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1 Introduction

In this paper, we consider fully nonlinear partial differential equation,
arctan D*u(z) = O(z), z € QCR", (1.1)

where arctan D*u =: arctan \; + arctan Ay + - - - + arctan \,,, and A = (Ay, Ag, -+, \,) are
the eigenvalues of the Hessian matrix D?u = {%}ngn. When © is a constant, the
equation is called special Lagrangian equation, which is introduced by Harvey-Lawson [1].
Here © € (—2m, 2m) is called the phase, and for © > 217, the solution of (1.1) is strictly
convex, that is D?u > 0.

Caffarelli-Friedman [2] and Singer-Wong-Yau-Yau [3] devised the constant rank theorem
for semilinear equations, which is a powerful method to study the convexity for solutions of
elliptic partial differential equations. For examples, the constant rank theorem for convex
solutions of geometric PDEs are studied by Guan-Ma [4], Guan-Lin-Ma [5], Guan-Ma-Zhou
[6] and Chen-Xu [7], the constant rank theorem for power convex solutions of fully nonlin-
ear elliptic partial differential equations are studied by Ma-Xu [8], Liu-Ma-Xu [9], Huang
[10], Zhang-Zhou [11], Chen-Jia-Xiong [12] and Chen-Ma [13], the constant rank theorem
for convex solutions of fully nonlinear elliptic partial differential equations are studied by
Caffarelli-Guan-Ma [14] and Bian-Guan [15].

W. J. Ogden and Y. Yuan [16] studied the constant rank theorem for saddle solutions of
(1.1) with constant phase ©. In this paper, we obtain the constant rank theorem for convex

solutions of special Lagrangian equation (1.1) as follows.
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Theorem 1.1 Assume that u € C*(Q) is the solution of special Lagrangian equation
(1.1), and the phase ©(x) € (0, §m) is concave, that is

D?0 <0, in Q. (1.2)

If u is convex, then the rank of D?u is of constant.

Remark 1.2 In Theorem 1.1, if there exists a point zy € Q such that ©(zo) > 25 n
additionally, it is easy to know D?u(zy) > 0, which means that the rank of D?u is of constant
n.

The rest of the paper is organized as follows. In Section 2, we introduce some properties
of the special Lagrangian operator. In Section 3, we prove Theorem 1.1 by the strong

maximum principle.

2 Preliminaries

In this section, we recall the definitions and several properties of k-Hessian operators
and special Lagrangian operator.

These properties are well-known and can be similarly found in [17], [18, 19], [20] and
[7].

2.1 k-Hessian Operators

Definition 2.1 For any £k =1,2,...,n, we set
or(A) = Z Aig Nig + A (2.1)
1<ii<iz< - <ix<n

where A = (A1,...,\,) € R". For convenience, let 0y = 1 and o, = 0 for k > n.
Property 2.2 Let W = {W;;} be an nxn symmetric matrix and A(W) = (A1, A2, ..., Ay)
be the eigenvalues of {W;;}. If {W,;} is diagonal and A\; = W;;, then we have

O\ Oy

oW, 1, oW 0 otherwise, (2.2)
02N\ 1
i i £ and A % A, 2.3
W, ~ n—ny (7 ad AEN (23)
02N\
———F—— =0 otherwise. 2.4
W0, otherwise (2.4)

We will also define o (W i) the symmetric function with W deleting the i-row and i-
column and oy (W |ij) the symmetric function with W deleting the 4, j-rows and 4, j-columns.
Then we have the following identities.

Property 2.3 Suppose W = {W;,} is diagonal, and m is a positive integer, then

(2.5)

aO’m(W) - O-m—l(Wli)) Z :ja
Wi 0, i#
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and
oms(Wik), i=j, k=1, i+k,
_O—M—Q(Wlik>v ( 7& ju 1= l: J = kv (26)

0, otherwise.

Pop(W)
oW ;0Wyy

2.2 Special Lagrangian Operator

Suppose A = (A1, Ag, - -+, \,,) are the eigenvalues of the Hessian matrix D*u = {%}ngn.
Denote, arctan D?u =: arctan \; + arctan Ay + - - - + arctan \,,.
For the sake of convenience, denote that

F(D?u) := arctan D?u, (2.7)

and

O arctan D?u

auij

_ 9%arctan D*u

ikl
8uij 8ukl

FY .= (2.8)

)

Indeed, without loss of generality, we assume D?u is diagonal, so is {F}, then we have

n n

Fii = 2,
; ;1+A§E(O’”)’ (2.9)
ZFU - i Ao (0 E) (2.10)
i=1 / =1 1 + A’? 7 2 7

n n )\.2
1,2 2
;F uZ = z_; T (0, ). (2.11)

Property 2.4 If D?u > 0, then we have
(1) (Ellipticity) arctan D?u is elliptic with respect to D?u, that is

2
{8arctanD u} _— (2.12)

3uij

(2) (Concavity) arctan D?u is concave with respect to D?u, i.e., for any n x n symmetric
matrix {&;;},

", H%arctan D?u
2 uypug Gt <O 213
i kl=1 i Bkl

Proof Without loss of generality, we assume D?u is diagonal and \; = u;;. Then we
have

1 . .
darctan D*u e 1 =7,

i = =
Ouij 0, i# 3,

(2.14)
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and
—2)\; . .
—t R = = k — 17
o 0%arctan D*u (1+/(\§2\)i,\ ) Y
ikl . — (At S,
F N Ou;j0uk S ) GRADARAD” i=bj=ki#j (2.15)
0, otherwise.

