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Abstract: Let R be a finite commutative ring with identity 1. The U-clean graph of R,
denoted by U-CI(R), is a graph with vertices in form (e, ), where e is a nonzero idempotent of R
and u is a unit of R. In this paper, some basic properties of U-CI(R) and the explicit structures of
U-Cl(Zy, x Zq) are given, where p, g are primes. We prove that U-Cl(Z, X Z4) is Eulerlian if and
only if p = 2, ¢ = 2. Moreover, the clique number, the chromatic number of the U-clean graph for
some classes of rings are given in this paper.
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1 Introduction

The zero-divisor graph of a commutative ring was first introduced by Beck in [1]. He
showed some conclusions about coloring. In [2], Anderson and Livingston studied a zero-
divisor graph of a ring R, denoted by T'(R), whose vertices are nonzero divisors of R, and
two distinct vertices x and y are adjacent if and only if xy = 0. In [3], Akbari and Habibi
introduced idempotent graph, denoted by I(R), whose vertices are all nontrivial idempotent
elements of a ring R, and two distinct vertices e and f are adjacent if and only if ef = fe = 0.
Habibi [4] and Celikel introduced clean graph of a ring R, denoted by Cl(R), which is a simple
graph with vertices in form (e,u), where e is an idempotent and w is a unit of R, and two
distinct vertices (e, u) and (f,v) are adjacent if and only if ef = fe = 0 or uv = vu = 1. They
investigated the clique number, chromatic number, independence number and domination
number of the subgraph Cly(R) of CI(R), where R is a commutative Artin ring with identity,
see [4]. In [5], Boonsawang discussed the clean graph of the finite ring F,» X Fym, where
p and g are primes, n and m are positive integers, and he gave two explicit structures of

Cly(Fprn x Fgm). In recent years, graph theory associated with rings has attracted many
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researches and scholars, see for instance [6-8].

In this paper, R always denotes a finite commutative ring with identity. An element
e of R is called an idempotent if e? = e, and u of R is called a unit, if there exists v of R
such that uv = 1. By Id(R), Id*(R) and U(R), we mean the sets of idempotents, nonzero
idempotents and units of R, respectively. If an element a of R can be written by e+ u, where
e € Id(R), v € U(R), then a is called clean. The ring R is clean if every element of R is
clean. For any undefined notation or terminology in ring theory, we refer the reader to [9].

Let us briefly mention some other notations about graph theory which will be used in
this paper. Let G denote a graph. Then the vertex set of G is referred to as V(G), its
edge set as E(G). Two adjacent vertices a and b in G are denoted as a ~ b. G is called
connected if any two of its vertices are linked by a path in G. The distance dg(z,y) in G
of two vertices is the length of a shortest x — y path in G. The greatest distance between
any two vertices in G is the diameter of G, denoted by diam(G). If all the vertices of
G are pairwise adjacent, then GG is complete. A complete graph on n vertices is a K,,, a
K3 is called a triangle. The degree dg(v) = d(v) of a vertex v is the number |E(v)| of
edges at v, the number §(G) = min{d(v)|v € V} is the minimum degree of G, the number
A(G) = maz{d(v)|v € V} is maximum degree. If all the vertices of G have the same degree
k, then G is k-regular, or simply regular. Call a closed walk in a graph an Euler tour if it
traverses every edge of the graph exactly once. A graph is Eulerian if it admits an Euler
tour. The greatest integer r such that K, C G is the clique number w(G) of G. A vertex
colouring of a graph G = (V, E) is amap C : V — S with C(v) # C(w) whenever v and w
are adjacent. The elements of the set S are called the available colours. All that interests
us about S is its size: typically, we shall be asking for the smallest integer k such that G
has a k-colouring, a vertex colouring C': V' — {1,--- ,k}. This k is the (vertex-) chromatic
number of G, it is called by x(G). We refer the reader to [10] and [11] for general background
on graph theory and for all undefined notions used in the text.

