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1 ���
�6���� �¡

(Epinephelus fuscoguttatus) ¢�£�¤�¥�¦�§�¨�©«ª�¬�­¯®�©\°�±�² � ©@³Z´
®¶µ1·�¸�¨�¹�®Sº�¨�» [5].

�� �¡¯¼ ¦¾½&¿6ÀZÁ�Â�Ã�Ä , Å�Æ Ç�È É�Ê¯ËuÌ�Í ¡�Î�Ï�Ð , ÑÒ�Ó�Ô
, Õ�Ñ Ò�Ö�×�Ø Ã�Ù £�Ú , Û�Ü�Ý Þ�ß�à Ö�×�á�â ©äã�å�æ�ç�º�èêé , ë�ì ­�Í�í îï½ð ¨�»òñ=ó ß ô�õ . ö6÷=ø�ù ú�û æ ç¶üuÚ�µ&· ý¶þuÕ Ö × À=ÿ�� , ��� Á����	��
���
�� .�6���� �¡ ö�������� , � Ø Ä�������Ã�� . ����Ä�Ç�È��! �"��¶Ä , #�ö�� ¡�$&% Á

Â , '�()�&*,+ , � ¡�-�. Ä�/���ö���Ä . é,0 , î ½ ð�1 »¯ñ32�4òÀ ¡ ­ , ����Ä�� Ë;Å�Ê
Õ�5¶Ù .

�6���� �¡ Ç�È�6���Ñ Ò ¤�ö�7�6�8�É : 9�É , ñHÉ�:�+�É . ñHÉ�ö�Ñ Ò�; É , <�ÑÒ Í�
¯µ�=?>�Ñ Ò ÍòÀ,'�@�µ;Ý . � ¡ Ñ�2�A�BòÀHÍ�í % ë Õ�C�ÀHß�D�E�( Ø�F .
� �u�� 

¡�G ¦!��H�I�A ¡�Î . î ½ ð ¨�»òñ ,
¡ Ò ��H�I�A�J�Õ �ê�Z�  �¡ Á�Â�J Ø�K�L £ À�M&N .¡�Î î¶Á�Â�O�P ñ , ��ì�Q&R�S�T�O Ì�ì�U&V���W , X�Y�Z�[�\�]�ÀZÁ�Â�^�< µ*·���Ä

Õ���Ä�Á Â�U�SòÀ3Q&R . öò÷`_�a�Á Â�Q�R�W&b�Õ&2�ced,26À3M)N , Ìuìfd32�gZÍ�h&i��kjl d , Å�Æ , Ricker d,2)guÍ , Beverton-Holt d,2)guÍ µ*· S-Beverton-Holt d,2)guÍ [12].

Õ¶¦��&H�I�A ¡�Î , Á�Â�J�¢�£�m�n¶¦ ¡ Ò À�o&4�J . p�q�r¶Ù¾½ ð�Ö�× ñ ¡ Ò À�o&4�J�s
'�Ù À , ¢�£�t�u�I�A�J�Õ�Á Â�J6À3M)N . v�w Ý , î���H�I�A ¡ Î Á Â�ñ , I�A�Ç�x %�y�z{ ¦�|�B�}&4�+ Ò À�o&46©~A Ò Ë ©�I�A��&*6µ*·�A�B�À,��í [8, 17]. �&s Õ¶¦ �6���� �¡��� A Ò Ë�'��¯µ=à���j���ö�s�M�N ¡ Î Á Â�J6À F�� é�� [17]. � Ò B����&��A�BòÀ����� ¦�\�]������ , I�A�J���Û)� K A�B����¯À3��Ü � ��Ü ( � 1). ��A Ò ËH±�¦�\�]�ÀSÍ��
� , I�A�J�
���S�I�����V . éSö&�3A Ò Ë � ¦�\�]¯Ëk��� , I�Aòñ�S���2�Ì,6�A�B������3'
6 Ò B6À`W�b , � Ò B���S�I�A Ç�x�����S�������� [7]. é�0�A Ò Ë1Õ�Á�Â�J Ø�L £�M�N .��  Õ � �u�� �¡ Á�Â�Ã�ÄòÀZ¤�¡ µ*·�w�¢�Í  �£�¤ [8, 9, 17], p�q l d�¥�¦ Hill gZÍ
à�§�¨ �ê�Z�  �¡ ��H�I�A�J . Hill gSÍ�ö :

H(x) =
γxn

r + xn
, (1.1)

∗ ©«ª�¬®­�¯ 2024-10-20 ° ©�¬®­ : 2024-11-07±«²«³�´ ¯¶µ¸·	¹»º»¼ F�½¿¾?À	Á¸Â (2022rcjj24).Ã?Ä?Å»Æ
: Ç«È»É (1990–), Ê , Ë&% , Ì»Í$9=: n3Î : m&`$n@o . E-mail: wyyfde@sina.com .
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Ó
1 Ô,Õ [17] Ö«×�Ø�ÙÛÚ!Ü�×�Ý,Þ�ß�à�á`â�ã,ä�å,æ&çÛè Hill ékã,ê,ë .

ë¯ñ x ì�í�}&46é,B�ÀSÍ�í�î�ï���� , n, r ¤���ì�í Hill "�Í�:�}&4�"�Í , γ í�ð�\�±�Ñed
J . Hill gSÍ�\ -�.¯¼ Hill î 1910 ß l d , Ç�x À!ñ�ò�÷`ó�§�ôöõZÀ�÷�ø £!ùöú�û s S iêÀ
w!¢�W&b [3].

