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EAREAR T, B X kFoR Hilbert 8. T*. D(T). R(T) M N(T) 53 HER
X LA T T MR T € SO0, EIEMEER. B(X) ¥ X EIrH AR
WHE TR RNES, C(X) For X PIrAMEMEMEE T IES. JUNRIRE, 5 T
A REE T, SR D(T) =X .

EX21M & TeC(X). HFEREW >0, HT T MG o (T) FITESE
pe (T) 5EXLHT:

o.(T)=U o(T+E)={ eC:HEEcB(X),|E|<efifBrco(T+E)},

IEll<e

p- (T) =N p(T+E)={ e C: MNTHERBNEcB(X),| E||<e,#HN€p(T+E)}.

IEll<e

AHER I, 40 T
0. (T) U p. (T) = C.

EX 2.2 2 AR T M SRR ERBELEE AN 0., (T), 0., (T)
o..(T) .
A TeC(X),E€cB(X). MWTEEN e>0, EX

0., (T) = UHEM 0, (T+E)={ e C: HEEcB(X),| E|<e B €o0,(T+E)};
o (T)=J o, (T+E)={ e C:FEEcB(X),| E|<e i3\ €0, (T+E)};

IEl<e

oec(T)=U 0. (T+E)={AcC:HFHEEcB(X),|El|<e 3 €o.(T+E)}.

IEll<e

AR/ Y S = 5 =y VA £
0. (T)=0.p(T)Uo., (T)Uo..(T).

FERNF A E M S A5, PTUX X B M E T T rasil 5405
AR BEAT SE RS I R 5

EX 2.3 08 LR T T M 90U, 35 ocpn (T),0cp2 (T) 00 p3 (T)
M e pa (T) KEIR 1- Wil 2- Wity 3- UL 4- 8. BIRIRIEL > NP, 7
A oep1 (T) M oo p0 (T) REFIR 1- MRRIEM 2- PRIRE. B TeC(X), e>0,E
11935305 XN

oep1 (T)={N€C:HEEcB(X),|E|<e,N€0,(T+E),R(T+E—-\)=X};

0epa(T)={\€C:HFEFEcB(X),|Ell<e, \€0,(T+E),R(T+E ) =X,
R(T + E — M) AN},

oeps(T)={A\eC: HFEEcB(X),|El<e,A€0,(T+E),R(T+E-\)+#X,
R(T +E — \I) A},

Tepa (T) ={A\€C: HHEE € B(X),|| E|<eA€0,(T+E),R(T+E—\)#X,
R(T + E — M) AN},
o1 (T)={NeC:FEEEeB(X),|El<e €0, (T+E),R(T+E—\)H};
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Oera(T) = I\ € C HFHEE € B(X). || B ||< £\ € 0, (T + E) , R (T + E — AI) R},

EN 2.4 U3 LM T T PR RLSEHIUELAR SN o0 op (T) T 0 com (T), Ffd
Neap(T) ={\ € C: #EE € B(X), |E| < &, T+E— X NEHFH R R(T+E—\)ARH},
Occom(T) ={\ € C: F1EE € B(X),||E|| <&, R(T + E - \) # X}.

3 RTADRETFIREMEIURIE

’;‘ g . D(A) x D(B) — X x X 1 2 x 2 4rHuxt f 50 TR, )
(4) oep1 (M) N (pe (A) U pe (B)) = (0c,p1 (A) N pe (B)) U (p: (A) Noep1 (B))
(@) ocp2(M)N(p- (A)Upe (B)) = (0cp2 (A) Npe (B)) U (p- (A) Noepa(B));
(#91) ocpa(M) N (pe (A)Upe (B)) = (0 p3(A)Npe (B)) U (p- (A)Noep3(B)).
S () ETELELE, BV A € 0., (M)N (. (A) Up. (B)) , A FFMER I i,
B 1 %\ € 00y (T) N pe (A) B, 1A € 0. (T) T, EAERENET