We define U-clean graph of a ring R, denoted by U-CI(R), whose vertices are related to
clean elements of R. U-CI(R) is a graph with vertices {(e,u):e € Id*(R), u € U(R)} and two
distinct vertices (e, u) and (f,v) are adjacent if and only if ef =1 or uv = 1. Let U-Cly(R)
be the subgraph of U-CI(R) induced by {(1,u):u € U(R)}. Let U-Cly(R) be the subgraph of
U-CI(R) induced by {(e,u):1 # e € Id*(R), w € U(R)}. In section 2, we give some examples
for U-clean graph to illustrate our definitions. We also discuss the graph structures such as
connectivity, diameter, degree, regularity, etc. In section 3, we focus on the U-clean graph
of the finite ring Z, x Z,, where p and ¢ are primes. Among many results in this section,
we determine the degree of U-CI(Z, x Z,), and prove U-CI(Z, x Z,) is Eulerlian if and only
if p=2, ¢ = 2. In section 4, we discuss the parameters (w(G), x(G)) of U-clean graph of a

finite commutative ring R, and we obtain the exact value of these parameters.
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2 Basic properties of U-clean graphs

Definition 2.1 Let R be a finite commutative ring with nonzero identity 1. The U-
clean graph, denoted by U-CI(R) of R, which is a graph with vertices {(e,u):e € Id*(R),
u € U(R)}. Two distinct vertices (e,u) and (f,v) are adjacent if and only if ef = 1 or
uv = 1.

Let U-Cly(R) be the subgraph of U-CI(R) induced by {(1,u):u € U(R)}. Let U-Cly(R)
be the subgraph of U-CI(R) induced by {(e,u):1 # e € Id*(R), u € U(R)}.

Definition 2.2 Let R be a finite commutative ring. Let U;(R) and Ux(R) be the
subsets of U(R), denote by U;(R)={u € U(R):u"! = u} and Uy(R)={u € U(R):u"" # u},
respectively.

Remark 2.3 U-Cl;(R) is a complete subgraph of U-CI(R), U-CI(R) is the union of
U-Cli(R) and U-Cl3(R). If R has no nontrivial idempotent and |U(R)| = n, then U-CI(R)
is a complete graph, K. If R has a nontrivial idempotent and Us(R) = @, then there is a
subgraph of U-CIU(R), K|u, (r)|-

Example 2.4 (1) Id*(Zy x Z2) = {(0,1),(1,0),(1,1)}, U(R) = {(1,1)}. It is easy to
check that V(U-Cl(Zy x Z2))={((0,1),(1,1)), ((1,0), (1,1)), ((1,1),(1,1))}.

(L1),(1,1))
(O1,(L1) ® (1.0)(1,1)) (L1).(L.)
U—Cl(ZQ X Zg) U—Cll(ZQ X Zg)
(0.1),(1,1)) (1.0),(1,1))

U—Cl2 (ZQ X Zg)

Figure 1: The U-clean graph of Zy x Zs

(2) For the ring Zy x Zs, V(U-CU(Zs x Z3))={((0,1),(1,1)),((0,1),(1,2)),((1,0),(1,1)),
((170)’(172))7((171)7(171))7<<171>7(172))}
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,(1,1))
— o
((1,1),(1,1)) ((1,1),(1,2)) (LD),(L1) ((1,1),(1,2)
U-Cl(Zy x Zs) U-Cly(Zs x Zs)

((1,0),(1,1)) ((1,0),(1,2))

((0,1),(1,1))  ((0,1),(1,2))

U—Cl2 (ZQ X Z3)

Figure 2: The U-clean graph of Zs x Z3

(8) Note that V(U-CI(Zy x Zs))={((0,1), (1, 1)), ((0, 1), (1,2)), (0, 1), (2,2)),
(0, 1), (2, 1)), ((1,0), (1, 1)), << 0), (1,2)), ((1,0), (2, 1)), ((1,0), (2,2)), (1, 1), (1, 1)),
((1,1), (1,2)), (1, 1), (2, 1)), (1, 1), (2.2)}-

((0,1),(1,1)) ((1,0),(L1)  ((1,0),(1,2)) ((0,1),(1,2))
! 1

((1,1),(1,1)) ((1,1),(1,2))

((1,1),(2,1)) ((1,1),(2,2))

((0,1),(2,1))  ((1,0),(21)  ((1,0),(2,2)) ((0,1),(2,2))

U-OZ<Z3 X Zg)
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((1,1),(1,1)) ((1,1),(1,2))
((0,1),(1,1)) ((1,0),(1,1)) ((1,0),(1,2)) ((0,1),(1,2))
@n.en) (@1).2.2)) ((0,1),(2,1)) ((1,0),(21)) ((1,0),(2,2)) ((0,1),(2,2))
U-Cll(Zg X Zg) U—Clg(Zg X Z3)

Figure 3: The U-clean graph of Z3 x Zs

Theorem 2.5 Let R be a finite commutative ring. Then U-CI(R) is connected and
diam(U-CI(R))< 3.