£�ù q�ü [8, 9, 17] ñ À,w!¢�Í  &£�¤ , 
¯µkýfd � �u�� �¡ I�A�O�P�î�þ�ÿ��� Ý���Þ���� ù�� '
	�� .

î �6���� �¡ À,I�A�O�P ñ , � ¡ A�B�Ñ�2òÀSÍ�í�£ ã¶±�¦ Ò B�Ñ�2òÀSÍ�í , < µ
���
¦�A�B�Ñ�2òÀSÍ�í�à�Þ���ì���A Ò Ë ÀSÍ�� .

¼ ¦ ¡�Î ÀZÄ�������s�5¶Ù6À , � ¡ ­ ñ����
Ë;Å�s�5¶Ù6À , � ¡ ­�Ñ�2 Ò ÀSÍ�í�:�����Í�í�o�î�'�Ù6À¶Ë;Å F " .

¡ ­ ñ�� ¡ Ä������
ö�� ¡ Ø '!6�±��òÀ
������* , '������&�ZÉ�ö�7�D ¡ É [10]. � Ý ¤�¡ , ��������� Ø�� * �! À �ê�Z�  �¡ À;ß�D £�" h�i :





(∂t + ∂a − ∆z)u(t, a, z) = −µu(t, a, z), t ∈ R, a > 0, z ∈ R
3,

u(t, 0, z) =
α
∫∞

0
u(t, a, z)da(

∫ +∞

0
β(a)u(t, a, z)da)n

r +
(∫ +∞

0
β(a)u(t, a, z)da

)n , n > 1, r > 0,
(1.2)

ëòñ u(t, a, z) í�ð�î���* t ß�D�ö a · � *$#�% z À �ê�Z�  �¡ À`6���&��)gZÍ , τ í�ð ��Z�  �¡�' d�2��!����ö�� ¡ À$������* , β(a) ö�(�) ß�D�ö a À`��Ä �ê�Z�  �¡ Ñ�2�A�B
Í í6À!gSÍ [15], ø�ù�r�* 1. +
,�+�-�.�B ∆z í�ð�Õ � *$� í z ∈ R3 À$/�0  �! .1�2

1 * β(a) s�� Ø �43òÀ Γ− ¤�¥�gSÍ ,

β(a) :=

{
δ(a− τ)e−ζ(a−τ), Æ ¤ a ≥ τ,

0, Æ ¤ a ∈ (0, τ),

ëòñ τ > 0, ζ > 0 s�� $ Í ,
∫∞

0
β(a)e−µada = R, ëòñ R ∈ (0,∞), δ = (µ+ ζ)2Reµτ > 0.

pfqò¢�£�t�u�"65 (1.2) À�798�:<;�= . �?> , *@7@A¯ö c ∈ R À�798�B � g�Í�ö
(c, U(x, a)). U(x, a)

F ¦�� í x s�8 É6À , C`o î�8 É T > 0, ¥�[ U(x+T, ·) = U(x, ·). Õ
¦ e ∈ S2, gZÍ u(t, a, z) := U(z · e + ct, a) s�"�5 (1.2) À$����: . D�E3[ U(x, a) ø�ù�Æ�F
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g P : 



∂2
xU(x, a) − c∂xU(x, a) − ∂aU(x, a) − µU(x, a) = 0, x ∈ R, a > 0,

U(x, 0) =
α
∫∞

0
U(x, a)da(

∫ +∞

0
β(a)U(x, a)da)n

r +
(∫ +∞

0
β(a)U(x, a)da

)n .
(1.3)

h "�5 (1.3) ����ö�i�E�j�b¶À3@ û Ä�"�5 ( �!� g�k�l
m 3 n )

ε2
d2v(t)

dt2
− dv(t)

dt
+ Av(t) +G(v(t)) = 0, t ∈ R, (1.4)

ëòñ ε s ¼ 7�A { ÙêÀ $ Í , � ε ù
o�p�� , "�5 (1.4) 
�µ	ý�#�s Æ�F g PòÀ
q�r�"�5
du(t)

dt
= Au(t) +G(u(t)), t ∈ R. (1.5)

s �ut6v`"�5 (1.5) î��
��w�x�yHÞ ¼ Hopf ¤�z Ñ�2�8 É�: , ��"�5 (1.5) î��
��w�x�yHÞ
Ñ�26À Hopf W&buÕ�"�5 (1.4) s�{�|6À , D�"�5 (1.2) o�î�8�É�7?8
: . o�î�8�É�7?8
:�}~�K 2�c ì�­�Í í�
�µ&î ½ ð�� ñ À`5�Ù
7�r���� .

p�q�������F :
m

2 n�s����������������������@� Hopf ��z�������� ; � 3 ��������
(1.2) �
�@����������  ; � 4 ����¡�¢���£�¤�¥ ; ¦�§�����¨�� .

