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äôó8áãâãõÖöã÷&øÖù?úQûüîþý8ÿ����
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	���
 , ����������������������� , ��� ï� �!ÖïÕøãù ������"$# îQïÕðÖñ&òÖâ

[1].
øãù�%�&$'�(�) � �$* ,

!Öï�+Õÿ�,
, -�.0/�1 , 243 +Õÿ�,�576 , 243
8:9 , ; *�<�=�>?�* � [2]. @�A$B�C ��D�E (WHO) F�G ,
å&æ�H�I�J�K�L

8200 M�N á&â&â N [3], 2015
I�O

2020
I

, P ï&áãâãøÖùãé$Q$R
S 27.9%, TVU4W7X ï&áãâÖøÍùãé7Y�Z7S 4.1% [4]. U ï�[ , \ï�[ î P ï�576säÕá&â&øãù&é�Q�R?î �$��]�^ [5]._ I$`
, a 6�b�%dcfe�&�g$h�i�j�b�k7l�`�m�nsáãâüîQðÖñ�o$p�q�r�s�tVS0u�v�w ��xy

[6]−[8]. Lajmanovich z Yorke[9] {�|�}�~ S:u��&á&â?îFðãñ�k�l , ��@ á&â?îFðãñ����$�
Uf����� + � n

D�q�m7n�������bÕè � . Hethcote z Yorke[10]
m7n7S4�$Y�u�����Lãï��$�

h îDá&â
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Ṡf = −(λ12/r)SfIm + If/df ,

İf = (λ12/r)SfIm + If/df ,

Ṡm = −(λ21/r)SmIf + Im/dm,

İm = (λ21/r)SmIf + Im/dm,

(1.1)

���
Sf (t), Sm(t), If (t), Im(t)

+���(��
t ����X ï��^ø$% , P ï��^ø$% , X ïãøÍù�% , P ï
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øÖù�%üî:j�Þ
, λ12, λ21

($� X ï&øÖùãé�ß P ïãøÍùÖé , d
($��à�áãøÖù W . â$ã�G�ä S�å$æç ��j

R0,
+�è
Sfk�l î4é$êÕï�q�ë�ì�í�î&â�à�ï�ð�ñ�ò�j�ó�ô� T7õ ô .ö$÷

, Castillo-Chaves �$� [11]−[13] � ïãâ�k�l�ø�S0J�Þ�ù�ú , û � U0ü ��mýnýSeï��þ�ÿ&ðÖñ � òÖâ&ðÖñüî���� . Bonyah[14] ����� ï���� ��� + ����	 % z�
���	 % }�~ S:�Y�u�� 	
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Ṡp = (1 − a)Λ + (1 − b)νR + δSd − ηλSp − (µ + θ)Sp,

İp = ηλSp + τId − (µ + φ + γ + σ1) Ip,

Ṡd = aΛ + bvR + θSp − λSd − (δ + µ)Sd,

İd = λSd + φIp − (µ + τ + γ + σ2) Id,

Ṙ = σ1Ip + σ2Id − (1 − b)νR − bvR − µR,

(1.2)

�V�
Sp(t), Sd(t), Ip(t), Id(t), R(t)

+���($�
t ����
���	 �eø�% , ��	 �eø�% , 
���	 øÖù%

, ��	 øãù�% , ��� %?î4j�Þ . â�ã m7n7S �����
� ï
��� î 	�� ��� � á&â&ðãñ��$��b î���
, ��� S�� R0 < 1, � â�à�ï7ðÍî�� �! å��!" _ é$ê , #�$ Pontryagin % J�ó ]
& , �

�����
� ï
����'!( ��� ,
ë�ì�S)��� 	
��*
+�z á&â���,?î %
- ��� .

Benjamin[15] ��� }$~ S�u���.���� P ï U ï (MSM) /0� î^áÍâÖðþñ SIS/SAS
kýl

,m�n�S�1&åÖè ��� áãâãçÖè��$�$b î���� , }�~ S � â�à�ï�ð z í�îãâ�à�ï�ðþîQå���é�ê&ï2 ó�3�4
. 5 k�l�6�7$(ôî ����8 ä�L�9ÕðÍñàî�.�:<;!=�> , ?�@ S P ï X ï /A� îeçÍèãâb�B�C

. Asamoah z Sun[16] �$��D�� CÖï�E�FÖðÍñ�G 8 S0��L Caputo
+�j�H�I�jàîeáÖâ

k�l
,
q�mýnýS0+�j�H�k�l?î0é7êãï z�J øÍï$+�è . 2024

I
, Terefe �$� [17]

G 8 q�+�è�SáÖâ$ú � u�K�L���M�N�OÖï&òÍâ�P�Q�R�E�K���S�Tüî ��� �DðÍñ$����b?îVU7êãï�j7b�k�l .