Proof Let 2z = (e,u) and y = (f,v) be two vertices of U-CI(R). It is clear that
(e,u) ~ (Lu™t) ~ (1,v7) ~ (f,v), thus U-CI(R) is connected.

We discuss the following two cases.

Case 1. e= f. If e = f =1, then (1,u) ~ (1,v) is a path; if e, f # 1, then (e,u) ~
(1L,u™) ~ (1,07 1) ~ (f,v), thus dg(z,y) = 3.

Case 2. e # f. If e or f is equal to 1, we assume that e = 1 without loss of generality.
It follows that (1,u) ~ (1,v71) ~ (f,v) is a path of length 2; if e, f # 1, then (e,u) ~
(L,u™) ~ (1,v71) ~ (f,v), thus dg(x,y) = 3.

Hence, diam(U-CI(R))< 3.

This completes the proof of Theorem 2.5.

Lemma 2.6 Let R be a commutative ring. If R has two different nontrivial idempotents
or three different units, then U-CI(R) has a triangle.

Proof Ife,f e Id*(R)\{1} and e # f, then there is a cycle (e,1) ~ (1,1) ~ (f,1) ~
(e,1). If u,v,w € U(R) and they are different, then there is a triangle (1,u) ~ (1,v) ~
(L,w) ~ (1,u).

Thus the result follows.

Lemma 2.7 Let R be a commutative ring with nontrivial idempotents, and x = (e, u)
be a vertex of U-CI(R).

(1) If e =1, then

d(z) = |Id*(R)| + |U(R)| — 2. (2.1)
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(2) If e # 1, then

IId*(R)| —1 if u € Uy(R),
d(z) = { . (2.2)
[Id*(R)| if ue Uy(R).

Proof (1) If u € Uy(R), then (1,u) ~ (e1,u), e € Id*(R)\{1}. (1,u) ~ (1,u),
u; € U(R)\{u}. Thus
d(z) =|Id*(R)| + |[U(R)| — 2.
If u € Uy(R), then (1,u) ~ (e1,u™t), ey € Id*(R)\{1}. (1,u) ~ (1,u1), uy € U(R)\{u}.
Thus
d(z) = |Id*(R)| + |[U(R)| — 2.
(2) If u € U1 (R), then (e,u) ~ (e1,u), e; € Id*(R)\{e}. Thus
d(z) = |Id*(R)| — 1.
If u € Uy(R), then (e,u) ~ (e1,u™?t), e; € Id*(R). Thus
d(z) = |Id*(R)|.

Thus we are done.

Theorem 2.8 Let R be a commutative ring. Then U-CI(R) is regular if and only if
|[U(R)| =1 or R has no nontrivial idempotent.

proof If |U(R)| = 1, then

V(U-CI(R))={(e,1) : e € Id*(R)}, U-CI(R) = K|1a+(r)|-
If R has no nontrivial idempotent, then
V(U—Cl(R))Z{(l,U) TS U(R)}, U—CZ(R) = K|U(R)|~

Conversely, let U-CI(R) be regular. Assume that |U(R)| > 2 and e is a nontrivial
idempotent. Let = (e,1), y = (1,1). Then by (2.1), (2.2), we have d(z) = [Id*(R)| — 1
and d(y) = |Id*(R)| + |U(R)| — 2, thus d(z) < d(y). Hence U-CI(R) is not regular, a
contradiction.

This completes the proof of Theorem 2.8.

Proposition 2.9 Let R be a finite commutative ring. Then the following statements
hold:

(1)

A(U-CI(R)) = [U(R)| + [Id*(R)| — 2. (2.3)



No. 5 The U-clean graphs of finite commutative rings 391

|[Id*(R)]—1 if R has nontrivial idempotents,

2.4
[UR)| -1 if R has no nontrivial idempotent. 24)

S(U-CI(R)) = {

Example 2.10 (1) Let Zy2 be the ring of integers modulo 12. Note that Id*(R) =
{1,4,9}, U(R) = {1,5,7,11}. By (2.3), (2.4), we have

A(U-Cl(Zr2)) = 5, 0(U-Cl(Z12)) = 2,
and the U-Cl(Z3).

