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Abstract: In this thesis, we consider the existence of solutions for the following mixed dis-

persion nonlinear Schrodinger equation

A%y — BAu - gA(uQ)u —g(u) nRY, (1)

where g : R — R is a continuous function, A > 0, 8 > 0. We shall prove that (1) has multiple
non-radial solutions by variational method. This paper provides a method to prove compactness
for the study of the mixed dispersion nonlinear Schrodinger equation with quasilinear terms.
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1 Introduction

In this paper we consider the existence of multiple non-radial solutions of the following

nonlinear Schrodinger equation with a fourth-order dispersion term
2 A 2 - mN
Ay — BAu — §A(u Ju=g(u) inRY, (1.1)

where g : R — R is a continuous function, A > 0 and 8 > 0.

Nonlinear Schrédinger equation is the basic model of quantum mechanics. It is widely
applied in fields such as physics, chemistry, biology, optics, fluid and so on. Schrédinger
equations, especially the fourth-order case, have drawn much attention of many researchers
all over the world. The existence of the fourth-order dispersion term has an effect on the sat-
uration of the nonlinear term. The fourth-order dispersion equation can simulate the static
deflection of an elastic plate in a fluid [1]. It can also be used to simulate the propagation
of intense laser beams in bulk media with second-order dispersion terms.

The wide application of this type of equation motivates the relating research in mathe-

matics. V.I. Karpman studied the fourth order nonlinear Schrédinger type equations in one,
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two and three dimensions with power-law nonlinearities in [2, 3] and obtained the existence
and stability of such solutions under certain conditions.

If A =0, (1.1) reduces to the following mixed dispersion nonlinear Schrédinger equation
A’y — BAu = g(u) in RY. (1.2)

By the variational method, d’Avenia et al.[4] obtained infinitely many radial and non-radial
solutions of (1.2) in the case of positive and zero mass regimes. The existence of multiple
nonradially symmetric solutions of the conformally invariant problem was established by
blow-up analysis and Pohozaev’s identity in [5]. For other interesting results of the mixed
dispersion nonlinear Schrodinger equation, we refer the readers to [6-10] and the references
therein.

When the fourth-order dispersion term in (1.1) vanishes, it becomes the following

equation with quasilinear operator A(u?)u

—BAu — %A(UQ)U =g(u) inRY. (1.3)

Equation (1.3) is related to the standing wave of the following quasilinear equation

B + S AW (6P +9(5) =0 in [0,00) x BY, (14)
where g and p are real functions, p(s) = s, 8 > 0and A > 0. Setting ¢ (t,u) = exp(—iat)u(x),
we obtain equation (1.3).

There are many results about equation (1.4) by variational method, in which different
approaches were developed to prove the compactness and smoothness of the corresponding
energy functional. In [11], by considering a perturbed functional with parameter u, and
establishing an appropriate estimate as y — 0, the authors obtained positive and multiple

solutions of the following equation
1
Au + iA(UQ)u + f(z,u)=0 inQ wuw=0, ondQ, (1.5)

where 0 C R¥ is a bounded smooth domain. The existence of positive and sign-changing
solutions was established by Nehari method in [12]. In [13], the authors studied the following

equation

u =0, on 012,

where 2 € RY is a bounded smooth domain. By using the critical point theorem, they
proved the existence of positive solutions, negative solutions and sign-changing solutions. In
[14], under certain suitable conditions, multiple nontrivial solutions of equation (1.6) were
obtained by using Morse theory. The existence of solutions for quasilinear equations can
also be obtained by minimization process [15, 16] and change of variables [17, 18].
Motivated by [4], we will prove the existence of non-radial solutions of (1.1). Assume

that the nonlinearity g satisfies the following conditions:
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(gl) g is continuous and odd;

(g2) —0 < limionf @ < limsup 22 = —m < 0;

s
s—0

(g3) lim 2 — 0 for every a > 0;

§—+4o00 €Xp
(g4) there exists sg # 0 such that G(sg) > 0, where G(s) := fos g(t)dt; and g > 0.