2 ©«ª­¬­®<¯?°­±­²´³­µ·¶·¯ Hopf ¸º¹

2.1 »�¼�½�¾�¿�À�Á�Â�Ã�Ä�Å�Æ�Ç�È�É�Ê Cauchy Ë4Ì�Å4Í�Î
Ï ��Ð�Ñ�������Ò����������$��������Ó�Ô :





∂u(t, a)

∂t
+
∂u(t, a)

∂a
= −µu(t, a), t ∈ R, a > 0,

u(t, 0) =
α
∫∞

0
u(t, a)da(

∫ +∞

0
β(a)u(t, a)da)n

r +
(∫ +∞

0
β(a)u(t, a)da

)n ,

u(0, ·) = u0 ∈ L1
+ ((0,+∞),R) ,

(2.1)

Õ6Ö
u(t, a) ×�Ø�Ù�Ú�Û t ����Ü a �$Ý�Þ�ß�à@áu¡ . â�ã���� a1 ä a2 å Û��$Ý�Þ�¡�æ�Ü :∫ a2

a1
u(t, a)da, Ù t Ú , ç�è�¡�æ�¨ ä Ü : U(t) =

∫∞

0
u(t, a)da. Ü?é$ê�ë ��� ��ì�¡?�$í�î�ïð�ñ

, � ��� (2.1) ������æ�ò�ó�ô . õ�Ú�Û$ö�÷ t̂ = t/τ , ����ö�÷ â = a/τ ø�ù�ú�û�ó�ô���
(2.1)

Ö ì�¡ τ , ü�ý�þ û(t̂, â) = τu(τ t̂, τ â) ä β̂(â) = β(τ â). ÿ���ù�ú�û�ó�ô , Ü?é��
û�×�Ø , �����
	�� ·̂ ×�Ø , ����
 ê�ë���Ò ��� :





∂u(t, a)

∂t
+
∂u(t, a)

∂a
= −µτu(t, a), t ∈ R, a > 0,

u(t, 0) =
ατ
∫∞

0
u(t, a)da(

∫ +∞

0
β(a)u(t, a)da)n

r +
(∫ +∞

0
β(a)u(t, a)da

)n ,

u(0, ·) = u0 ∈ L1
+ ((0,+∞),R) ,

(2.2)
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Õ?Ö��
� á4¡ β(a) Ü

β(a) :=

{
δτ(a− 1)e−ζτ(a−1), ��� a ≥ 1,

0, ��� a ∈ (0, 1).

� Ò�ø���� Banach � Û X := R × L1 ((0,+∞),R) , ú�¡����@Ü
∥∥∥∥∥

(
ψ

ϕ

)∥∥∥∥∥ = |ψ| +

‖ϕ‖L1((0,+∞),R), ∀
(
ψ

ϕ

)
∈ X. ����� ñ��� Aτ : D(Aτ ) ⊂ X → X

Aτ

(
0

ϕ

)
=

(
−ϕ(0)

−ϕ′ − µτϕ

)
, (2.3)

����!�Ü : D(Aτ ) = {0} ×W 1,1 ((0,+∞),R). ��� �� F : D(Aτ ) → X Ü

F

((
0

ϕ

))
=

(
B(ϕ)

0L1((0,+∞),R)

)
, (2.4)

Õ?Ö

B(ϕ) =
α
∫∞

0
ϕ(a)da(

∫ +∞

0
β(a)ϕ(a)da)n

r +
(∫ +∞

0
β(a)ϕ(a)da

)n .

��" þ w(t) =

(
0

u(t, ·)

)
, � ��� (2.2) ��
�#�$
Ü���Ò&%&'(����)(* Cauchy +-, :





dw(t)

dt
= Aτw(t) + τF (w(t)), t ≥ 0,

w0 =

(
0

u0

)
∈ D(Aτ ).

(2.5)

. ã�/�0 ��� �?�21�Ù ñ ä(3�4 ñ +-,
��ì���5
6 [11, 13, 14].

2.2 7&8�Å:9:;
<�=�>�?�Î�Ã�Ä
� Ò
ø , @ ��� (2.5) ��A�B�C�D
� ñ û�Ó�Ô . E
F�/ , G�H w(a) =

(
0

u(a)

)
∈ X0 Ü

���
(2.5) ��A�B�C , ��I

(
0

u(a)

)
∈ D(Aτ ) ä Aτ

(
0

u(a)

)
+ τF

((
0

u(a)

))
= 0,

/�0�����JLK
ã���Ò�Ó�Ô
M :
{

− u(0) + τB(u(a)) = 0,

− u
′

(a) − τµu(a) = 0.
(2.6)
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@
�
/�0�Ó�Ô , I
u(a) =

τα
∫∞

0
u(a)da(

∫ +∞

0
β(a)u(a)da)n

r +
(∫ +∞

0
β(a)u(a)da

)n e−µτa.

� u(a) n&o�Ù [0,+∞) p���
qD�� (2.6)
Ö � 4 Ý�Ó�Ô�r � , ë
s

∫ +∞

0

β(a)u(a)da = n

√
µr

α− µ
ä

∫ +∞

0

u(a)da =
(µ+ ζ)2eµτ

µδ
n

√
µr

α− µ
.

t�u 
-/&r � ��� , ��
 ë
sL

Ò���v .

w�x
2.1
���

(2.5) 1�Ù�ozy�A�B�C w0(a) =

(
0

0L1((0,+∞),R)

)
. {
|�1�Ù 3�4 �~}�A

B�C
wτ (a) =

(
0

uτ (a)

)
=

(
0

τe−µτa

R
n

√
µr

α−µ

)
,

� ý�� � α− µ > 0. ���@� ,
���

(2.1) 1�Ù 3�4 ��}&A�B�C uτ (a) = τe−µτa

R
n

√
µr

α−µ
,
� ý���

α− µ > 0.

Ù � Ò
ø�����v Ö , ����G�H�I���Ò:������� .���
2 H�ì�¡ µ, α ��¢�������� α > µ > 0.