THE3.1 & M=

£, 0
0 Es

E = EBXeX)H |E|<ef

NM+E-XN)#{0} HR(M+E—-X)=X&X,
R N (M + E — M) # {0}, "TLA 3
N (A+E; — M) # {0} BUN (B + E> — AI) # {0}.
MXHRM+E—-XN)={(A+E, - M)z |2 e€DA)}x{(B+Ey,—X)y|yeDB)} %l
RA+E - AN)=XHR(B+FE,~\)=X
RGN € p(A) AT, SHMERER Ey e B(X) || By ||< e #A
NA+E - M) ={0} HR(A+FE, —\)=X
il $73
N (B + By — \I) # {0}

TREMAEHET E,e B(X),| By |<e, B AN€o, 1 (B+Ey), BlX€o.,.(B).H
A€ p(A), 1FEIN € p. (A)Noepi(B) .
T 2: N €0 p1(T)Npe (B) B, FEEANE N € p. (B)No-pi(A) .
EJiae
A€ (pe (A)Noepi (B)) U (pe (B) Noeypi (A)).

NRAEMTE T BB A € (00,1 (A) Npe (B)) U (p= (A) Noepa (B)),
BN € (0epr (A)Npe (B)) B, 1A € oupy (A) 51, HE By € BX),||Es| < e, ffi43
)\EO’P71(A+E3) El_']

NA+E;—AN)#{0} HR(A+ E; —\I) =
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A € p. (B) A1, WHEEMHT By e B(X),|Es <e, B

NB+E,-N)={0} HR(B+E,—X)=X

0
EJ €B(X x X), || E ||=max{|| Es || Ex |} <e.

NMAE-XN)#{0} HR(M+E—-X)=X x X,
W A€o, (M+E), BfaE L 4718 \eo.,  (M). X Xep. (B), #&
A€ 0 (T) 0 (p- (A) Upe (B)).

B NEpe (A)Noepr(B) B, [FEAAG X € oo p1(T) N (pe (A) U pe (B)) .
Zi LTk,

ep1 (M) 0 (p= (A) U pe (B)) = (0¢,p,1 (A) N pe (B)) U (p= (A) N0z 1 (B)) -

(ii) A (i) FHERTS (1) 5E42RM, Ak K.

F 8.1 AEASCEIHEMAE S, AT BEIE, EEMIEE T By, By, Es FlE,
MEGEAR—L.
EE3.2 & M= A0

0 B : D(A) x D(B) — X x X #& 2 x 2 Y MEFHRE, W

Oepa(T) = Ay Uy UAy3 U Ay,

Hor
Ay = 0cpa(A) Uoepa(B);
Az = (0cp1(A) N0er2(B)) U (0ep1(B) Noer2(A));
Az = (02p2(A) N Occom(B)) U (0 p2(B) N0z com(A));
Ay = (0 p3(A) NOeer(B)) U (0cp3(B) Noger(A)).
Hor

Oeer(T) = {\ € C: HHEE € B(X), ||E|| < e, 13R(T + E — AXI) R}

W HRIEHARSE, Bl Ay UAR UABUA, Coepa(M).
(i) % A€ Ag, Bl X € 0. pa(A) Uoepa(B), IRHEE X 3 WA, fAEH T By € B(X),
E, e B(X). H||E\| <e, B <e, B

A E Up’4(A + El) U O'p,4(B + EQ),

WA+ By - AL R{ATE — M) # X, K R(A+ By = X) A, B+ B> M A%
B4, R(B+ B> — M) # X, L R(B + By — AI) TR,
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E, 0

Es
W, RIM+E—X)#X, HR(M+E—-X) A&, X € o, s(M+E), WX € o.pa(M).

(i) FHAEW A C ocpa(M).

BB A € (0. p1(A) No.,a(B)), RHEE X3 WA, FEHT B3 € B(X), B, € B(X).
Ey 0
0 E,
MAE—-X FR$GH R(M + E — M) # X, HR(M+E—X) A, M € 0,,(M+E),
BIA € 0. pa(M).

BN € (00p1(B) Noera(A)) I, FIEANE X € 0., 4(M).

(iii) [FFERTUE Ags C oo pa(M), Ay C oo pa(M).