5 k7l
W�X cYE�K�Q�R z�Z�[]\_^�`�a�b�c�d�e ýYf�g�L$��M�N�O�h�i ,
q
G 8 Skj�l�P�m

��n�o î ����p ���ÕòÖâ %�-�b�c�q�@ . r v�ù�ú û � U î�s�t ^�ã�u �VS0þ
vÖï��&ðÖñ �ðÍù&âüî0+�w z �$�$bÕû�x$w � ��� ,
æ�y�P7þ
vÖï��&ðÖñ�k7l î4å�z�Q�{�( P ï$ß P ï /

� îFðãñ�î�| ,
ý~}!�����������������!���������
�������
���������

.��y��������
: ��������� , �������� !¡�¢0£)¤�¥ . ��¦���� , §©¨�£)¤�¥!ª �V«�¬
���­�®��

, ¯�°!¤�¥ ��±�²�³A´Yµ�¶���·�¸�¹ . �©º���� , »�¤�¥ ��¼���±�²�³ E0

��½�¾��
±�²�³

E∗

�������0´¿µ�À��A�VÁ!Â�Ã�Ä��!Å�Æ�Ç�È
. ��É
�0� ,

����¹�Ê ¤�Ë�Ì�Í0£�Î�Ï
ÐÑ ��­�Ò
�
. Ó�Ô Á �0� , Õ�Ö ��×�Ø ¯�Ö
Ï .

2 ÙÛÚÛÜ0Ý]Þ]ßáàãâ
ä £�å�æ Ç�È�������������ç , ����è�é]ê¿ë�ì ��í�Å�Æ�Ç�� , î�ïáð ��������ñ�����

. ��ð �!��� � , ò~ó �!�������������A��ô�õ�ö » �
��÷�ø , ù�ú
� ��× ��ûVü�Ï �
��������
. ý�þ
î
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í Ö�� ����� SIRS

�	�
� ¤�¥ ,
���

:


















































Ṡm = Λm − (β1If + β2Im)Sm − µmSm + γmRm,

İm = (β1If + β2Im)Sm − (κm + µm)Im,

Ṙm = κmIm − (γm + µm)Rm,

Ṡf = Λf − β3ImSf − µfSf + γfRf ,

İf = β3ImSf − (κf + µf )If ,

Ṙf = κfIf − (γf + µf )Rf .

(2.1)
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&�'�(*)�ä
:

Sm(0) ≥ 0, Im(0) ≥ 0, Rm(0) ≥ 0, Sf (0) ≥ 0, If (0) ≥ 0, Rf (0) ≥ 0, (2.2)

+ � , Sm, Im, Rm, Sf , If , Rf

Ç�í�, Í �
�.-0/�1 ,
�
��/	��1

,
�
�*243*1

,
�
�.-0/�1

,���	/4�	1
,
����2.3�1©�k¹65

.
¶ ó ����������¾87�ä�����ö49����4:61<�����0����� .

Λm, Λf

Ç
í*, Í �!�*;*<�õ
���!�*;*<�õ , µm, µf

Ç
í*, Í �!�
���!�<�>=�?�õ ; β1, β2, β3Ç�í�, Í4@ ���
����-0/��
�A��­�Ò�A�B�õ , @ ���
����-0/��
�A��­�Ò�A�B�õ©´Yµ @ �������-0/��
�A��­�Ò�A�B�õ
; κm, κf

Ç�í�, Í �
��/	��1����
��/	��10�>243�õ ; γm, γf

Ç
í*, Í �!��263�1����!��263*1	C*D�E6F
õ .

3 ÙÛÚÛÜHGJILKNMLONGJILPLQSR
T�U

3.1 ¤�¥ (2.1) � &�'�(*) (2.2)
��� ª (Sm, Im, Rm, Sf , If , Rf ) � [0,∞) þ�V «¬XW Ó�Y ­�® .Z ò>[*\ Ç�¾�ç ª �>] �.^ Á��6_ Î [18] ` , ¤�¥ (2.1) � (2.2)

��� ª (Sm, Im, Rm,

Sf , If , Rf ) � [0, T ) þ ] �4^ Á ,
+ � T ≤ ∞

ä�a�� ª � Ó�b ] �	c.d .e�f §©¨)ª �V«�¬
� , û�gk§©¨)¤�¥ (2.1) »	h	i*j8k�l &	'�Ê (2.2)
� ª (Sm, Im, Rm,