This kind of conditions has been introduced in [19-21] to study the following equation

{—Au—g(u) in RY,

ue H'(RN) u#0. (L7

Compared to Equation (1.7), (1.1) contains the fourth-order dispersion and quasilinear
terms, which make our study more difficult and interesting. We consider the case N = 4.
From the viewpoint of Sobolev embedding, when N = 4, Sobolev embedding is different
from the cases N € {2,3} and N > 5. When N € {2,3}, H*(RY) — L*>°(R") holds, and it
is easy to deal with inequality scaling. When N > 5, H*(RY) — LI(R"), ¢ € [2, 2%]. In
comparison, when N = 4, H?(RY) — LY(R"), q € [2, +o0). Moreover, with the quasilinear
term, it is difficult to prove the smoothness of the energy functional corresponding to equation

(1.1) in H*(RY). In the case N > 6, / u?? dz is not well defined for any u € H2(RYN),
RN

then / u?|Vu|?dx is not bounded from below, which means that the smoothness of the
RN

functional in H?(RY) may not hold. However, when N = 4, we find that for every u €

H?(RY), / u*? dz is finite and || V|| is smaller than or equal to || Auljs. So, [,y u?|Vul*dz
~

is well deﬁﬁed in H*(RY).

As to the multiplicity of solutions, we need to prove a sequence of mini-max levels
that diverges positively. To achieve this aim, we adopt the method in [22] and introduce a
comparison function, follow the argument of [23, proof of Theorem 9.12] and prove that the
sequence of mini-max levels is positively divergent. Finally, in a similar way to [24, 25], a
bivariate function is introduced to prove compactness. Thus we obtain the multiplicity of
solutions.

Recall the definition, (see [26, Definition 1.22]). A subgroup O C O(N) is called com-
patible with R¥ if and only if there exists an 7 > 0 such that

lim m(y,r) = +oo,
ly|—+oo

where O(N) is an orthogonal group of order N over R and
m(y,r) :=sup{n >1:3{g;}7-, C O such that i # j = B(g;y,r) N B(g;y,r) = 0}.

If O is a subgroup of O(N) compatible with R, we define H3(R") as the O-invariant

functions subspace of H?(RY)

HERY) :={u e H*(R") : gu = u,Vg € O}.
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In order to obtain the non-radial solution for (1.1), define H%(R?) := HZ(R*) N X,
where
X = {u € D*(R?Y) : u(xy, 29, 73, 24) = —u(xs, T4, 21, 72)},
0 =0(2) x O(2).
D?(R*) is the completion of C§°(R?*) with respect to the norm

1
lullps = ([Aul3 + [[Vull3)2,

and
D*(R*) = {u € D"?(RY)|Au € L*(R")}.

Our main result is the following theorem.

Theorem 1.1  Assume that N =4 and (g1)-(g4) hold. Then (1.1) has a sequence of

non-radial solutions {u, } C H%(R*) such that I(u,) — 400 as n — +oc.

Remark 1 In the case N = 6, we have 22* = 2" where 2** = % is the criti-

cal Sobolev exponent. It means that both biharmonic operators and quasilinear operators

involve critical growth, and our method in this paper can not be applied directly.

Remark 2 Due to the existence of the biharmonic operators, it is difficult to deal

with quasilinear terms by change of variables to get the solution of the equation (1.1).

This paper is organized as follows: In section 2, we introduce some inequalities and
compactness results. In section 3, we introduce two functions to prove our main result.
In this paper, we use the following notations:
For p € (1,40o0], we denote the usual LP(R*) norm by || - ||,
For y € R* and r > 0, we denote B(y,r) :={z € R*: |z —y| < r}, B, := B(0,r).
For every integer k > 1, B¥ C R¥ is the closed unit ball centred at the origin, S¥=1 := OB*.

C and C; denote any positive constants, whose values are not relevant.

2 Preliminaries

Define the Hilbert space
H*(RY) :={u € L*(RY) : D*u € L*(R"),Va € Z¥, |a| < 2},
with the inner product

(u,v) gz = / [AuAv + Vu - Vo + wldz
RN

and the norm
1
[l = (u,u) Fa

If B > 0, then for any fixed m’ € (0,m) such that 8 > —2v/m/, the norm

1
lull := ([Aull3 + BIIVull3 +m/[[ul3)?
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is equivalent to the standard norm ||u||g= (see [7]).
Let

I(u) = 1/R4[(Au)2 + BIVul® + A2 |Vu|?]dx / G(u)dz.