(A

4 E= € B(X x X), |E| = max{||E1|, || E2||} <&, FE] M + E — X AEH

BIBs|l < e ||Bdll < &, % E= € BX x X), | E|| = max{|| Es|, | E4|} < e, ##%]

A41 U A42 U A43 ) A44 - Us,p,4(M>'

THAE R ENE B 0., 4 (M) C Ay UAp UA UAY,.
Es O
Es
B(X x X), B |E|| <e, A€ o,(M+E), Bl \€o,(A+Es)Uo,(B+ Ee), ¥, #5IL
T IUFE I
B 1 AN €o,4(A+ Es) BN € 0,4(B+ Eg) B, BIfF1E E5 € B(X), Es € B(X), H
IEs5|| <&, || Bell <e, A

BHBE N € o (M), 1838 0o a(M) C 0, (M) TTH1 X € 0, 4(M), WAFHE E=

A€ oepa(A)Uaepa(B),

KA € Ay

B2 M N e op(A+Es), BN € o.p1(A) B, T RIM+E—-\) # X H
R(M + E — ) R, #i R(B+ Es— M) # X HR(B+ Eg— M) REHE 4
B+ Eg— M 2R, 5 X € 0,2(B+ Fg), #li A € 0.,.2(B), 24 B+ Eg — A\ A& 555,
A € 0p4(B+ Eg), i X € 0. 4(B).

)i

A€ ocp1(A)N(0cr2(B)Uoepa(B)).

[FFEATIEY N € 0,1(B + Eg), Bl X € 0., 1(B) B ] LLTF 3]
A€ 0. p1(B)N (02 r2(A) Uo.pa(A)).

B A € (001 (A) N 0er2(B)) U (0op1(B) N 0era(A)) B, TTUEEI A € Ag, M
A € (0ep1(A) N0epa(B)) U (0cp1(B) N0 pa(A)), JLIF A € Ay,
B 3: FIBEAHEYS A € 0,2(A+ Es5) Uo,o(B + Eg) Bf A € Ays.
P 4: FIHEAHEYS N € 0,3(A + Es) Uo,3(B+ Eg), WL\ € Ay,.
5N
Oepa(M) C Ay UAg UA3UA,.
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Zx bk
Us,p,4(M) == A41 U A42 U A43 U A44.
4 RFEPREFEMFHILFRIRIE
XA ST R AR RE A 4y, B R [
w41 & M= [fol g]: D(A) x D(B) — X x X #& 2 x 2 YO M H 1/,

(1) or1(M) = (07,1(A) \ 0ap(B)) U (07,1(A) \ 0ap(B)), (ii) 0r2(M) = A1 U A,
Hrp
Ay = (07.1(A) Noe(B)) U (0r2(A) \ 05(B)), Az = (07,1(B) Noc(A)) U (072(B) \ 05 (A))-

KT PIRIRIAR G RV, #0041 BRGEREHOERINTE, HEEXR (0or1(4)\
Us,ap(B)) U (Us,r,l( ) \Us,ap(B)) g Us,r,l(M) EEfL, %ﬁﬁ7 &@@%%Eﬁtﬁrﬁki, &’TI]T
LI I BLT S8R n PABRLE.

ffla.1 & X =12(0,00), W TAEEMW x € I>,x = (z1, 22,23 ...), @ Ax = (0,21, 29,73 . . .),
H
A 0

T= .
0 A

BE RN ET B,
Eyx = (gxl,0,0,0---),

g}:ﬁ‘ﬁ‘ﬁ ||E1|| < g, (A+E1 — %I).’E = (%xl,xl — %JZQ,IEQ— %.’Eg"'), /Q'\ (A+E1 — %I)QZ’: 0,
B =0, WA+ E, — LT REH.
e—1 1

! )
— 1,3 — —To, Ty — T3 """
9 1,43 9 2,44 9 3 )