Sf , If , Rf ) m ä l .
_*n

m(t) = min {Sm(t), Im(t), Rm(t), Sf (t), If (t), Rf (t)},

m(0) = min {Sm(0), Im(0), Rm(0), Sf (0), If (0), Rf (0)}.� § ] � t∗ > 0, o m(t∗) = 0   W »�j4k t ∈ [0, t∗)
­

m(t) > 0 Ð�� ,
Ø©´qp ü�Ï �Xr�s�tu�v

:

(i)m(t∗) = Sm(t∗); (ii)m(t∗) = Im(t∗); (iii)m(t∗) = Rm(t∗);

(iv)m(t∗) = Sf (t∗); (v)m(t∗) = If (t∗); (vi)m(t∗) = Rf (t∗).
e6f §ã¨ u6v (i),

� Ñ � t∗ = t1 w � , m(t1) = Sm(t1), ú w ˙Sm(t)|t=t1 ≤ 0. ò)¤<¥
(2.1)

� � Á�x�¾
ç	y ¯ ˙Sm|t=t1 = Λm + γmRm > 0 z�{ , ù�ú Sm(t) > 0, » Ø�­ t1 ∈ [0, T )

Ð�� . ð�Î y § u�v (iv), | ­ Sf (t) }6l�» Ø�­ t ∈ [0, T ) Ð�� .

§�¨ u�v (ii),
� Ñ � t∗ = t2 w � , m(t2) = Im(t2), ò¿¤�¥ (2.1)

� ��� x�¾
ç	y ¯ :

˙Im ≥ −(κm + µm)Im(t),

ù�ú ­

0 = Im(t2) ≥ Im(0)e−
∫ t2
0

(κm+µm) dt > 0

z4{ . ù!ú Im(t) > 0, » Ø�­ t2 ∈ [0, T ) Ð�� . ð�Î y § u4v (v), | ­ If (t) }�l�» Ø�­
t ∈ [0, T ) Ð�� .

§�¨ u�v (iii),
� Ñ � t∗ = t3 w � , m(t3) = Rm(t3), ò¿¤�¥ (2.1)

� ��¦ x�¾
ç	y ¯ :

Ṙm(t) ≥ (γm + µm)Rm,
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ù�ú ­

0 = Rm(t3) ≥ Rm(0)e−
∫ t3
0

(κm+µm) dt > 0

z�{ . ùVú Rm(t) > 0, » Ø�­ t3 ∈ [0, T ) Ð�� . ð�Î y § u�v (vi), | ­ Rf (t) }4l!» Ø�­
t ∈ [0, T ) Ð�� .� §�ª � Ó�Y ­�®
� .�

Ṅ = Ṅm + Ṅf = ˙Sm + ˙Im + Ṙm + Ṡf + İf + Ṙf , |
Ṅ = Λm − µmNm + Λf − µfNf ≤ Λ − µN,

�6�
Λ = Λm + Λf , µ = min{µm, µf}. ò�� ÷4� Î [19] ¯ lim sup

t→∞

N ≤ Λ
µ
. ùkú ] � T > 0,

�
t > T w ­ N ≤ Λ

µ
. ùVú�¤�¥ (2.1)

� ª (Sm, Im, Rm, Sf , If , Rf ) Ó	Y ­�® , ò>[*\ Ç�¾�ç
ª �>����_ Î [20] ¯ T = ∞,

_ Î
¯
§ .Å�Á*� ¯�°�¤�¥ (2.1)
� l*�*��� Γ,

+ �
Γ = {(Sm, Im, Rm, Sf , If , Rf )|Sm, Im, Rm, Sf , If , Rf ≥ 0, N ≤

Λ

µ
}. (3.1)

¤�¥ (2.1)
] � ¼���±�²�³ E0 = (Sm0, 0, 0, Sf0, 0, 0), Sm0 = Λm

µm
, Sf0 =

Λf

µf
.
A��*�����

��Á����.��¾��
[21] �6� ¤�¥ (2.1)

��¶���·�¸�¹
, ¤�¥ (2.1)

��/	�*�6��ä
: Im, If . è �	��	�	���!ä

: M = F − V ,
+ �

F =

(

(β1If + β2Im)Sm

0

)

,V =

(

(κm + µm)Im

−β3ImSf + (κf + µf )If

)

, (3.2)

� E0 � � Jacobi
�8��ä

:

M = F − V =

[

β2Sm0 β1Sm0

0 0

]

−

[

(κm + µm) 0

−β3Sf0 (κf + µf )

]

, (3.3)

� ���
ÁX���8�k¾�� ¯�° :

R0 = ρ(FV −1) =
β2Λm

(κm + µm)µm

+
β1β3ΛmΛf

(κm + µm)(κf + µf )µmµf

.