2 R4
Note that N = 4, we have 2* = 4. Hence, in view of the proof of Proposition 2.1 in
[4], for any u € C§°(R*), we conclude from Sobolev inequality that there exists a constant
C > 0 such that

lulls < C||Vul|2, and  ||Osulls < C||VOull2, i=1,2,3,0r4.

Notice that

Z/ |8iju|2dx:/ |Aul*dx,
i,j R4 R4

we have

Vulla < CllAull2. (2.1)

Hence
1
/ ?|Vuldr < / (uf* + [V Yde < Co(ullt + |Auld) < Callull* < o0 (2.2)
R4 R4

In addition,

‘w

B

M)

/ 2| Vul2de = 1/ V() Pdz > C(/ (W2)? da)
]RAL 4 R4 ]R4

Therefore, the functional I is well defined in H?(R*).
Following [4], when N = 4, we recall the following results.

Corollary 2.2 Let 0 > 2, M > 0 and o > 0 such that aM? < 3272, Then there
exists a C' > 0 such that for every 7 € (1,32n%/(aM?)] and v € H*(R*) with [ju]| < M,

/4 Jul? (exp®™” — 1)dz < Clu|%x. .
R

Corollary 2.3 Let O C O(4) a subgroup compatible with R*. Then the following

embedding is compact:
H3(R*) — LP(RY), for all p € (2,400).

Proposition 2.1 Let F' € C'(R?) be a function such that F(0) = 0 and

F F
lim () = lim (3)2 =0, for all a > 0,
s—0 |3 |s|—+o00 EXPXS

and let {u,} be a bounded sequence of O-invariant functions in H?(R?*), for a suitable
subgroup O C O(4) compatible with R*, such that u,, — ug a.e. in R* for some ug € H?(R?).
Then

lim/ F/(un)undx:/ F' (ug)ugdz.
" JR4 R4
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3 Proof of the Main Result

Following [4] and [22], we introduce the functions h(s) € C(R,R) and h(s) € C(R,R) by

h(s) = {(T'”L’SJrg(S))+ for 5> 0,
—h(=s) for s<0,

h(t
s sup (—2 for s> 0,

- o<t<s L1~
h(s) := 0 for s=0,

—h(—s) for s<0,

where ¢ € (4, +00).
We define

H(s) := /05 h(t)dt and H(s):= /OS h(t)dt.

Similar to [4, Lemma 2.13], according to the definition of h, h, H and H, we have the

following lemma.

Lemma 3.4 The following properties hold.
(a) There exists a 6, > 0 such that h(s) = h(s) = H(s) = H(s) = 0 for every s € [y, 5.

(b) The functions h and h satisfy (g3). Moreover, for every a > 0
H(s)

H(s
lim LL = lim > =0
s—+o0 exXp™® s—+o0 €Xp*?

(c) For every s > 0, we have that h(s) > h(s) > g(s) +m’s and H(s) > H(s) > G(s) +

m's? /2.

(d) The function s — h(s)/s9~! is non-decreasing on (0, +00) and h(s)s > qH(s) > 0 for
all s e R.

By the definition of A and H, we conclude that
Va>0,0>23C >0 such that h(s) < C(exp™ —1)s” ! for s > 0, (3.1)

and
Va>0,0>23C >0 such that H(s) < C’(expo‘sz —1)|s]? for s € R. (3.2)

The same estimates hold for the functions h and H.
Note that, since the function g : R — R satisfies conditions (g1)-(g3), it holds that

Vo> 0,0 > 2,3 C > 0 such that g(s) < C(exp™ —1)s” " for s > 0. (3.3)



No. 4 Multiple non-radial solutions to a mixed dispersion nonlinear Schrédinger equation 313

We define a comparison C! functional T : H?(R*) — R by

- 1 —
I(u) = 2/ [(Au)? + B|Vul* + m'u? + M| Vul]?|de — | H(u)dz.
R4 R4

Then, we can prove the following proposition([4, Proposition 2.14]).