LA+ E" =iz =0,z =c(c #0), Gz = (¢, -Ste,—Fe,—tce-+) € 12, Al

2 4 8

N(ES — L) £ 0, i N(A* + By 5 —11) = R(A+ By, — 31) /%

1
(A*+ Ey" — 5[)90 = (zy +

R(A+ B~ 1) # X.
NHUEY R(A+ By — 41) gk, s b X TERFH {y,} C R(A+ E, — 3I), %

Yn = {Yn1,Yn2:Un3 - }, Yo = {Y01,%02, Yo3 - - - }» Yo € 127

Hyn - yo(n - OO), Ty = {xnl,xn%xn3 cee },»To = {$01,$0271703 s } =3 (A+E1—%I)$n = Yn,
B 2y = { 25 Yn1,2Yn2, 2Yns -+ }, BRIE 2, € 12
RIE v — yo(n — o0), A LAS R 2, — zo(n — o), MIM

2
$0:{6_

13/01,2902, 2yos -} € 12,
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H (A4 E1 — $1)xo = yo, B R(A+ Ey — 31) M4
UL BRI AL fFAE By € B(X), ||Ei]| <e, 3 €0pi(A+ Ey), Bl 2 €0.,1(4).
FHUE X € 0. 0, (A4), F5EL 1, A AMNET E,

1
EQ.’E = (—51'1,—.171,0,0" '),

V{‘ﬁ HE2|| < %5, (A—'—Eg—l_[)x = (0, —%.’L’g, —1,'2—%.%'3, —LL’3—%(E4 cee ), E’kﬁjﬁ A+E2_%I
quéﬁi WY e > i Bk, MRAESE L5 AR L € 0. (A).

P, 3% e > f i, 1€ (0001(A) N 0w ap(A)).

A

3
E; 0
0 F;

€ B(X @ X),

SR E|| = max{||E:||, | Es||} < e, BB T+ E— LI B84, R(T+E—31) # X, H
R(T+E — 1) W%, W 5 € 0. ,1(T).
gx LTk

oer1(T) Q (0cr1(A) \ O .ap(B)) U (0cr1(B) \ 0c.ap(A)).

2o MBI, FAVSF R 4.

EE 41 & M= [gl g] D(A) x D(B) — X x X &2 x 2 Xt -7, T

(l) Us,r,l(M) N (ps (A) U pe (B)) = (Us,r,l (B) N pe (A)) U (ps (B) N Oeri (A)) )

(4) 02 (M) N (pe (A) U pe (B)) = (0cr2 (B) N pe (A)) U (pe (B) N0oey2 (A))
WE 5B 3.1 MUEBA SR, BhAb M.

5 RES5THE

AROCRAE 2 X 2 X HE AR, X AT RPE T, 5 HAE ST 7R 4 %) %) .
WiE XGRS IE R, ISR — RIS, FATE H 51 A S5 10 AT
TR, Rl AR R SEBEAT T TR 1 I R

TEIR NIRRT JC % 1 5758 MR () J0 SR M e FRATTAS M R B, 3 — 4003k 1 A6 4 221 1) 7 v
TEAME, RH AP E TR T e, ERESR A, RS E T IR, TR
FAE, Lt — PR IE U 5, W IEMUE 7 A 55 48 Hamilton 5, X480 ] DLUEAT IR
AWFAL.
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UNBOUNDED DIAGONAL OPERATOR MATRIX’S
PSEUDO-SPECTRAL EQUATION

WU Shu-zhen, HOU Guo-lin
(School of Mathematical Sciences, Inner Mongolia University, Hohhot 010021, Chma)

Abstract: This paper studies the quasi-spectrum characteristics of 2 X 2 unbounded

diagonal operator matrices under the perturbation of the main diagonal. First, the pseudo-spectral
behavior of the matrices under diagonal perturbations is analyzed in detail, and its pseudo-spectral
properties are precisely described. This study reveals the complexity of pseudospectra and
constructs specific examples to illustrate this point. In addition, by using the information of the
internal element, the results of four types of quasi-point spectra and two types of quasi-residual
spectra, as well as the detailed quasi-spectrum equalities, were further obtained., which provided
a reference for further research on pseudo-spectra.

Keywords: unbounded operator matrix; Pseudo-spectral properties; Pseudo-point spec-
trum; Pseudo-residual spectrum
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