(4,1) (9,1) (9,5) (4,5)

: (1,1) (1,5)

(1,11) (1,7)

4ID) (911) ©O7  @n

U-Cl(Zy>)

(2) Let R be Zs[z]/(x*+1). Then U-CI(R) is regular, because the degree of any vertex
in U-CI(R) is 7. We give U-CI(R) as follows.

U-Cl(Zs[2)/ (2 + 1))
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3 The structure of U-clean graph of ring Z, x Z,

Let p and ¢ be primes such that p < ¢g. In this part, we show the degree of each vertex
of U-CU(Zy, x Zg). It is obvious that Id*(Z, x Z,) = {(0,1),(1,0),(1,1)} and |U(Z, x Z,)| =
(p —1)(¢ — 1). From Theorem 2.5, U-CI(Z, x Z,) is connected.

We show an explicit structure of U-CI(Z,, X Z,) by considering Us(Z, x Z,). If Us(Z,, x
Z,) = &, we have shown as Example 2.4. If Uy(Z, x Z,) # &, we consider U-Cl(Z,, x Z,)
by partitioning the vertex set of U-CI(Z, x Z,):

Ay ={(0,1), (z,9)|(z,y) " = (z,9)},
Ay = {((1,0), (z,9))|(z, )" = (z,9)},
Az = {((1,1), (@, )@, )" = (z,9)}, 51)
Ay ={((0,1), (z, 9)(x,9) " # (z,9)},
As = {((1,0), (z,9))|(z,y) " # (z,9)},
As = {((1,1), (z,9)|(z, )" # (z,9)}-

Proposition 3.1 Let R be Z, x Z,. Then

1 if p=gq=2,
|U1(R)|= 2 if p=2 and ¢ > 3,
4 if p>3 and ¢ > 3,

and
p-Dg-1)-1 ifp=g=2,
U2(R)[=q (p—D(@-1)-2 ifp=2and ¢>3,
(p—1)(¢—1)—4 if p>3 and ¢ > 3.
Proposition 3.2 Let R be Z, x Z,, and A; be in (3.1). Then the following statements
hold:
(1) US_, A=V (U-CI(R)) and A, N A; =@,1<i<j<6.
(2) For i € {1, 2,3},

1 if p=qg=2,
|A;| =< 2 if p=2 and ¢ > 3, (3.2)
4 if p>3 and ¢ > 3.
For j € {4,5,6},
0 if p=q=2,
|A;| =2 ¢q—3 if p=2 and ¢ > 3, (3.3)

(p—1)(¢g—1)—4 if p>3 and ¢=3,
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Proposition 3.3 Let p, ¢ be primes with p + ¢ > 6. For A; in (3.1), the following
statements hold:

(1) No two distinct vertices in A; are adjacent, i € {1,2}.

(2) For each vertex in A;, there exists a unique distinct vertex in A; such that they are
adjacent, i € {4,5}.

(3) The subgraph induced by A; is complete, i € {3,6}.

(4) The subgraph induced by Az U Ag is complete.

(5) The subgraph induced by A; U A, is bipartite graph, (i,7) € {(1,2), (4,5)}.

(6) Each vertex in A; is not adjacent to any vertex in A;, (¢,7) € {(1,4),(1,5), (1,6),
(2,4), (2,5), (2,6), (3. 4), (3,5)}.

Proof (1) It suffices to prove the case i = 1. Let ((0,1), (z,y)) and ((0,1), (a,b)) be
two distinct vertices in A;. Since (0,1)-(0,1) # (1,1) and (z,y) - (a,b) # (1,1), we get that
((0,1), (x,y)) and ((0,1), (a,b)) are not adjacent.

(2) Suppose that ((0,1),(z,y)) € As. (x,y)"' # (z,y), ((0,1),(z,y)" ') € Ay. We
know that ((0,1), (z,y)) and ((0,1), (z,y)~') are adjacent, because (z,y) - (x,y)~! = (1,1).
Next, let ((0,1),(a,b)) € Ay such that (a,b) # (z,y)~!. Since (0,1)-(0,1) # (1,1) and
(z,y) - (a,b) # (1,1), we have ((0,1), (x,y)) is not adjacent to ((0,1), (a,b)). The case i =5
can be proved similarly.

(3) Since (1,1)-(1,1) = (1,1), there is an edge between ((1,1), (z,y)) and ((1,1), (a,b)).

(4) The proof is similar to (3).