Proposition 3.2 The following properties hold.
(a) I(u) < I(u) for any u € H%(R*);

(b) There exist u,p > 0 such that I(u) > I(u) > 0 for any |lu| < p and I(u) > I(u) > p

for any [ul = p;

(c) For every integer k > 1, there exists an odd mapping v, € C(SF~1, H%(R*)) such that
Tovy, <Tow, <0

(d) I(u) satisfies the Palais-Smale condition for any u € H2(R*).

Proof (a) By Lemma 3.4(c) and functions H,G being even, we conclude that I(u) <
I(u) for any u € H%(R?).

(b) Note that (a), it suffices to prove the statement holds for I.

Let a € (0,327%) and o > 2, it follows from (3.2) and Corollary 2.2 that there exists a
C > 0 such that for any u € H?(R*) with |lu| <1

- 1 ﬂ m’ A aul .
I(w) = S Aullz + ZIVulls + - llulls + 5 [ w?VulPde = C [ (exp™ = 1ful”dz
2 2 2 2 Jpa -

/
> SlIAul+ SIulg + ol + 5 [ (Tupds - Cluls
R4
for some fixed T € (1,327%/a]. By the Sobolev inequality, it is easy to get the conclusion.
(¢) By (a), it suffices to prove the statement holds for 7. It follows from Lemma 3.4 in
[27] that for every integer k > 1 there exists an odd continuous mapping 7y, : S¥=! — H% (R*)
such that

/ G(mr(€))dx > 1, for all ¢ € SF1.
R4
Set o > 0, define v, (¢) := m(¢)(-/a). Then

2 2
B ()13 + 2

pa? > [ #ONmOPE ot [ o

R4

I6w(©) = 5 1Am QI +

1 2 Ao
< 5 1AmOI + S5-IV Q)3 + =5 / mHQ)IVmr(C) Pdw — o,
R4

Therefore, the statement holds for sufficiently large a.
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(d) Let {u,} C H%(R*) be a Palais-Smale sequence of the functional I. By Lemma
3.4(d), we have

1 -

Y(UH) - &<I (un)7un>
1 A — 1 2\
—slual? 45 [ advude - [ o=l -2 [ 29,
2 2 R4 R4 q q ]RAL
1 _
+/ h(uwy,)undx
q Jra
1 1., ., A 2 / s / 1— _
=(= — )un||*+ (= — =X u, | Vuy,|“dz + —h(uy,)u, — H(uy,))dr
(5 q)|| P+ (5 . ) . |V, | R4(q (un) (un))
1 1 A2
>t 2 , (N4 2 .
>(5 = Dl + (G =20 [ @V

Thus, ||u,|| is bounded.
Up to a subsequence, we can assume that u,, — u in H%(R*). By Corollary 2.3, u,, — u

in LP(R*) for p € (2,400), then we have

/!

o(1) = (T (up) — T (u), up — u)

= |Ju, — ul* + )\/ (u2Vu,V(u, —u) — u*VuV(u, — u))ds
R4
+ /\/ (U (U, — 1) |V |? — u(u, — u)|Vu|*)dzr — / (h(upn) — h(w))(u, — u)dx
R4 R4
= |Jun — ul* + )\/ u?|Vu, — Vu|*dz + )\/ (u? — u?)Vu(Vu, — Vu)dz
R4 RA
+ )\/ (tn (U, — 1) | Vun|? — u(u, —u)|Vul?)dxr — / (h(upn) — h(uw))(u, — u)dz.
R# R4
According to Holder inequality and (2.1), we have

|>\/ (u? — u?)Vu(Vu, — Vu)dz| S)\/ |un, — ul|uy, + u|Vu(Vu, — Vu)de
R4 R4

Afup = ullallun + ulla[ Vel Vun = Vulls
Mun = ulla(llunlla + l[ulla) | Avll2f| Aun = Aully
SAun = ulla(llunlla + llull) ull([unll + [[ull)
=o(1),

and

3 [ Gttt = 0902 =l = V)] <A [ (Gl Vi = TP,
R4 R4
N4V Bl — s + Al [Vl —
<X (tnllltnll + el fim — ]

