-1(z,9),n > 2, (3.7)
p1,1(0) = Apio + M/Ooo p12(z)dz, (3.8)
p1n(0) = u/ooo Prns1(x)de, n > 2, (3.9)
P2.n(7,0) = yp1a(w), n > 1, (3.10)
P3.n(7,0) = apin(z),n > 1, (3.11)
fi# (3.4) — (3.7) RE2
Paa(@,y) = ag,(z)e” VTV, (3.12)
O P U e
0
= a272(x)€*(/\+61)y + e~ (AHBY /U e(/\+61)7a271(x)ef(/\JrBl)TdT
0
= [azz(aﬁ) + az,l(x)ky] e Py, (3.13)

Yy

pz,n(fv,y) _ a2,n(x)e—(k+ﬁ1)y + )\e—(A+[31)y/ 6(A+51)7p27n71($77)d7
0

(Ay)?

y )n72
2!

A" sy Zn A" o
1)y — ) 1 > )
a21() (n—1)! ¢ — @2i() (n— i)!e n 21, (3.14)

(

M)y, (3.15)

= |:0,2,n(£l,‘> + ag2n—1(2)A\Y + azn—2(x)

p31(z,y) = asa(x)e”

Y
ps,Q(ZE,y) — QS’Q(x)ef(HBQ)y + )\e()\Jrﬁz)y/ e(A+ﬁ2)Tp371(x’T)dT
0

Yy
= as Q(x)e*()”rﬁz)y + /\ef(AJrﬁz)y / e()\+52)7a3 1(x)€7(,\+/32).,-d7_
0

= |azz2(x) + a3,1(x))\y:| e~ (A hR)y (3.16)
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Yy
Pan(@,y) = as(@)e” ATV 4 A= OBy / (BT (7Y dr

(Ay)? (Ay)" 2
2! (n—2)!
+asq(x) E:\ly_)”l_)'} e~ Aoy — ;a3,i($)%e()‘+ﬁ2)y,n > 1. (3.17)

= [as,n(ﬂﬁ) + agn—1(2) Ay + agn—2(x) + - +asq(z)

fi# (3.2) F1(3.3) R, FHF (3.12) — (3.17) RN G (L e v / eV f(T)dr = Ef(x))
0

p11(2) :a1,1€_w +e v /Oz evT [51 /OOC P2,1(7,y)dy + B2 /0°° P31 (T, y)dy] dr
=ai e +E [/31 /OOO p21(7,y)dy + B2 /OOO P3.1(T, y)y] ) (3.18)
p12(x) :aLze_w + e Ve /O’J e’l’Tle(T)dT +e v /0‘” eV [ﬂl /0°° Do.2(T,y)dy
+ B2 /OOO P3,2(T, y)dy] dr
=a; 2e” " 4+ ap  Ave VT + AE? [51 /OO P2,1(7,y)dy + B2 /0°° P31 (T, y)dy]
+FE [51 /0°° p2,2(T, y)dy + 52 p32(T,y dy] ; (3.19)

P1n(x) =a1,ne‘¢”‘+/\e‘w/ D11 (T)dT + e / ew[ 1/ P2n(T,y)dy
0

+ B2 / P3.0(T, y)dy] dr
0

+Zx Ly e

+52/ D3 n—it1(T,y)dy |,
0

n>2, (3.20)

454 (3.12) — (3.20) 5 (3.8) — (3.11) 57

a1 =p1,1(0) = Ap1o + M/ p12(z)dx
0
=Ap1,o+ U/ {@1,267’” + a1,1>\1’€7w + A\E? [51/ p2,1(7, y)dy
0 0
+62/ ps,l(ﬂy)dy] +E[ﬂl/ pz,z(ﬂy)derﬂz/ ps,z(ﬂy)dy]}d:v, (3.21)
0 0 0

a1.n :pl,n(o) = /J'/ pl,n+1(x)d$
0
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n+1

%) n+1 (/\.7})” i+1 ©
:M/ {e—ww Z ay, 1W + Z NTLR? |:5 / p2,n—i+2(7—a y)dy
0 p 0

+ 62/ p3,n—i+1(7—7 y)dy:| }d.’l), n 2 27 (322)
0

2, () =p2.n(2,0) = P10 (2)

n )\ n—i oo n
'y{e vz as, z( z) + Bie” / m/ Zag i (’\+Bl)ydyd7
i=1 ( - '
+ ﬂge_m evr Z as i ()\y e~ A dydr Y > 1 (3.23)
(n—1) ' ’

a3,n(x) =Ps, n(x 0) =apr n( )

Y R ()‘x ) —yz o [T - o—(A+61)
Oé{ g a“( — +ﬁ e / / E asi(T _2)' Ydydr
+ Bae T [ eV § (Ay 820y | gy d >1, 3.24
e as;( =1 ydr pn (3.24)