4 ÙÛÚ �¢¡J£J¤H¥
T�U

4.1
�

R0 < 1 w , ¤�¥ (2.1)
��¼���±�²�³

E0 ¦�§�¨�©�ª _ .Z ¤�¥ (2.1) � E0 � � Jacobi
�8��ä

:

J (E0) =





















−µm −β2Sm0 γm 0 −β1Sm0 0

0 β2Sm0 − a1 0 0 β1Sm0 0

0 κm −b1 0 0 0

0 −β3Sf0 0 −µf 0 γf

0 β3Sf0 0 0 −a2 0

0 0 0 0 κf −b2





















,
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+ �
a1 = κm + µm, a2 = κf + µf , b1 = γm + µm, b2 = γf + µf (4.1)

«.-0¬ � , J (E0)
­ º x�¬���­	®�Ê λ1 = −µm, λ2 = −b1 = −(µm + γm), λ3 = −µf , λ4 =

−b2 = −(µf + γf ), ¯ +*°�­�®*± h�i ¾
ç :

λ2 + D1λ + D2 = 0, (4.2)

+ � , D1 = a1 +a2−β2Sm0 = 1− β2Sm0

a1

+a2, D2 = a1a2−a2β2Sm0−β1β3Sm0Sf0 = 1−R0.�
R0 < 1 w ,

y ¯ D1 > 0,
W

D1D2 > 0.
±�²

Routh-Hurwitz å6| ,
­6®�¾�ç©�VØ�­	­6®

Ê�³
­�¬*´ § , ¤�¥ (2.1)
��¼���±�²�³

E0 ¦�§�¨�©�ª _ . §6µ .T�U
4.2

�
R0 < 1 w , ¤�¥ (2.1)

��¼���±�²�³
E0 ¶�¦�¨�©�ª _ .Z ��×*·���×�¸

[22] � ��¾���¹4º £~¤�¥ (2.1)
��¼���±�²�³�� ¶�¦�¨�©�ª _�� . è�¤

¥ (2.1)
� Ð ����»�7 :

{

dQ

dt
= F (Q, Z),

dZ
dt

= G(Q, Z), G(Q, 0) = 0,
(4.3)

+ � Q = (Sm(t), Rm(t), Sf (t), Rf (t))T
, Í	¼ /	�A�>�6� , Z = (Im(t), If (t))T

, Í ½q¾ /�<�¿�	�
. ò ×�¸ [22]

y ` , À
§ ¶�¦�¨�©�ª _
��Á�Â h�i�Ã x�(*) :

H1 : dQ

dt
= F (Q0, 0),

+ � Q0 V ¶�¦�¨�©�ª _�� .

H2 : G(Q, Z) = AZ − Ĝ(Q, Z). »<ó	jÄk � (Q, Z) ∈ Γ
³�­

Ĝ(Q, Z) ≥ 0,   W �8�
A = DzG(Q0, 0) V Á�x Metzler

�8�
.

��Å � Q0 = (Sm0, 0, Sf0, 0) = (Λm

µm
, 0,

Λf

µf
, 0). Æ�Ç

dQ

dt
= F (Q, 0) =











Λm − µmSm

0

Λf − µfSf

0











,

Q0 V ¶�¦�¨�©�ª _�� . »�ó H2 : G(Q, Z) = AZ − Ĝ(Q, Z)
­

A = DzG(Q0, 0) =

[

β2Sm0 − a1 β1Sm0

β3Sf0 −a2

]

, (4.4)

V Á�x�« »	È*É�Ê «�¬�� Metzler
�8�

, »�ó�j4k � (Q, Z) ∈ Γ
³
­

Ĝ(Q, Z) = AZ − G(Q, Z)

=

(

(β1If + β2Im)Sm0 − a1Im

β3ImSf0 − a2If

)

−

(

(β1If + β2Im)Sm − a1Im

β3ImSf − a2If

)

=

(

(β1If + β2Im)(Sm0 − Sm)

β3Im(Sf0 − Sf )

)

,

ù�ú Ĝ(Q, Z) ≥ 0,
�

R0 < 1 w ,
¼���±�²�³

E0 ¶�¦�¨�©�ª _ . §6µ8Ë
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T�U
4.3