=o(1).
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Arguing in a similar way to [4, proof of Proposition 2.10]. Let M > 0 be such that
|lun|| < M, choose o > 0 and py, pa, ps > 1 such that 1/p; +1/ps+1/ps = 1, apy M? < 3272,
p2 > 2/(c — 1) and p3 > 2. Combining with (3.1), we have

| [ (A(un) = h(u))(un — u)dz|
SC/ (expo‘"i — D)|un|” M un — uldz + C/ (expo‘"2 — Dl un — uldz
R4 R4
au 2 au 2
<O [ (o™ =17 d) 3 a7l = ey +OC [ (0™ = 17 da) Pl i =l

<C([ (e = 0)da) un 55 =l + O (0™ = D) 5 ;2 = g
R R

SC”“" - UHPB

=o(1).

Hence

o(1) = |lu, —ul* + )\/ u?|Vu, — Vul2dr + o(1),
R4

which implies that ||u,, — u| — 0. The proof is completed.
Following [4], we define

Iy = {7 € C(B*, HE(R")), 7 is odd and ~|sx =7},

where 7y, : S¥=1 — H%(R*) is given in Proposition 3.2(c). We remark that

(S

for 0
Q) = i) o e7

0 for (=0
belongs to 'y, hence I'y # @ for any positive integer k.

Define
dy = inf sup I(v(Q)), ¢ := inf sup I(v(¢)).

VE€lk cepr V€K ceph

We will prove that each d,, is a critical value of I.
It follows from Proposition 3.2(b) that di, > ¢, > p > 0. In view of [4, 23], we have the

following result.
Lemma 3.5 limg .o cp = 400.

Proof For any integer k > 1, we apply an argument in [23, Chapter 9]. Let
={y(B"\Y):y€l,,n>kER\{0} DY =Y = Y, genus(Y) < n — k},
where genus(Y) is the Krasnoselski’s genus of Y. Next we define the sequence of values

b = f T
k1= jnf supI(u).

Then we have ¢, > b, for any integer k£ > 1 and {b;} is nondecreasing.
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Since I(u) satisfies the Palais-Smale condition, arguing in a similar way to [23, proof
of Theorem 9.12]. Assume that {b,} is bounded, then by — b < co as k — oco. If b, = b
for sufficiently large k, from [23, Proposition 9.30] we have genus(K3;) = oo, where K =
{u € H*(RY)|T(v) = b,T (u) = 0}. But by Palais-Smale condition, K3 is compact, then
genus(K7) < oo by [23, Proposition 7.5 of 5°]. Thus b > by, for every k € N. Let

W= {uec H*RY|b 11 <T(u) <band I (u) =0},

then W is compact. Again by [23, Proposition 7.5 of 5°], we see that genus(W) < co and
there exists a § > 0 such that genus(Ns(W)) = genus(W), where Ns(W) = {u € H*(R?) :
|lu—W] < d}. Let s = max{genus(W), j+ 1}, we apply deformation theorem [23, Theorem
A.4] with ¢ = b, Z=0b— b, and O = N;(W) yields an ¢ and 7 such that

77(1,145+5 \ O) C Agis, (34)

where A, = {u € H?*(RY)[I(u) < d}.
Choose k € N such that by > b — ¢ and A € ¥, such that

supl < b+e. (3.5)
A

From [23, Proposition 9.18 of 4°] we have A\ O € X;. Furthermore, for each finite dimen-
sional subspace E C H?(R*) by the equivalency of all norms in the finite dimensional space,

there exists a constant C; > 0 such that

|u|| ez > Ch||lu|l, Vu € E, (3.6)

-1 —

where o > 2. Then, it follows from (3.6), (2.2), (3.2) and Corollary 2.2 that there exists a
large 7 > 0 such that I < 0 on E\ B, and I < 0 on 9B,, then n(1,-) = id on 0B, by [23,
Theorem A .4 of 2°]. Consequently, [23, Proposition 9.18 of 3°] implies that n(1, A\ O) € .
According to (3.4), (3.5) and the definition of by, we have

by < sup I <b—e<by.
n(1,A\0)
This is a contradiction. We have lim b, = +oc. Thus lim ¢, = +oo.

k—+o00 k—+o00

Motivated by [22], we introduce an auxiliary functional J(s,u) € C'(R x H?*(R*),R) by