@�� ��� (2.5) � ñ û�Ó�Ô . ����ö�æ(��÷ y(t) := w(t) − wτ(a), I���Ò:�@�
Ó�Ô




dy(t)

dt
= Aτy(t) + τF (y(t) + wτ) − τF (wτ), t ≥ 0,

y(0) =

(
0

u0 − uτ(a)

)
=: y0 ∈ D(Aτ ).

(2.7)

� {���
�$z� ��� (2.7) Ù�A�B�C�ó���� ñ û�Ó�Ô
dy(t)

dt
= Aτy(t) + τDF (wτ)y(t), t ≥ 0, y(t) ∈ X0, (2.8)

Õ?Ö

τDF (wτ)

(
0

ϕ

)
=

(
τDB(uτ)(ϕ)

0L1((0,+∞),R)

)
, ∀

(
0

ϕ

)
∈ D(Aτ ),

Õ?Ö
DB(uτ)(ϕ) �
Þ�Ü

DB(uτ )(ϕ) = α

{∫ ∞

0

ϕ(a)da

−r
∫∞

0
ϕ(a)da[r + (

∫∞

0
β(a)u(a)da)n] − n

∫∞

0
u(a)da(

∫∞

0
β(a)u(a)da)n−1

∫∞

0
β(a)ϕ(a)da

[r + (
∫∞

0
β(a)u(a)da)n]2

}
.

� § ��� (2.7) ��
�#�$
Ü
dy(t)

dt
= Bτy(t) +H(y(t)), t ≥ 0, (2.9)
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Õ?Ö � ñ��� Bτ := Aτ + τDF (wτ ). ��|

H(y(t)) = τF (y(t) + wτ ) − τF (wτ ) − τDF (wτ )y(t), (2.10)

ü
ý H(y(t)) ��� H(0) = 0 ä DH(0) = 0.

2.3 ����Ã�Ä
Ù�� 4 � Ö:� Ñ�@�� �?� (2.5) Ù�A�B�C ωτ(a) ó«������Ó�Ô .   Ω := {λ ∈ C :

Re(λ) > −µτ}. ¡
¢&5�6 [18]
Ö ��¥�£�Ó�¤ , ��
 ë
s���Òz¥$ô .w2x

2.2 ��ã&¦z§�� λ ∈ Ω ý λ ∈ ρ(Aτ), I

(λI − Aτ)
−1

(
η

ψ

)
=

(
0

ϕ

)
⇔ ϕ(a) = e−

∫
a

0
(λ+µτ)dlη +

∫ a

0

e−
∫

a

s
(λ+µτ)dlψ(s)ds, (2.11)

Õ?Ö ( η
ψ

)
∈ X ä

(
0

ϕ

)
∈ D(Aτ ). ¨�ý Aτ � 4 Ý Hille-Yosida

�� ü
ý����

∥∥(λI −Aτ)
−m
∥∥ ≤ 1

(Re(λ) + µτ)m
, ∀ λ ∈ Ω, ∀m ≥ 1. (2.12)

��� �� A0 � Aτ Ù D(Aτ )
Ö ��©�� , ª A0 : D(A0) ⊂ X → X, ��� A0x = Aτx. �

ã x ∈ D(A0) = {x ∈ D(Aτ ) : Aτx ∈ D(Aτ )}. ��ã&¦z§��
(

0

ϕ

)
∈ D(A0), I

A0

(
0

ϕ

)
=

(
0

Â0(ϕ)

)
,

Õ6Ö
Â0(ϕ) = −ϕ′ − µτϕ, ����!�Ü D(Â0) = {ϕ ∈ W 1,1((0,+∞),R) : ϕ(0) = 0}. ���«
2/

��v , ��
 ë
s���Ò���v .w�x
2.3 I(y�� ñ��� A0 �
����Ù D(Aτ ) / , �
¬�í�î
­
è {TA0

(t)}t≥0 �$�(®�¯ �
��° , ��¦z§�� t ≥ 0, � ñ��� TA0

(t) ������Ò

TA0
(t)

(
0

ϕ

)
=

(
0

T̂A0
(t)ϕ

)
,

Õ?Ö

T̂A0
(t)(ϕ)(a) =

{
e−µτtϕ(a− t), ��� a ≥ t,

0,
Õ�±

.

���³² A0 ´ � �:¬�í�î(­�è � Ï ñ�µ
¶ y . ·�§�s DF (vτ ) : D(Aτ ) ⊂ X → X � 4
Ý�I(y�¸���� ñ��� . �¹² (2.12) º , �¹
 ë(s ‖TA0

(t)‖ ≤ e−µτt, ∀ t ≥ 0. »«² Ï ñ�µ�¶ y
�~��� [1], ��I ω0,ess(A0) ≤ ω0(A0) ≤ −µτ. � u 5
6 [2, 16]

Ö . ã �� �¼�½ �$Ó�¤ , ���

¿¾��$��Ò���v ω0,ess((Aτ + τDF (wτ))0) ≤ −µτ < 0.

t�u /�0���  , ë���Ò���v .
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w�x
2.4 ²�� ñ
�� Bτ Ù D(Bτ )

Ö �~©�� (Bτ )0 ´
� �:¬�í�î(­�è � Ï ñ�µ
¶ y��À�Á(Â ¢@� , ª ω0,ess((Bτ )0) ≤ −µτ < 0.