�
R0 > 1 w ,

] � Á�x l�[ ¹ k, ¤�¥ (2.1) h�i &�'�(*) :

x0 = {(Sm(0), Im(0), Rm(0), Sf (0), If (0), Rf (0)) ∈ X| Im(0) > 0, If (0) > 0},

� j4kkª ϕt(x0) = (Sm(t), Im(t), Rm(t), Sf(t), If (t), Rf (t)) h�i min{lim inf
t→∞

Im(t), lim inf
t→∞

If (t)} >

k, Ì�¤�¥ (2.1) V Á!Â�Ã�Í<� .Z �
R0 > 1 w ,

_�n
X = {(Sm, Im, Rm, Sf , If , Rf ) ∈ Γ| Im > 0, If > 0}. X

�>Î�®
ä

∂X = {(Sm, Im, Rm, Sf , If , Rf ) ∈ Γ| Im = 0
:*1

If = 0}.A���� §�¨ ∂X
Á!Â�Ï�Ð

X �~¤�¥ (2.1)
� ª . Æ�Ç X

�
Γ
³ V�l*�*��� ,

W
∂X � Γ

� ö »�ÑÄÒ , ú�Ó , ò _ Î 3.1 ` ¤�¥ (2.1) V ³ÕÔ*Ö0� . ò (3.3) ¯�°
M = F − V =

[

β2Sm0 − a1 β1Sm0

β3Sf0 −a2

]

, (4.5)

_*n
s(M) = max{Reλ : λ V M

�>­�®
Ê
},
´�� Ö
Ï
Ð�� [21]:

R0 > 1 ⇐⇒ s(M) > 0, R0 < 1 ⇐⇒ s(M) < 0.

_*n
M∂ = {x0|ϕ(x0) ∈ ∂X, ∀t ≥ 0}, D = {x0 ∈ Γ| Im = If = 0.}.

��r §©¨ D = M∂ , Ì�� M∂ û ­ ^ Á�³ E0. Æ*Ç D ⊆ M∂ Ð�� ,
��r û�g p §©¨ M∂ ⊆ D.×�­

(Sm(0), Im(0), Rm(0), Sf(0), If (0), Rf (0)) ∈ M∂ | ­ Im = If = 0, ∀ t > 0 | D = M∂

Ð�� .
��× ��Ç , Ø	Ù ] � t0 > 0, � F�Á�Ú�� Ù Im(t0) = 0, If (t0) > 0. òY¤�¥ (2.1)

� ���x�¾
ç ¯�° :

˙Im(t0) = (β1If (t0) + β2Im(t0))Sm − (κm + µm)Im(t0) = β1If (t0)Sm,

y ¯ ,
] �6l�[ ¹ η � t0 < t < t0 + η þ , o�¯ Im(t0) > 0, Û � � t0 < t < t0 + η w ,

­

(Sm, Im, Rm, Sf , If , Rf ) /∈ ∂X.

�	Ü
x0 ∈ M∂ z�{ , ó�V
¯�° M∂ ⊆ D, | D = M∂ .�

WS(E0) V E0

� ª _�Ý�» ,
� § :

�
R0 > 1 w ­ W S(E0) ∩ X = ∅.

�

Mε = F − V −

[

β2ε β1ε

β3ε 0

]

. (4.6)

ù ä R0 > 1 ⇐⇒ s(M) > 0, | ] � Á�x ε1 > 0,
�

ε ∈ [0, ε1] w ,
­

s(Mε) > 0, Þ�ß�i�à6á�
ε o�¯

Sm(0) > 1 − ε1, Sf (0) > 1 − ε1, If ≤ ε1, Im ≤ ε1.
�

||x0 −E0|| < ε w ,
­

lim sup
t→∞

||ϕt(x0)−E0|| > ε, ∀x0 ∈ X.
����â § � , Ø�Ù��*Ç , | ] �

x0 ∈ X o�¯
»�j4k t ≥ 0,
­

||x0 − E0|| ≤ ε, ù�ú
˙Im(t) ≥ (β1If (t) + β2Im(t))(1 − ε1) − (κm + µm)Im(t),
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İf (t) ≥ β3Im(t)(1− ε1) − (κf + µf )If (t).

Ì�»�ã x ¤�¥ ­

İ(t) ≥ Mε1

(

Im(t)

If (t)

)

.