LA oy 7 i ﬂ%}%%tﬂﬁ%jﬁtﬂt N pLa(@), Pon (2, ), pau(@,y) RIEIX, I+ HIEH
PLn (@) D20 (®,Y): psn (2, y) € D(A+ B+ B) e A PULIATA I8 HISCHR [15) A1 [16] 1
(R BAERNTT I, BTN T IR 4L,
=Y pin(@)2", Pal,y, 2 szn (z,y)2", Ps(,y, 2 Zpsn (z,9)2", 2] < L.
n=1

FEH 2.1 RIE Pi(x,2), Pa(x,y,2) fl Py(x,y,2) #EA RN HRGBWEAKR, Fubini
SEFELLK (3.2) 1 (3.3) itF

8P
1z, 2 ——prln )% +ﬁ12/ p2n(2,y)z ‘dy+ﬂzZ/ p3n(T,y)2"dy
+A2p1,n_1<x>z
n=2

:—¢P1($7Z)+51/ P2(xayvz)dy+62/ Ps(x,y,2)dy + A\zPi(x, 2)
0 0

= ()\Z—T/J)P1<$7Z) +/61/ P2($ayaz)dy+/32/ Pg(-T,y,Z)dy, (325>
0 0
1 (3.4) Al (3.5) K53
aPQ(x)yv Z) —

—A+B80) Y pan(@,y)2" + A panal(a,y)z"

n=1 n=2

oy

= _()\ + Bl)PZ(xvyvz) + )‘ZP2(:I:7y7Z) = ()\Z - )\ - 61)P2(xayvz)7
=
Py(z,y,2) = Py(x,0, z)e(’\z_’\_ﬁl)y, (3.26)
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i (3.6) A (3.7) K35

OPs(x,y, z > n > n
S AR R DI SRR ST
= _()‘ + ﬂl)PZi(xu Y, Z) + )‘ZP3(xa Y, Z) = (AZ - >‘ - /82)P3(x7 Y, Z),
=
Ps(z,y,2) = Py(,0, )75y, (3.27)

i (3.8) — (3.11) Al (3.1) =, A

Pi(0,2) = Z P(0)2" = Azp1o + ,M/ Zpl,n+1(x)z”dx

0

n=1 n=1

=Azp1o + Z/ (Zpln(x)zn - pl,l(l’)z> dx
0 n=1

=Azp1o + /:/ Py (z, z)dz — M/ pi1(w)de
0 0

zg / Py(z,2)dz + Mz — 1)pi.o, (3.28)
0
Py(2,0,2) = Z Py(2,0)2" =~ Zplﬁn(a:)z" =P (z, 2), (3.29)
n=1 n=1
P;(x,0,2) = Z P3(x,0)2" =« Zpl’n(x)z” = aPi(z,2), (3.30)
n=1 n=1
¥ (3.29) F1(3.30) 7AiM (3.26) 1 (3.27) 452
Py(z,y,2) = Po(x,0, 2)eP* AP0 = 4 Py (g, )P A=Ay (3.31)
Py(z,y,2) = P3(x,0,2)eP* 2P = o P (z, 2)eP*=2=P2)y (3.32)
¥ (3.31) 1 (3.32) AR (3.25) X, 1HHEAFH
P %0 =
818(572)—(/\2—¢)P1(5E,Z)+51/ PZ(xayyz)dy+62/ P3(x7y»z)dy
0 0

=Xz —Y)Pi(x,2) + ’yﬂl/ P (z, z)e(“*’\*ﬁl)ydy
0

et [ B ety
0

= Az =) Pi(z, 2) — )\Z_ﬂiv_ﬁlPl(x,z) - /\z_ﬂi\a_@ﬂ(%z)
— By Baax

= |:()\Z¢) )\Zf)\fﬂl — AZAﬂQ]Pl(m,Z),

—

Pi(z,z) = P(0, z)e[(’\z_w)_*zfl%ﬁl_*zf%ﬁz]x, (3.33)
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By

Bacx

ANHEERE w(2) = (A2 — )

T Xz—a—

# (3.33) AR (3.28) =, iHEH A H

B1  Az—A—P2’