þ λ ∈ Ω, ²�ã (λI − Aτ) ����Ã?� , Ä λI − Bτ ����Ã?� � ý�� � I − τDF (wτ )(λI −
Aτ)

−1 ����Ã@� . E
F�/

(λI − Bτ)
−1 = (λI − (Aτ + τDF (wτ)))

−1

= (λI −Aτ)
−1(I − τDF (wτ )(λI −Aτ)

−1)−1.
(2.13)

����Ó�Ô
(I − τDF (wτ)(λI −Aτ )−1)

(
η

ϕ

)
=

(
γ

ψ

)
.

��
¿¾�� (
η

ϕ

)
− τDF (wτ)(λI − Aτ)

−1

(
η

ϕ

)
=

(
γ

ψ

)
.

²:¥$ô 2.2 �4��v , ��
¿¾��



η − τDB(uτ)

(
e−

∫
a

0
(λ+µτ)dlη +

∫ a

0

e−
∫

a

s
(λ+µτ)dlϕ(s)ds

)
= γ,

ϕ = ψ,

J�Å�Ü



η − τDB(uτ )

(
e−

∫
a

0
(λ+µτ)dlη

)
= γ + τDB(uτ)

(∫ a

0

e−
∫

a

s
(λ+µτ)dlϕ(s)ds

)
,

ϕ = ψ.

Æ
DB(uτ ) ��×�Ç(º�È:É
/�º�����Ê � , ê�ë

{
∆(λ)η = γ +K(λ, ψ),

ϕ = ψ,

Õ?Ö
∆(λ) = 1 − τDB(uτ )

(
e−

∫
a

0
(λ+µτ)dl

)
, (2.14)

ä
K(λ, ψ) = τDB(uτ)

(∫ a

0

e−
∫

a

s
(λ+µτ)dlψ(s)ds

)
. (2.15)

�
∆(λ) �
����Ã�����Ú , ��I η = (∆(λ))−1(γ +K(λ, ψ)). ²�
2/��
v¹
¿D�� u [19]

Ö ¥
ô 3.5 ��¥�£$��v , ��ê�ë¹

Ò���� .w2x

2.5 I���Ò�������� :

(i) σ(Bτ ) ∩ Ω = σp(Bτ ) ∩ Ω = {λ ∈ Ω : det(∆(λ)) = 0};
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(ii) ��� λ ∈ ρ(Bτ ) ∩ Ω, ��
¿I�Ë��(º

(λI − Bτ)
−1

(
η

ϕ

)
=

(
0

ψ

)
, (2.16)

Õ?Ö

ψ(a) = e−
∫

a

0
(λ+µτ)dl(∆(λ))−1 [γ +K(λ, ϕ)] +

∫ a

0

e−
∫

a

s
(λ+µτ)dlϕ(s)ds,

��Ì ∆(λ) ä K(λ, ϕ) ² (2.14) º ä (2.15) º���Í�Î�� .

Ï õ�/�0���v�@�����Ó�Ô . ²¿G�H 1 ��Ð
∫ +∞

0

β(a)e−
∫

a

0
(λ+µτ)dlda =

δτe−(λ+µτ)

(ζτ + λ+ µτ)2
. (2.17)

² (2.14) ä (2.17) º , ��
 ë
s�Ù�A�B�C ωτ(a) ó�������Ó�ÔLÑ

det(∆(λ)) =
λ

λ+ µτ
− n(α− µ)

α

e−λτ 2(ζ + µ)2

(ζτ + λ+ µτ)2
:=

f̃(λ)

g̃(λ)
(2.18)

Õ?Ö
f̃(λ) = λ(ζτ + λ+ µτ)2 − n(α− µ)

α
e−λτ 2(ζ + µ)2(λ+ µτ),

g̃(λ) = (λ+ µτ)(ζτ + λ+ µτ)2.

(2.19)

þ λ = τz, ��
 ê�ë
f̃(λ) = f̃(τz) := τ 3f(z) = τ 3[z3 + pz2 + qz − k(z + h)e−zτ ], (2.20)

Õ?Ö
f(z) := z3 + pz2 + qz − k(z + h)e−τz 
qD

p = 2(µ+ ζ), q = (µ+ ζ)2,

k = n(α−µ)
α

(µ+ ζ)2, h = µ.
(2.21)

t�u 
-/���v�0�ë
s : {λ ∈ Ω : det(∆(λ)) = 0} = {λ = τz ∈ Ω : f(z) = 0}.

2.4 Ò:Ó Hopf Ô�Õ�Å4Á(Ö
×�Ø�ÙÛÚ~Ü�Ý�Þ�ß�Þ�à ö�Ü�á Þ �
Ú�Û τ â�Ü���ã�ì�¡ , ø���v ��� (2.5) � Hopf ��ã

�21�Ù ñ +-, . ² (2.20) º , ä�å�I
f(z) = z3 + pz2 + qz − k(z + h)e−zτ , (2.22)

Õ?Ö
p, q, k, h ² (2.21) º&Î�� . æ � z = 0 ç�� (2.22) ��è . þ z = iω, ω > 0 ��Ó�Ô f(z) = 0

� 4 Ý�é�ê�è , ¾�� −iω3 − pω2 + iqω − k(iω + h)e−iωτ = 0. ��ë�F�© ä ê�© , ��
 ë
s
{
qω − ω3 = k[ω cos(ωτ) − h sin(ωτ)],

− pω2 = k[h cos(ωτ) + ω sin(ωτ)].
(2.23)
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��¨�I
ω6 + (p2 − 2q)ω4 + (q2 − k2)ω2 − k2h2 = 0. (2.24)