ò~ó Mε1

­�Á�x l ­�®�ä¿5�ö�å<� l ­�®�Ê s(Mε1),
±*² � ÷	� Î (Im(t), If (t)) → ∞, t →

∞ z�{ . ù ä E0 � M∂ ��V ¶	¦*¨	©�ª _<� , | E0 � M∂ þ�V*æ��	��� ��W V ¼�ç0� .
±

²�×�¸
[23] ¯ ,

�
R0 > 1 w , ¤�¥ (2.1) V Á!Â�Ã�Í<� . §6µ8Ë±*²

Zhao[24] � �0_ Î 2.4
y ` ¤�¥ (2.1) è*é ] � Á�x�½�¾���±�²�³ E∗ = (S∗

m, I∗

m, R∗

m,
S∗

f , I∗

f , R∗

f ), h�i ´���¾
ç�� :






































Λm − (β1I
∗

f + β2I
∗

m)S∗

m − µmS∗

m + γmR∗

m = 0,

(β1I
∗

f + β2I
∗

m)S∗

m − (κm + µm)I∗

m = 0,

κmI∗

m − (γm + µm)R∗

m = 0,

Λf − β3I
∗

mS∗

f − µf S∗

f + γfR∗

f = 0,

β3I
∗

mS∗

f − (κf + µf )I∗

f = 0,

κfI∗

f − (γf + µf )R∗

f = 0.

(4.7)

¯�° :

S∗

m =
(κm + µm)I∗

m

β1I∗

f + β2I∗

m

, R∗

m =
κmI∗

m

(µm + γm)
, S∗

f =
(κf + µf )I∗

f

β3I∗

m

,

I∗

f =
Λf (γf + µf )β3I

∗

m

(κf + µf + γf )µfβ3I∗

m + µf (µf + γf )(κf + µf)
, R∗

f =
κf I∗

f

(µf + γf )
,

è S∗

m, R∗

m, S∗

f , I∗

f

´¿µ67
(4.1)

��ê ¤�¥ (2.1)
� � Á�x�¾
ç ,

y ¯
E(I∗

m)2 + FI∗

m + G = 0,
+ �

E = (γmκm − a1b1)(a2b2 − γfκf )β2β3 < 0,

F = (a2b2 − γfκf )β3b1(Λmβ2 − µma1) + (κmγm − a1b1)b2(Λfβ1β3 + β2µfa2),

G = ΛmΛfβ1β3b1b2 + (Λmβ2 − µma1)µfa2b1b2 = (R0 − 1)µmµfa1a2b1b2.±�²6ë�ì�í�î6ï å	| ,
�

R0 > 1 w ,
­

E < 0, G > 0 |
¤�¥ (2.1)
­ ^ Á<� l ± , ùVú�¤�¥

(2.1)
] �4^ Á���½�¾���±�²�³ .A����

,
� ¤�¥ (2.1) � γm = γf = 0 w , �
��ð ³ ü�Ï SIR ¤�¥ ½�¾���±�²�³�� ¶	¦*¨

©�ª _
� , Ì�Ø�Ù!¤�¥ (2.1)
�
­�ñ�Ä�C�D��

. §6µ .T	U
4.4 Ø6Ù γm = γf = 0,

�
R0 > 1 w , ¤�¥ (2.1)

� ^ Á�½�¾���±�²<³ E∗ ¶6¦�¨
©�ª _ .Z Ø�Ù γm = γf = 0 w , ¤�¥ (2.1) ò*ó ä



















































Ṡm = Λm − (β1If + β2Im)Sm − µmSm,

İm = (β1If + β2Im)Sm − (κm + µm)Im,

Ṙm = κmIm − µmRm,

Ṡf = Λf − β3ImSf − µfSf ,

İf = β3ImSf − (κf + µf )If ,

Ṙf = κfIf − µfRf .

(4.8)
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�*ô ��� Lyapunov õ ¹�� §�¨ ½�¾���±�²�³ E∗

� ¶�¦�¨�©�ª _
� , V = V1 + kV2,
+ �



















v1 = (Sm − S∗

m − S∗

m ln
Sm

S∗

m

) + (Im − I∗

m − I∗

m ln
Im

I∗

m

),

v2 = k

(

(Sf − S∗

f − S∗

f ln
Sf

S∗

f

) + (If − I∗

f − I∗

f ln
If

I∗

f

)

)

.

(4.9)

Æ�Ç V V _ l �>W��
­�¼	ö b �*÷ .
A���� §�¨ V̇ V _�¬�� .