Then combining (2.14) and (2.15), we have

Fij,klgijgkl _ Fz‘i,n&f + ZFij,jigijQ
i#]
—(Ai + )
1% 17 S 0
T +)\2 (ESYEN +Z 1+>\2 1+>\2)5j

(2.16)

Property 2.5 (Inverse convexity) If D?u > 0, then arctan D?u is “inverse convex”

with respect to D?u, that is, for any n x n symmetric matrix {&;},

i 0? arctan D?u 0 arctan D%u
auij ﬁukl auzk

uﬂ] &ii€u >0, (2.17)

i,k l=1

where {u"} = {D?*u}~1.
Proof We assume D?u is diagonal and \; = wy;, then we have (2.14) and (2.15).

Hence

n

Z (Fk otk i) e, €

ij k=1
= Z P 43 " FUIe? 42 Z Friuiig® 423 " Fliulig,”
iF#£j i#£j
—Sor e s S I P
itj Jj

B —2\; —(\i + ) 1 1
;{(1+/\?)2+ (1 +A2 }5” +Z[ + A2 (1+/\2)+(1+/\3)/\j+(1+>\2) &’

:Z": —2X\2 +2(1+ /\3)5”2 Z (N AN+ (L ADN + A+ AN,
1422y, 7 1+ A (1 + A2)AN, i

i=1 i#j

>0. (2.18)

Remark 2.6 In fact, if D?u is diagonal, then we have

n

" 0? arctan D?u darctan D?u 2
Z [ +2 Uﬂ] §ij€k > Z (7&@'2- (2.19)

- } 22,
i,5,k,1=1 Oui;Oun Oui i=1 1+ ui®)?uii
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3 Proof of Theorem 1.1

In this section, we prove the constant rank theorem 1.1 as follows.

Proof Suppose D?u attains its minimal rank ! at some point zy € €. Then we can
get 01(D*u)(z0) > 0, and 0,41 (D?*u)(xo) = 0. So there exists a small neighborhood N, C Q
of xg, and a small positive constant ¢y, such that o;(D?*u)(zg) > co > 0 in N, .

We set the test function

#(x) = o111 (D*u)  in N,. (3.1)

For any fixed x € N,,, we choose a local orthonormal frame such that D?u is diagonal, and
Uy > Ugg > o+ > Upy. We denote X = (A, Ag, ..., \y) with A; = uy, G = {1,...,1} and
B ={l+1,...,n}. When no confusion occurs, we will likewise denote G = {\1,..., A/} and
B ={A\i41,...,A\n}. Then there exists a positive constant ¢ such that

Moreover, we have
¢ =011(D*u) > 01(G) > uai, (3.3)
1€EB
hence

Taking the first derivatives of ¢, we have

n

— 90141(D? , , .
b= Mum =Y oM itiia = Y or(Ali)uiia + Y o1(Ali)iia

i,j=1 i=1 i€B i€G
== Ul(G) Z Uiiee + O(¢)7 (35>
i€B
and then
D wia =00+ |Dgl), Va=12,.n (3.6)
icB

Taking the second derivatives of ¢, we get

o141 (D?u) " 020141 (D?u
¢aa - Z l+1( Ujiqa + Z l+1 )uljaukla

i—1 aum igd=1 8u,J8ukl
- Zal )\| 1)Ujiaa + Z O1—1 /\|Zk7 UijaUkka T Z —01-1 /\|Z]))u13a
i7k i#j
:[Z O[OS EED DEEETED DR DS SR [ Ao\ 1 TN
1€G 1€EB 1€G,keG,i#k i€G,keB i€B,keG 1€B,keB,i#k

_[ Z + Z + Z + Z }Ul—l(A!ij)uijaQ

i€G,jEGi#] i€G,jEB i€B,JEG  i€B,jEB,it]
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:Zol<)\|i)uiiaa -2 Z O-lfl(/\|ij)uija2 +O(¢+ |D¢|>

i€B i€G,jeB
:Ul(G) Z (Uuaa 22 u”a ) + O(¢ + |D¢|) (3'7>
i€B i

where we used (3.4), (3.6), and Lemma 2.5 in [15], that is we know |Du,;| < C(\/ui; +/4j;),
and then

UiiaUkka = O(¢)a ia k S Ba uijoc2 = O(¢)7 Za.] € B. (38>
Then, we have
Faﬁﬁﬁocﬁ —_ Faa¢aa

oo, . 2
= (@) Y (Fuioa 237 T3 ) 4 O(p + D)
i€B Jj€G 3
= @) Y (0= P ugan ~ 2 3 T L 0 4 Do), (39)

icB jeq 13

And for 7 € B,

Fozau__ 2
— Faﬁ’wuamunmi -9 E Y

jea Ui
Faaui_QQ
ap jea 77
ao 2
— _ Fooaa 2 Faﬂ,ﬁa 2 9 F Wijo o)
Uqai uaﬁz s + (d))
e a#£Beq a,jeC 33
—2) —(Aa +)\3) 9 1 9
Y e Y D S m
Y] o TR+ ) A TN,
—2A 2
T S{[EE O
(T+22)2  (14+A2))\,

acG

—()\a-f—)\g) 1 1 ,
- > [(1+/\i)(1+>\2)+(1+/\§))\B+(1+/\%),\J“a6i +0(9)

a#BeG
_ Ao + A
o Z [ 1+ A2 A } tas” a;;G [(1 +A2)(1+ A%)AaAﬁ]uaﬁiz +0(@)
<O(¢). (3.10)

In fact, (3.10) is the inverse convexity (2.19). Hence

FP%ag < 01(G) Y ©ii+ O(¢+ | Do)

i€B

Clo+1[Vel), (3.11)
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since © is concave. By the strong maximum principle, we have ¢ = 0 in N, and {z € Q:

x) = 0} is both open and closed. Consequently, ¢ = 0 in € and D?u is of constant rank [
o(x) p quently,

in Q. The proof is complete.

(11]

(12]

(13]
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