� Ò
øÛì�í�Ó�Ô?��î&ï . ² ã�Ó�Ô Ö . ã ω ð�Ü�ñ
î&ï , Ä�þ σ = ω2, ��Ó�Ô (2.24) ö�Ü

σ3 + (p2 − 2q)σ2 + (q2 − k2)σ − k2h2 = 0. (2.25)

þ σ1, σ2 ä σ3 Ü�Ó�Ô (2.25) ��ò�Ý�è , ��I�ó�Ò���v :

σ1 + σ2 + σ3 = −(p2 − 2q) = −2(µ+ ζ)2 < 0, σ1σ2σ3 = k2h2 > 0. (2.26)

�³² (2.26) ���(� , ä(åÛ�zÐ�Ó�Ô (2.25) I�ý�ô�I 4 Ý�}zF
è .  z{�}zF
è�Ü σ+, � ���
(2.24) I 3�4 ��}&è ω+ =

√
σ+. � 4�õ ² (2.23) º , ��
-Ð&ö ,

�
τ = τm, m = 0, 1, 2, · · · ,

Ó�Ô f(z) = 0 I 4 �
é�ê�è ,
Õ?Ö

τm =





1

ω+

[
arccos

−ω4
+ + (q − ph)ω2

+

k(ω2
+ + h2)

+ 2mπ

]
,

−pω4
+ + hω+ − hqω+

k(ω2
+ + h2)

≥ 0,

1

ω+

[
2π − arccos

−ω4
+ + (q − ph)ω2

+

k(ω2
+ + h2)

+ 2mπ

]
,

−pω4
+ + hω+ − hqω+

k(ω2
+ + h2)

< 0.

(2.27)

� Ò
ø , ä�å�¥�£2÷�ø���� .w2x
2.6 þ�G�H 1 ä G�H 2 ��� , ü
ý�H µ < ζ ä

(
πµ

µ+ ζ

)2(
n(α− µ)

α

)2 [
n(α− µ)

α
− ζ2

(µ+ ζ)2

]
> 1, (2.28)

��� , ��I df(z)

dz

∣∣∣
z=iω+

6= 0. ª z = iω+ � (2.22) ��ù�è .
ú ² (2.22) º , I�ó�Ò�º  

df(z)

dz

∣∣∣
z=iω+

=
[
3z2 + 2pz + q − k(1− τmz − τmh)e

−zτm

] ∣∣∣
z=iω+

.

Ï õ�û�¥�¤�¥�£ . G
� df(z)
dz

∣∣∣
z=iω+

= 0,
� §���ë�F�© ä ê�© , � u (2.23) º , ��ë�Ó�Ô
M

{
3ω2

+ − q + τmpω
2
+ = −k cos(ω+τm),

2pω+ + τm(qω+ − ω3
+) = −k sin(ω+τm).

(2.29)

n�º&�Ûü�I
tan(ω+τm) =

2pω+ + τm(qω+ − ω3
+)

3ω2
+ − q + τmpω2

+

.

»¹² (2.23) º , ��ë

tan(ω+τm) =
−pω3

+ − h(qω+ − ω3
+)

ω+(qω+ − ω3
+) − hpω2

+

=
2pω+ + τm(qω+ − ω3

+)

3ω2
+ − q + τmpω2

+

,
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ý ô�ë

τmω
6
+ + (p− 3h+ τmp

2 − 2qτm)ω4
+ + (pq − 2p2h+ τmq

2 + 4qh)ω2
+ − hq2 = 0.

� u (2.24) º�þ�� τmω
6
+ � , ��I

(p− 3h)ω4
+ + (pq − 2p2h+ 4qh+ τmk

2)ω2
+ − hq2 + τmk

2h2 = 0. (2.30)

� Ò
ø�ÿ������ . E
F�/ , ����/�0�Ó�Ô?� � ¡ . ² (2.21) º , ��
 ë
s
p− 3h = 2ζ − µ,

pq − 2p2h+ 4qh = 2(µ+ ζ)2(ζ − µ),

−hq2 + τmk
2h2 = µ(µ+ ζ)4[τm

µn2(α− µ)2

α2
− 1].

Ï õ�G
H�����
¿D τm > 0, �¹
 ë(s p− 3h > 0, pq − 2p2h + 4qh + τmk
2 > 0. »«² (2.27),

��
¿¾�Ð τm > τ0. E
F�/ , ²��-Ð � x ∈ [0, 1) Ú , I arcsin(x) ≤ πx/2 ��� . ��² (2.23) º�
cos(ω+τ) =

−ω4
++(q−ph)ω2

+

k(ω2
+

+h2)
∈ [0, 1) Ú ,

Ï õ�G�H���� (2.28) º ä ��� ω+ > 0, ��I

τm
µn2(α−µ)2

α2 − 1 > τ0
µn2(α−µ)2

α2 − 1

= µn2(α−µ)2

ω+α2

(
π
2
− arcsin

(
αω2

+(ζ2−µ2−ω2
+)

n(α−µ)(µ+ζ)2(ω2
+

+µ2)

))
− 1

> µn2(α−µ)2

ω+α2

π
2

(
1 − αω2

+(ζ2−µ2−ω2
+)

n(α−µ)(µ+ζ)2(ω2
+

+µ2)

)
− 1

> µn2(α−µ)2

ω+α2

π
2

(
1 − α(ζ2−ω2

+)

n(α−µ)(µ+ζ)2

)
− 1

= 1
ω+

(
πµn(α−µ)

2α

ω2
+

(µ+ζ)2
− ω+ − πµn(α−µ)

2α

(
ζ2

(µ+ζ2)
− n(α−µ)

α

))
> 0.