J(s,u) = f||Au||2+ﬁ ”Vu ||2+)\eXp /u2|Vu|2d1:—exp4S/ Glu)da.
R4 R4

For every (s,u) € R x HZ(R4), J(0,u) = I(u), J(s,u) = I(u(exp~°-)). We equip R x H*(R*)
with a standard product norm ||(s, u)||rxm2®s) = (|s]? + |Jul?)*/2.
Let
di = inf sup J(3(Q)),

€T, CeBF
where T, := {7 = (51,%2) € C(B*, R x H%(R%)) : 7; is even, 7 is odd, and F|pee = (0,7x)}
and v is given in Proposition 3.2(c). Then applying [22, Section 4], for any integer k > 1,
we see that d, = di and the following properties.
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Proposition 3.3 For every integer k > 1 there exists a sequence {(s,,u,)} C R X
HZ%(R*) such that

(a) hm s = 0;

(b) hm J(8ps p) = di;

(c) Tim O0sJ (8, Up) = 0;

(@) T 0,7 (s, ) = 0 in (HE(RY))".

The proof of this proposition can be found in [22, Proposition 4.2]. We omit it here.

We have some further results about the sequence found in Proposition 3.3.

Lemma 3.6  Assume that {(s,,u,)} C R x H%(R?*) satisfies (a)-(d) of Proposition
3.3. Then {u,} is bounded.

Proof By Proposition 3.3(b) and (c), we have

ex
HA%M+6 Va2 + A p

/ ui|Vun|2dm—exp4s"/ G(up)dxr — di, (3.7)
R4 R4

Bexp®*™ || Vu, |3 + Aexp?*" / u? | Vu, |*dz — dexp**" / G(uy)dx — 0,
R4

R4

which implies that
2| Auy, ||2 + Bexp?™ ||V, ||3 + Aexp?» / u? |V, |*dz — 4dy,. (3.8)
R4
By (a) of Proposition 3.3, there exists a N; > 0 such that exp?*» > % as n > N, then
2|| A, ||2+Bexp* ™ || Vi, || 3+-Aexp?*” /4 u? | Vuy, |*dz > 2||Aun||§+§||Vun||§+% /4 u? |V, |*dz.
R R
Since (3.8), there exists Ny > 0 such that
2|| A, |2 + Bexp®” || Vu, ||3 + Aexp?*” / u? |V, |2 de < 4dy, + 1
R4
as n > Ny. Let N = max{N;y, Na}, then
2||Au, |3 + gnvunng + ;/ u?|Vu,|*dr < 4dj, + 1
R

as n > N. Set a, = 2||Au,|3 + 2| V|3 + 3 [ou 2| Vup|?dz as n = 1,2,--+ N — 1,
M = max{4dy + 1,a1,--- ,an—_1}, then

A
2803+ JIVunlg + 5 [ iVu o< v
R4

for all n. Hence, {[|Auy |2}, {[|Vunll2}, { [ps w2 |Vun, [*de} are bounded. By (3.7), { [5. G (un)dz}
is bounded.
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Up to a subsequence, assume that t, := ||un||é/2 — 400 and define v,(z) = u,(t,).
Then
lvallz =1, [IVUallz = 6221 Vuallz,
Avnl = 8w, [ o2VoPde =7 [ u2iTu, e,
R4 R4
which implies that {v,} is bounded in H*(R*). Since |Vv,| — 0 in L*(R*), v, — 0 in
H?*(RY).
Moreover,

taltn Al + Bexp® 72| Vo, |13 + 2hexp® ;2 /
R4

Voo - et [ g(o)ond

R4

| At 2 + Bexp®™ Vi |2 + 2hexp? /

R4

|V, Pz — exp'™ / 9t )undal

R4
=|0uJ (S, Un ) [tn]]

<[|0ud (81, wn )| (12 reay)= || |
=[10ud (s, tn) |13, Ry V1 A0 13 + BE2 (| Vwn |13 + m'th.