Pi(0, 2) :g / Py(z,z)dz + Az — D)pyo
0
:H’/ Pl(()’z)e[(kz_w)_)\zfl%ﬁl_szzﬁ]mdx + )\(Z _ 1)171,0
z Jo
_F P (0, z)e“’(z)xdx + Az —1)p1o
z Jo
=" P0,2) + Mz — Dpro
2w(2) ’ -
—
1+ o P1(0 Z) :/\(Z — 1)p1 0
2w(2) ’ !
—
Az —1)
Pl(O, Z) :ﬁpl,(h (334)
dw(z) AV A3y
p— p— A .
dz (2) + Az=A=031)2  (Az—=A—[2)% (3:35)
A6 Aafo A(B1B2 4 7B + afy)
W(1) =\ + + = , 3.36
W =250 T Chp 516 (3.36)
W) = — ) = PP iy ha =y (3.37)
B =B
B (3.34) A BikiENHHEA
, Mz L L —Azw(2))?
lgni Pi(0,2) = lLH{ ml)w = llgi W?w = lLHi M[W(Z) T zw’(z)]pl’o
A 31 B2
= < 00, 3.38
(= NBifs — MiBs —rafi (3:38)
AT (3.33) A1 (3.38) 455
S prn(@) = lim Py(a, 2) = lim Py (0, 2)el 0074 g,
n=1
(/\M5152)p1 0 —u
= - e Hr 3.39
(1= NP1 s — M — Al (3:39)
=
= = 1 (AﬂﬁlﬂQ)pl 0
P (x)dr =— X :
;/o ' ( ) H (H - )\)5152 — AyB2 — Aoy
= (A5 52)pro <o (3.40)

(= A)B1B2 — MyB2 — Aafy ’
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A (3.26), (3.27) AT (3.39) it &4

szm(x,y) = lim Py(2,y, 2) = lim Py(z, 0, 2)eF AT = lim v P2 (@, el
n=1
_ (YAB182)p1,0 e By (3.41)
(=M1 — MBe — Aafy

-

— [~ 1 (YA15182)p1 0
nz_:l/o p2,n(xay>dy _61 X (,U — /\

)»3152 — M3y — Aafy

_ (YAuB2)p10
(= N)B1B2 — AB2 — Ay < 0, (3.42)

Zpg’n(x, y) = lirr% Py(z,y,2) = lin% Py(z,0, )=y — lirr% Py (z, z)eP* A2y

n=1
_ (aApB1B2)p1,0 By
(= NBiBa— AP — Aoy (3.43)
—
N ~ _i (a)\llﬂlﬁz)lh,o
;/O Pan(,y)dy = X N5 B = B o
(a)\ﬂﬂl)pm

N (b= N) G152 — AyBa — Aafy < 90, (3.44)

F (3.40), (3.42) 1 (3.44) Attt

A(B1 B2 + yuBa + apBi)pio
(o= NBfo— 3afr —apy =0 B

(3.45) UL (p1, posps) € X, B0 2 A+ B+ B HEHEM. 05, (3.1), (3.12) — (3.24) %
S OV T SRR 0 MORRE F B 42 1A AR O 1, BRRAE(E 0 LA 40N 1.

E R AMERGT, BN g RS R, N FRBEEAR, FOTHEE 4> A
I, BT AE A, HEA R G A KAG BT I,

WG E 2.1 p= %(1 + % + ’%) <1 ATHE

[(P1: P2, p3)ll = [lpall + llp2ll + llpsl| =

v,
AL+ g+ g) <m

= \B182 + A\yB2 + Aaf < pf1 B2
= pbifB2 — A\B1f2 — AyB2 — AafB >0
= (b= N)B1fB2 — AyfB2 — A3y > 0

U S B S B SE PR B 5, £ S SERR R RS BEE. 513 3.1 IR,
I 3.2 WR u> N (p—N)B1B2—A\yB2—Aafy > 0, B4 0 ZHIEHT (A+ B+ E)*
LT EECH 1 BIRHIELE.
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WE W HFE (A+ B+ E)*(qf,q5,q5) =0, B

- AQT,O + )‘Qil(o) =0, (346)
412 (@) _ e . “ (2,0) — ag: , (2,0) — A" 3.47

dr 7/1611,1(37) —HG10 — ’qu,l(mv ) — 04%,1(% ) — %,2(37)7 (3.47)

dz = ¢Q1,n(x) - /’qu,n—l(o) - ’VQQ,n(xa 0) — CW]?,,n(iﬁv 0) — )\Q1,n+1(x)7 n=>=2, (3.48)
dgzn(@,y)  ~ . . .
T =(v+A+ 51)(12,71(-’1772/) - 51Q1,n(x) - >\q27n+1(%y), nz1, (3.49)
dq;,n(x7y) _ = * * *
T - (7 + A+ 62)Q3,n(x7y) - BQQ17TL(1‘) - )\qS,n—i-l(xv y)? nz 17 (350)
qf,n(oo) - q;n(x, OO) = q;n(x,oo) =T, n=>1 (351)

HHIIE
T T T
(41,43, 93) = 1171 7 € D((A+ B+ E)")