� −ω4
++(q−ph)ω2

+

k(ω2
+

+h2)
∈ (−1, 0] Ú ,

Ï õ��
v : arcsin(x) ≤ x, x ∈ (−1, 0] DzGzH
�
� (2.28) º ,��� ��
 ë
s τm
µn2(α−µ)2

α2 − 1 > 0.
t�u /�0 . ã � ¡@�4��v�
qD ω+ > 0, ä�å�ë
s���v

(p− 3h)ω4
+ + (pq − 2p2h+ 4qh+ τmk

2)ω2
+ − hq2 + τmk

2h2 > 0,

��Ý������ (2.30) º ´ � ��� , ª�G�H�ç���� , � df(z)
dz

∣∣∣
z=iω+

6= 0 ��� . ¥
	 .
w2x

2.7 þ�G�H 1 ä G�H 2 ��� , ü
ý�G�H n(1−µ/α) < 1 �&��� .   z(τ) = γ(τ)+iω(τ)

� f(z) = 0 ��è�ý���� γ(τm) = 0 ä ω(τm) = ω+,
Õ?Ö

τm ² (2.27) º&Î�� . ��I

γ
′

(τm) =
dRe(z)

dτ

∣∣∣
τ=τm

> 0.

ú ²�ã dτ
dz
��FÛ© ä dz

dτ
��FÛ©Û�L	�� 4
� � ,

� Ò�øÛ��� dτ
dz
��FÛ© . ² f(z) =

z3 + pz2 + qz − k(z + h)e−τz = 0, ��
 ë
s
dτ

dz
=

3z2 + 2pz + q − k(1 − τz − τh)e−τz

−k(z + h)ze−τz
,
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þ z = iω+, ��I
dτ

dz

∣∣∣
z=iω+

=
3z2 + 2pz + q

−k(z + h)ze−τz
+
k(1 − τz − τh)e−τz

k(z + h)e−τz

=
[−2pω+ + i(q − 3ω2

+)][−pω2
+ − i(qω+ − ω3

+)]

ω+[(pω2
+)2 + (qω+ − ω3

+)2]
− ω+ + ih

ω+(ω2
+ + h2)

+
iτ

ω+

=
2p2ω3

+ + (q − 3ω2
+)(qω+ − ω3

+)

ω+[(pω+)2 + (qω+ − ω3
+)2]

− 1

ω2
+ + h2

+
i[−pω2

+(q − 3ω2
+) + 2pω+(qω+ − ω3

+)]

ω+[(pω2
+)2 + (qω+ − ω3

+)2]
− ih

ω+(ω2
+ + h2)

+
iτ

ω+

.

è�� (2.24) º , ��Ð (pω2
+)2 + (qω+ − ω3

+)2 = k2(ω2
+ + h2). ��I

Re

(
dτ

dz

∣∣∣
z=iω+

)
=

3ω4
+ + 2(p2 − 2q)ω2

+ + q2 − k2

k2(ω2
+ + h2)

.

»����(s (2.21) º , ��¾��

p2 − 2q = 2(µ+ ζ)2 > 0, q2 − k2 = (µ+ ζ)4
[
1 − n2(α− µ)2

α2

]
> 0.

� {�ë
s
sign

(
dRe(z)

dτ

∣∣∣
τ=τm

)
= sign

(
Re

(
dτ
dz

∣∣∣
z=iω+

))

= sign
(

3ω4
++2(p2−2q)ω2

++q2−k2

k2(ω2
+

+h2)

)
> 0.

¥
	 .t�u 
-/�����
qD [18]
Ö . ã�%&'(�&)(*�Ó�Ô Hopf ��ã@�4��v , ë
s�ó�Ò���ô .

È x 2.8 þ
G(H 1 ä G(H 2 �
� , D¹¥uô 2.6 ä ¥uô 2.7
Ö ��G(H����(�(� , ��1�Ù³²

(2.27) º&Î���� τm > 0, ��ë
(i)
�

τ ∈ [0, τ0) Ú , f(z) = 0 ����I�è@��F�©�ð�Ü Â ¢ ,
���

(2.1) ��}&A�B�C u(·) ����©����� ��� ;

(ii)
�

τ Ù τ0 ����� � ��¢�Ú , f(z) = 0 ������I 4 Ý�è@�~F�©�Ü
}�¢ ,
���

(2.1) ��}&A
B�C u(·) ��ç � ��� ;

(iii)
�

τ = τm Ú , f(z) = 0 ��I 4 �zé�ê
è ±iω+,
���

(2.1) ÙÛ}�A
B
C u(·) � � ���
Hopf ��ã��(* .

3 ª­¬­® �­µ·¶"!$#
%'&"(')<¯+*-,
Ï � Ö , �Û� �@� (1.2) ��.0/��­�
�º�&1�Ù ñ . 102�� �@� (1.3) �?�L#�$ . �Û�

Banach ��Û : X = R×L1(0,∞) D X0 = {0}×L1(0,+∞), ����� ñ��� A : D(A) ⊂ X →
X ó�Ò

D(A) = {0} ×W 1,1(0,∞) ä A

(
0

ϕ

)
=

(
−ϕ(0)

−ϕ′ − µϕ

)
.
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·z§�s X0 = D(A) 6= X, Ä A ��%&'(� �� . ����ó�Ò���%�� ñ��� 
3�4 G : X0 → X

G

(
0

ϕ

)
=

(
α
∫

∞

0
ϕ(a)da(

∫
∞

0
β(a)ϕ(a)da)n

r+(
∫

∞

0
β(a)ϕ(a)da)n

0

)
.