V̇ = (1 −
S∗

m

Sm

) (Λm − (β1If + β2Im)Sm − µmSm) − (1 −
I∗

m

Im

)(κm + µm)Im

+ (1 −
I∗

m

Im

)(β1If + β2Im)Sm + k

(

(1 −
S∗

f

Sf

)(Λf − β3ImSf − µf Sf )

)

+ k

(

(1 −
I∗

f

If

)(β3ImSf − (κf + µf )If )

)

,

(4.10)

ø
k =

β1S∗

mI∗

f

β3S∗

f
I∗

m
, | ­

V̇ = (µmS∗

m + β2S
∗

mI∗

m)

(

2 −
Sm

S∗

m

−
S∗

m

Sm

)

+ µfS∗

f

(

2 −
Sf

S∗

f

−
S∗

f

Sf

)

+ β1S
∗

mI∗

f

(

4 −
Sm

S∗

m

−
Sf

S∗

f

−
ImSfI∗

f

I∗

mS∗

fIf

−
IfSmI∗

m

I∗

f S∗

mIm

)

,

(4.11)

���*ù	n<�>ú�Ê �*û 7!­

2 −
Sm

S∗

m

−
S∗

m

Sm

< 0, 2 −
Sf

S∗

f

−
S∗

f

Sf

< 0,

4 −
Sm

S∗

m

−
Sf

S∗

f

−
ImSfI∗

f

I∗

mS∗

fIf

−
IfSmI∗

m

I∗

f S∗

mIm

< 0,

ý�þ V̇ V _�¬�� . V̇ = 0
� W�ü �

Sm = S∗

m, Im = I∗

m, Rm = R∗

m, Sf = S∗

f , If = I∗

f , Rf =

R∗

f . ùkú , � {(Sm, Im, Rm, Sf , If , Rf ) ∈ Γ : V̇ = 0} � � Ó6b	���	�6V6ý ³ � {E∗}.
±�²

Lasalle ��� � Î [25]
´Yµ

Teng
�

Zhang[26] � �Õ_ Î 8.5
y ¯�¤�¥ (4.8)

½�¾���±�²�³
E∗

¶�¦�¨�©�ª _ . §6µ8Ë
5 RLþãÙNÿ

� ��� p »�¤�¥ (2.1)
� Ã ��±�²�³VÅ�Æ
¹�Ê ¤�Ë ,   � � PRCC

Å�Æ���/���Ç
È
.

5.1 �����
	��NK



1 � ø &�Ê���� (Sm, Im, Rm, Sf , If , Rf ) = (17 + 10 ∗ (−1)k ∗ sin(k), 12 + 5 ∗ (−1)k ∗

sin(k), 10+7∗(−1)k∗sin(k), 20+4∗(−1)k ∗sin(k), 10+5∗(−1)k∗sin(k), 9+4∗(−1)k ∗sin(k)),+ � k = 50.



1 � ����¹ ø Ê���� Λm = 7, Λf = 8, γm = 0.3, γf = 0.3, µm = 0.4, µf =

0.39, β1 = 0.0025, β2 = 0.0020, β3 = 0.0049, κm = 0.03, κf = 0.03. ú w ¶á�©·á¸�¹
R0 = 0.1057, ¤�¥ (2.1)

��¼���±�²�³
E0 = (17, 0, 0, 20, 0, 0) ¶�¦�¨�©�ª _ ,

_ Î 4.2 Ð�� .
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(a) (b)�
1 ��������������� ��! �#"�$�%'&�� .



2 � ø &�Ê���� (Sm, Im, Rm, Sf , If , Rf ) = (54 + 10 ∗ (−1)k ∗ sin(k), 22 + 11 ∗ (−1)k ∗

sin(k), 50+10∗(−1)k∗sin(k), 57+24∗(−1)k∗sin(k), 15+7∗(−1)k∗sin(k), 52+26∗(−1)k∗sin(k)),+ � k = 50.



2 � �(��¹ ø Ê���� Λm = 5, Λf = 5, γm = 0.15, γf = 0.1, µm = 0.036, µf =

0.04, β1 = 0.0065, β2 = 0.0055, β3 = 0.006, κm = 0.5, κf = 0.48. ú w ¶<��·<¸�¹ R0 =

3.8544, ¤�¥ (2.1)
��½�¾���±�²�³

E∗ = (54.5624, 22.8643,61.4618, 57.6481, 15.2084, 52.1429)

¶�¦�¨�©�ª _ , ¤�¥ (2.1)
À���Á!Â�Ã�Í

,
_ Î 4.3

�	_ Î 4.4 Ð�� .

(a) (b)�
2 )+*�������������� ��! �#"�$�%'&�� .