(5) The proof splits into the following cases:

Case 1. (7,7) = (1,2). The subgraph induced by A; U A, is shown as follows:

((071>7u1) ((1,0),u1)
((0,1),u2) ((1,0),u2)
((0,1),un) ((1,0),un)

Case 2. (i,7) = (4,5). The subgraph induced by A4 U A5 is shown as follows:



394 Journal of Mathematics Vol. 45

((0,1),’[}1)

((071)71}2)

((1,0),011)

((1,0),031)

((0,1),0n) ((1,0),07)

Note that {ui,us, -+ ,u,} € Uy (R) and {vy,ve,--- ,vp, vy Loyt -+ vt} € Us(R).

(6) Let ((0,1), (z,y)) € Ay and ((0,1), (a,b)) € Ay. Then (z,y) ' = (z,y) and (a,b) ! #
(a,b). Tt follows that (z,y) # (a,b). So because of (0,1)-(0,1) # (1,1) and (z,y) - (a,b) #
(1,1), we see that((0,1), (x,y)) is not adjacent to ((0,1), (a,b)).

Thus we are done.

Example 3.4 Let p =2, ¢ = 5. Then |Uy(Zy x Zs)| = 2, |U2(Zsy x Zs)| = 2, |A1] =

|As| = |As| = 2 and |A4| = |As| = |As| = 2, U-CI(Zy x Zs) is shown as follows:

Lemma 3.5 [10, Theorem 1.8.1] A connected graph is Eulerian if and only if every

vertex has even degree.
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Lemma 3.6 Let (z,y) be a vertex in U-CIl(Z, x Z,). If p+ q > 6, then

2 if (z,y) € Ay,
2 if (z,y) € As,
dwy) =4 TP DD i (@) €A, (3.4)
3 if (z,y) € Ay,
3 if (z,y) € A4s,
1+(p—1)(qg—1) if (z,y) € As.

Proof Case 1. Let (z,y) be the vertex in A;. By Proposition 3.3, each vertex in A,
is adjacent to a unique vertex in A, and As, respectively. Then d(z,y) = 2.
Case 2. It is similar to Case 1.
Case 3. Let (z,y) be a vertex in As. By Proposition 3.3, the subgraph induced by
A3 U Ag is a complete graph. Each vertex in Az is adjacent to a unique vertex in A; and A,,
respectively. Then
d(z,y) = [As] + |Ae| + 1.

Let p = ¢ = 2. Then by (3.2), (3.3), we obtain
d(z,y) =1+ (p—1)(¢—1).
Let p =2 and ¢ > 3. Then by (3.2), (3.3), we have

dz,y) =1+ (p—1)(¢—1).

Let p > 3 and ¢ > 3. Then by (3.2), (3.3), we get

d(x,y) =1+ (p—1)(¢—1).

Case 4. Let (z,y) be the vertex in A4. By Proposition 3.3, each vertex in A4 is adjacent
to a unique vertex in As and Ag, respectively. For each vertex in Ay, there exists a unique
vertex in A4, which is adjacent. Then d(z,y) = 3.

Case 5. It is similar to Case 4.

Case 6. It is similar to Case 3.

This completes the proof of Lemma 3.6.

Theorem 3.7 Let p, ¢ be primes. Then U-CI(Z, x Z,) is Eulerian if and only if p = 2,
q=2.

Proof On the one hand, we consider the case Us(Z, x Z,) = @.

Case 1. p = q = 2. By Figure 1, U-Cl(Zy x Z3) is an Eulerian.

Case 2. p =2, g = 3. By Figure 2, U-Cl(Zy x Z3) has a vertex of odd degree.

Case 3. p =3, ¢ = 3. By Figure 3, U-Cl(Z3 x Z3) has a vertex of odd degree.
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On the other hand, we consider the case p+ ¢ > 6. If v; € Ay, then d(v1) = 3 by (3.4).
Thus U-CIl(Z, x Z,) has a vertex of odd degree.

This completes the proof of Theorem 3.7.

In next section, we will give some parameters of U-clean graph of every finite commu-

tative ring R. Moreover, the exact value of these parameters is given.
4 U-clean graphs of finite commutative rings
For any finite commutative ring R with Id*(R) = {1}. It follows that
V(U-CU(R)) ={(1,u)|lu € U(R)},U-CI(R) = Kju(r);
thus
w(U-CU(R)) = x(U-CI(R)) = [U(R)|.
Theorem 4.1 Let R be a finite commutative ring and Ry,---, R, be rings with
Id*(R;)) ={1}. H R¥ R; x --- X R, then
w(U-CI(R)) = x(U-CI(R)) = max{|U(R)|, 2" — 1}.
Proof Assume that 1g is identity of R. We divide the set V as follows:
Vi ={(e,u)|e € Id*(R),u € U;(R)},
Vo =A{(e,u)|(1r # e € Id"(R),u € Uz(R)},
Vs = {(1g,u)|u € Us(R)}.