RN (3.46)—(3.51) K — D AEEM (HEERT #£0), WO RZAGHER T (A+B+E)*
FIRFIEAE. BEAh, (3.46) — (3.50) 254 T

q1,0 =41,1(0), (3.52)
%,2(33) :X [ - 1diz: + 7/1611,1(33) — M0 — ’YQQ,l(mv O) - 04%,1(% 0)[, (3.53)
. L[ dgi,(z) \ . \
a5 | = T 010 1 0) = 263,00

— agz , (<, 0)} =2, (3.54)

\ 1 dg,(zy) |~ . .
QQ,rH-l(xay) :X - T + (’7 +A+ 61)q2,n(x>y) - 61‘]1@(1}) , nz 17 (355)

\ 1 dgs,(zy) |~ . .
q3,n+1(xay) :X - T + (’Y +A+ ﬂQ)Q3,n(x7y) - ﬁQQLn(x) , N > 17 (356)

Hi (3.52) — (3.56) AI AN B FHRFALAE O BURFAL A 2R R — ZEF 2 23 18], BT ARFAEAE 0 11
JUTEHON 1.

4 FRL (1.13) — (1.14) BFEMREER RS R

FHOCHR [14) FROEH 14 ATV W, RS0 (2.13) — (2.14) FIRF TH] 4 57 0 47 35 14 5 A2 vh
FHT (A+ B+ E) 1B ERE oA ge. WRRNGERBIEER 5T 0 SN E s
REETZRALEHT (A+ B+ E) MBS, A hbg BI4EG e 2.1, 518 2.2, 5/ #
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3.1, 513 3.2 FISCHR [14] FHEEE 14 BB RS (2.13) — (2.14) FEF ARG #TEAT J9: B
RYE (2.13) — (2.14) AR BRI T1Z R GRS .

EE41 FHpu> N (0= VBB — Mf2— Aafy > 0, MM % ¢ #mT LT, R4
(2.13)-(2.14) FA )R A6 e o AL S5 T AR S A, B

tliglo||<p17p27p3)('v 9t) - K(plvp%pi&)()H =0.

:/E\:EP (plap2ap3) %E%Iﬁgl EPE‘]'«'I’%?E]}:?%’ jfl:ﬂ IC %EE%IEE 3.9 *E@#ﬁ?ﬁrﬂ%%ﬂ%ﬂrfﬁ
(p1,pa, p3)(0) FSE.

5 4510
ARSI FSCHR [15]) A1 [16]) A B 5T AR RN T3, FRAESCHR [11] A0 [13] B9 st b, 4

p(x) = p(HE), B1(y) = br(FHD), Bay) = Bo (W H) I, XHEA PIMEERAS 1) M/M/1 Al
FEBA 28 58 I [8) AORSAR FRD T 1 S 3R AT 1 WA S e il il is IR R BE R 8, 1ET T 0 %R
G EE T LI T U EHCN 1 RHIEE. HORE—E BRI AL KT, 4
GER 2.1, 517 2.2, 51 3.1, 57 3.2 FIOCHR [14] HHEERE 14 FTHEHIZ RS (2.13) — (2.14)
FRIESY TR A AR RO AT P . AR SRR [14] B BE 14 AT LLE H, REE (2.13) — (2.14) ORI 5
R Ve R M EH T (A + B+ B) fERH ERSAi deg. Bt AR 52—
AHEFRAE RS LR T 0 RUANLE T R AR e TR 5T OISR, ARl 7 B AH 2k 5T
BRI RN, 224308 KB J7 IO 748 B 36T R AT AR SRR (7], (9], [17], (18] W77k
AP, iz HHL A Pah BARIE JFOR B R G EAT T4k, SRS DR HH LA 32 57 55545 21 e 5 22 1Y
FRTHBMEE. WS GHREREENZRG (2.13) — (2.14) KIS AR RIS T H
P, XWARIATT — DRI e i) TAE.
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AN EIGENVALUE OF THE REPAIRABLE M/M/1 QUEUEING
SYSTEM WITH TWO KINDS OF BREAKDOWN STATES AND
ITS APPLICATION

ZHOU Xue-liang!?2, ZHANG Qing-hong?
(1. School of Statistics and Data Science, Xinjiang University of Finance and Economics, Urumgi

830012, China)

(2. Ministry of Public Infrastructure, Xingiang Light Industry Vocational and Technical College,
Urumgi 830021, China)

Abstract: The asymptotic property of the time-dependent solution corresponding to a
repairable M/M/1 queueing system with two kinds of breakdown states has been studied. We
prove that 0 is an eigenvalue of the main operator and its conjugate operator with geometric
multiplicity one corresponding to the queueing system by using the probability generating function.
Based on certain constraints, the time-dependent solution of the system strongly converges to the
steady-state solution of the system is obtained. Some conclusions of the dynamic analysis of the
queuing system are extended.

Keywords: the repairable queueing system with two kinds of breakdown states; adjoint
operator; geometric multiplicity; eigenvalue
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