3 (a) � �,��¹ ø Ê��<� Λm = 5, Λf = 5, γm = 0.15, γf = 0.1, µm = 0.036, µf =

0.04, β1 = 0.0065, β2 = 0.0055, β3 = 0.006, κm = 0.5, κf = 0.48. ú w ¶<��·<¸�¹ R0 =

3.8544, ¤�¥ (2.1)
��½�¾���±�²�³

E∗

] ��  W ^ Á .

5.2 -/.LK¢¤H¥
¶���·�¸�¹

R0 0 ä��������0��1VÊ3234 ð p 0 � . ¤�¥ ��¹0� ��æ _����3��/��35768
R0. ù�ú , �
� ·��39�:<; � ¾�=�>�¾����3?�@�ö�å3A
¹ (PRCC)

¾���Ç
È £(B ��¹ Ü ¶
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��·�C�¹A��ö�å��
[27], B ��¹ ø Ê c.d ��, 1

Ø Í .

��¹ ¶7D ��¹�Ç�E
PRCC

Ê
Λm 8 U(6,10) 0.3569

Λf 8 U(6, 9) 0.0747

µm 0.03 U(0.01,0.06) −0.8198

µf 0.039 U(0.01,0.06) −0.2784

β1 0.025 U(0.0001,0.03) 0.2906

β2 0.025 U(0.0001,0.9) 0.8507

β3 0.0049 U(0.0001,0.008) 0.2872

κm 0.03 U(0.01, 0.5) −0.8442

κf 0.03 U0.01, 0.4) −0.2848

F
1 G�H(� I+J�K�L�M(N .

ò 
 3 (b)
yá´¿¬ � , µm, µf , κm, κf

Ü ¶���·�¸�¹
R0 O ¬
ö6å . Λm, Λf , β1, β2, β3

Ü ¶
��·�¸
¹

R0 O l ö�å .
��� Ö Ñ , ¨ , P ø��!����õ VQP ø�¶���·�¸�¹A��­�Ò�R�S .

-6 -4 -2 0 2 4 6

Im
*

-6

-4

-2

0

2

4

6

I f*

(a)

R0

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
PRCC

f

m

3

2

1

f

m

f
 

m

(b)�
3 (a) )+*���������T�U ; (b) R0 V G�H(�XW�Y .

6 Z�[
��× î�ïá£ Á��6��­���í Ö	� �k��� SIRS

�4��� ¤�¥ , �4� £�¤�¥ ��¶���·�¸�¹ R0.�
R0 < 1 w , §�¨�£ ¼���±�²�³�� ¦�§ � ¶�¦*¨	©�ª _
� .

�
R0 > 1, ¤�¥ Á!Â�Ã�Í*W ü�Ï

£ ½�¾���±�²�³Xx�¹ .
�

γm = γf = 0 w , §�¨�£ ½�¾���±�²�³ E∗

� ¶�¦�¨�©�ª _�� . Ó�ÔÅ�Æ�¹�Ê ¤�Ë , \ C ð �7]���� » À������������A��6^8 � y`_�a ,   W�������õ357b7c�À�������
, dfe�b3g`h ¶ k�i � h ¶7j o � V�k6é /6� é ¹��V­�ÒA��R3S . l 57m ä�nQo��

é�p µ�����ö�å ` i , q C ��h ¶ ����Æ�ä , r*¯�k�é /�� é ¹ .
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STUDY ON A GONORRHEA TRANSMISSION SIRS MODEL

WITH SEXED-STRUCTURE

YANG Huan, WU Hao, DING Rui-di, ZHANG Long

(School of Mathematics and Systems Science, Xinjiang University, Urumqi 830017, China)

Abstract: In this paper, a gonorrhea transmission SIRS model with sexual structure is

proposed to characterize the effects of homeosexual and heterosexual behaviour on the transmission

dynamics of disease. First, the nonnegativity and boundedness of the solutions for the model

are proved. Second, the basic reproduction number R0 is computed by the next-generation

matrix method. Furthermore, based on the basic reproduction number, and using the comparison

principle and persistence related theory, it is proved that the disease-free equilibrium is globally

asymptotically stable when R0 < 1 ; and that the model is uniformly persistent and has at least

one positive equilibrium when R0 > 1 . In addition, the global asymptotic stability of the endemic

equilibrium is obtained by constructing the Lyapunov function when gonorrhea is permanently

immune. Finally, the validity of the theoretical results is demonstrated by numerical simulations,

It is shown that effective control of the male patient population would substantially reduce the

overall prevalence of gonorrhea in the general population.

Keywords: gonorrhea; basic regeneration number; sexual structure; global stability; uni-

form persistence
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