Clearly, the subgraphs induced by {(1g,u)|u € Ui (R)} € Vi and {(e,u;)|e € Id*(R),u; €
Ui(R)} € Vi are both complete. By Kaaqjv,(r)|, 2 -1}, K2, Kju,(r)|, we mean the largest
complete subgraphs of Vi, V5 and V3, respectively. Each vertex in V; is not adjacent to any
vertex in V;, because e # 1g and ujus # 1g, where uy € Uy(R), uz € Us(R). There is no
vertex in Vi that is adjacent to both vertices in {(e,u), (¢”,u™")}, where €, e’ # 1 and
u € Us(R). Then each vertex in V3 is adjacent to all vertices in {(1g,u)|lu € U;(R)} C Vi.
Thus

w(U-CU(R))=maz{|U(R)|, 2" — 1}.
Note that
W(U-CI(R))< x(U-CI(R)).

Next, we consider the following two cases:
Case 1. [U(R)| > 2" —1. Let Vi1 = {(1g,u)|u € Uy (R)}. We color the vertices of V1; by
1,---,|Ui(R)| and V5 by |U;(R)|+1,--- ,|U(R)|, respectively. We show the following figure

to provide a more intuitive experience of the coloring situation:
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(e2,u1)

(ezn_z,u1) 61,U1)

(€2n72, Uz)

(e2n—2, (o@D ™) (15, wpmy)

(2, (wuery) ™)

@
o

627U2)

(e1s (wum) ™) (e1,uz)

€on_9,U
(e2n—2, (W (r)|+2) ") (e2n—2, U (my))

(2, (W (my42) ™) QD (€2, o (ry)

R U|U1(R)\)

(ex, (o, (ry1+2) 1) (e1, ww, (ry))

(1r, wu, (r)|+2)

Ry WU, (R)|+1)

(egn 2, (wjv, (R)|+1) ")

(ex, (wo, (myj+1) ")

(er (U‘UI(R)|+1)71)

Note that uq, - - , WUy (R)| € U1<R),U|U1(R)|+1,~ L UU(R)| € UQ(R) and ey, -+ ,e9n_o €
Id*(R) are not equal to 1g. Clearly,

x(U-Cl(R))< w(U-CI(R)),
and thus,

w(U-CI(R))=x(U-CU(R))=|U(R)|.
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Case 2. |[U(R)| < 2™ — 1. Let Vo1 = {(ei,u1)le; € Id*(R),u; € U1(R)}. Then we color

the vertices of Vg1 by 1,--- ;2™ — 1. Similar to Case 1, we have
X(U-CI(R))< w(U-CI(R)),
and thus,
w(U-Cl(R))=x(U-CI(R))=2" — 1.
Hence
w(U-ClU(R))=x(U-CI(R))=max{|U(R)|, 2" — 1}.

This completes the proof of Theorem 4.1.

In [9, Theorem 8.7], it was proved that every commutative Artin ring is uniquely a finite
direct product of Artin local rings. Then we have the following result.

Corollary 4.2 Let R be a commutative Artin ring with n distinct maximal ideals.

Then we have

U(R)] if n=1,

w(U-CI(R)) = x(U-CU(R)) = { maz{|U(R)|, 2" -1}  if n>2.

Proof It is clear that R = Ry x---x R,,, where R; is a local ring for each ¢ € {1,--- ,n}.
The proof is directly from Theorem 4.1.
Corollary 4.3 Let m, n be positive integers, and p, ¢ be primes with p < ¢q. Then

3 if p™ 4 q" <5,

WU—ClZmXZn :XU—ClZmXZn -
(U-CUZyn X L)) = X(U-CUZy X L)) {(pmpml)(qnqnl) IR
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MIEEANERT. B p, g NEREL G T U-Cl(Zy X Zq) WIE5H, AEB] T U-Cl(Zyp X Zg) ZWHLE 2 HANY p = 2,
q =2, FHRICT —EAFBRIAN U-clean P 1% LA e s e a5
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