��" þ v(x) =

(
0

U(x, ·)

)
, � ��� (1.3) ö�Ü

d2v(x)

dx2
− c

dv

dx
+ Av(x) +G(v(x)) = 0, x ∈ R. (3.1)

þ c = ε−1, t = εx ä v(x) = ṽ(εx) È:É
/�º , Ü@é���5 , ��Ì ��� õ v ×�Ø ṽ, � (3.1) ö��

ε2
d2v(t)

dt2
− dv(t)

dt
+ Av(t) +G(v(t)) = 0, t ∈ R. (3.2)

� ì�¡ ε 6
¯�Ú , � ��� (3.2) 7�Ü�ó�Ò ��� � ¼�½ ��� :

dv(t)

dt
= Av(t) +G(v(t)), t ∈ R. (3.3)

  v(t) =

(
0

u(t, ·)

)
, ����Ð ��� (3.3) ��J�Å�ã ��� (2.2) � . 8��
9��?���
v Ö , ��Ð �

�(� 4 �@�����@Ú ,
���

(3.3) :
; � Hopf ��ã<�Û* .
Ï õ
5(6 [1]

Ö . ã
%�'Û��)Û*�Ó�Ô
� ¼�½ ��v , ��
 ë���ó�Ò���ô .

È x 3.1 þ
G(H 1 ä G(H 2 �
� , ü�ý
G(HL¥uô 2.6 ä ¥uô 2.7
Ö �����(�
� , ��ã«²

(2.27) º�Î���� τ0 > 0, ��1�Ù
=���> c∗ > 0 
-D η∗ > 0, ��ë���ã�¦�§ c ∈ (c∗,∞), 1�Ù
τ = τ(c) ∈ (τ0 − η∗, τ0 + η∗) ��ë τ = τ(c) � ��� (3.2) Ù�A�B�C wτ (a) � � � Hopf ��ã Ú .

Ù���������Ò , Hopf ��ã����
Ù ��� (3.2)
Ö ��� , ��?�£ ��� (1.3) 1�Ù . ã x .�/@�

U(x, ·), ��¨���
@?�£ ��� (1.2) 1�Ù�.�/��@��� .

4 A B´µ'CED·¸GF
� ��� (1.3) ä ��� (2.1) �@��¡�¢���£�¤�¥ .

× ��ì�¡ : µ = 0.25, R = 0.1118, ζ =

0.32, n = 1.028, α = 9.0, r = 1.36×10−8 
qD�H���������I u(0, a) = 2.0796×10−3 ·e−1.013a.

δ = (µ+ζ)2Reµτ = (0.25+0.32)2×0.118×e−0.25×4.052 = 0.1 > 0, G�H 1 ��� . ��� (2.25) º ,Ï õ
òzî�Ó�Ô �~@�è
J
º , �«
 � � ω+ =
√
σ+ ≈ 0.5032 
-D�K�y�ì�¡ τ0 ≈ 4.0521. ¤�¥ :

α = 9.0 > µ = 0.25, ª��
��G
H 2; µ = 0.25 < ζ = 0.32, ( πµ
µ+ζ

)2(n(α−µ)
α

)2[n(α−µ)
α

− ζ2

(µ+ζ)2
] =

( 3.14×0.25
0.25+0.32

)2 × (1.028 × (1 − 0.25/9))2[1.028 × (1 − 0.25/9) − 0.322

(0.25+0.32)2
] = 1.2964 > 1, »

−ω4
++(q−ph)ω2

+

k(ω2
+

+h2)
= −0.50324+[(0.25+0.32)2−2×(0.25+0.32)×0.25]×0.50322

1.028×(1−0.25/9)×(0.25+0.32)2×(0.50322+0.252)
= −0.5269 ∈ (−1, 1), ª�����¥

ô 2.6
Ö G
H���� ; n(1 − µ/α) − 1 = 1.028 × (1 − 0.25/9) − 1 = −5.5556 × 10−4 < 0, ª��

�L¥uô 2.7
Ö ��G(H���� . �
��¤�¥ , /�0 ×(Ø �4ì�¡��
�«
L��ë
G(H 1 ä G(H 2 
-D¹¥uô

2.6 ä ¥$ô 2.7
Ö G�H�������� . �
����� . ��á ñ�Ü�Ý�Þ ´ ��M  �
ö�û�áu¡ ( ó�N 2)

β(a) =

{
0.1(a− τ)e−0.32(a−τ), ó�� a ≥ τ,

0, ó�� a ∈ (0, τ).
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RESEARCH ON THE WAVE TRAIN SOLUTIONS OF

EPINEPHELUS-FUSCOGUTTATUS MODEL

WU Ya-yun

(School of Mathematics and Statistics, Hefei Normal University, Hefei 230601, China)

Abstract: In this paper, the existence of periodic wave train solutions of an age-structured

model with diffusion is studied. By using the theory of integrated semigroup, Hopf bifurcation

theorem and second order semi-linear abstract differential equation perturbation method, the

results of the existence of the periodic wave train solutions of the Epinephelus fuscoguttatus model

are obtained. The results of the Hopf bifurcation problem and the periodic wave train solutions of

the age structure model are generalized.

Keywords: age structure; diffusion equation; non-densely defined Cauchy problem; Hopf

bifurcation; periodic wave trains
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