We obtain

O = 14| vy |3+ Bexp® 12| Vv, |3+ 2Aexp® /
]RAL

V2|V, [Pdrv—exp**” / g(vp)vpde — 0.
RAN
Hence, applying Proposition 2.1 to the function F’ = h, by Lemma 3.4(c) and (gl), for large
n we have
m/

o St 1 Avall3 + Bexp®nt, 2|V 5 + 2Aexp™ e, 2 / | Vv, [*dz + m'exp®*

R4

= exp**” / m'v2dx + exp** / g(vp)vpdx + 5,
R4 R4

< expln / h(vy)vpde — 0,
]R4

which is a contradiction.

Lemma 3.7 Assume that {(s,,u,)} C R x H%(R?*) satisfies (a)-(d) of Proposition

3.3. Then {u,} contains a convergent subsequence.

Proof Since {u,} is a bounded sequence in H?(R*) from Lemma 3.6, up to a subse-
quence, assume that u,, — u in H*(R*) and u,(z) — u(z) for a.e. x € R*. By Proposition
3.3(d), we obtain |0y J (8, un)[un, — u]| — 0.

Moreover

10T (51 0) [t — ] :/

R4

AuA(u, — u)dz + Bexp*™ / VuV (u, —u)dz

R

+ Aexp*" / u?VuV (u, — u)dx + Aexp® / u(tu, —u)|Vul*dr
R4 R4

— exp*” / g(u)(u, — u)dz.
R4
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We may estimate the terms involved as follows:

Define f(¢) := /

AulApdz, it is clear that f is a bounded linear functional in H?(R*).
R4

Then, by the definition of weak convergence, we conclude that / AulA(u, — u)dr — 0.
R4

Similarly, by Proposition 3.3(a), we can prove that ﬁexpgsn/ VuV(u, — u)de — 0 and
R4

AexpZn / u?VuV (u, —u)dx — 0.
R4
From the Holder inequality, Corollary 2.3 and (2.1), we also have

Aexp?sn / u(u, — u)|Vul>dz — 0.
R4

Following (3.3) and the same arguments as in the proof of Proposition 3.2(d), choose
P1, D2, p3 such that 1/py +1/ps + 1/p3 = 1, then

| () (un = w)de| < C | Jul7" (exp™ = Dlup = u] < Cllun, = ull,, — 0.
R4 R4

Hence, according to Lemma 3.4(c) and again by the proof of Proposition 3.2(d), we

have
0(1) = (Oud (Sn, Up) — Oy J (S, w)) [Up, — ul
= /R4 (A(u, —u))*dz + Bexp» /]R4 IV (u, — u)|*dx

+ Aexp?*” / (u2Vu, — u*Vu)V(u, — u)dz + lexp?™" / (U |V |* — u|Vul?) (u, — u)dz
R4 R4

—expt | (gfu) - g0))(w, — u)da

1 8 m’ m’
> L1A G — )1+ 2190~ w3+ s — ) — 2 — )
+ /\/ u2|Vu, — Vul*dz + )\/ (u? — u?*)Vu(Vu, — Vu)dz
2 R4 2 R4

+ ;/H§4(un|Vunl2 _ u|Vu|2)(un —u)dr — % / (9(un) — g(u))(u, — u)dz

R4

1 1
= —||lup — ul* + A u?|Vu, — Vul>de — = (m/ (un, — u)? + g(u, — u)(u, —u))dz
2 2 Jia 2 S
1
+ 2/ g(up — u)(u, —u)dr + o(1)

1 A 1
> N —ul*+ = [ wd|Vu, — VulPde — = | h(u, —u)(u, — u)dx
2 2 ). 2 |

1
+ 2/ g(u, — u)(u, — u)dx + o(1)
]R4
]‘ 2 A 2 2
—|un, —u|*+ = [ ui|Vu, — Vul|*dx + o(1).
2 2 Jpa
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It follows that ||u, — ul| — 0.

Proof [The proof of Theorem 1.1] Fix k > 1, we prove that d = c?k is a critical value
of I. Let {(sn,un)} C R x H%(R*) be a sequence obtained in Proposition 3.3, in view of
Lemma 3.7, we may assume that there exists a ug € H%(R*) such that u,, — up in H%(R*).
Note that, lim s, = 0, we obtain

n—oo

I(ug) = J(0,up) =dp, and I'(ug) = 0, J(0,ug) = 0.

This shows that ug is non-radial solution of (1.1).
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