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Abstract: In this paper, we investigate the weighted Dirichlet eigenvalue problem of polyno-

mial operator of the drifting Laplacian on the cigar soliton (R2, g, φ) as follows





L2
φu− aLφu + bu = λρu, u ∈ Ω,

u =
∂u

∂v
= 0, u ∈ ∂Ω,

where ρ is a positive continuous function on Ω, v denotes the outward unit normal to the boundary

∂Ω, and a, b are two nonnegative constants. We establish some universal inequalities for eigenvalues

of this problem.
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1 Introduction

Let M be an n-dimensional complete Riemannian manifold with a smooth metric g.
The triple (M, g, e−φdv) is called a smooth metric measure space, where φ is a smooth
function on M . A smooth metric measure space can also arise as the smooth collapse limit
of a sequence of manifolds with lower bounds on Ricci curvature, under convergence in the
Gromov-Hausdorff sense. As an important topic, smooth metric measure space has received
lots of attention (cf. [1–3]).

The drifting Laplacian associated with (M, g, e−φdv) is defined by

Lφu = 4u− 〈∇φ,∇u〉 = eφdiv(e−φ∇u), (1.1)

where 4 denotes the Laplacian on M . If φ is a constant, it is easy to see that the drifting
Laplacian is exactly the Laplacian. In particular, when M is a self-shrinker and φ = 1

2
|x|2,
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the drifting Laplacian becomes L operator introduced by Colding and Minicozzi [4]. Besides,
it is a self-adjoint operator with respect to weighted volume density dµ = e−φdv. Namely,
it holds ∫

Ω

u(Lφh)dµ = −
∫

Ω

〈∇u,∇h〉dµ =
∫

Ω

h(Lφu)dµ, (1.2)

where Ω is a bounded domain of M . In recent years, the estimation of eigenvalues of the
drifting Laplacian has received widespread attention (see [5, 6]).

In this paper, we investigate the weighted eigenvalue problem of polynomial operator
of the drifting Laplacian as follows





L2
φu− aLφu + bu = λρu, u ∈ Ω,

u =
∂u

∂v
= 0, u ∈ ∂Ω,

(1.3)

where ρ is a positive continuous function on Ω, v denotes the outward unit normal to the
boundary ∂Ω, and a, b are two nonnegative constants. It has the following real and discrete
spectrum

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · → +∞, (1.4)

where each eigenvalue is repeated according to its multiplicity.
Problem (1.3) has some interesting connection with some classical problems. On the

one hand, when φ is a constant, it becomes the following weighted Dirichelet problem of
quadratic polynomial operator of the Laplacian





42u− a4u + bu = λρu, u ∈ Ω,

u =
∂u

∂v
= 0, u ∈ ∂Ω.

(1.5)

On the other hand, when a = b = 0 and ρ ≡ 1, problem (1.3) becomes the Dirichelet
eigenvalue problem of the bi-drifting Laplacian





L2
φu = λu, u ∈ Ω,

u =
∂u

∂v
= 0, u ∈ ∂Ω.

(1.6)

Furthermore, if φ is a constant, problem (1.6) becomes the clamped plate problem



42u = λu, u ∈ Ω,

u =
∂u

∂v
= 0, u ∈ ∂Ω.

(1.7)

There have been some intereting results for problems (1.5-1.7). In 2007, Wang and Xia
[7] established the following inequality for eigenvalues of problem (1.7) on a unit sphere

k∑
i=1

(λk+1 − λi)2 6 8(n + 2)
n2

k∑
i=1

(λk+1 − λi)(λ
1
2
i +

n2

2n + 4
)(λ

1
2
i +

n2

4
). (1.8)
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In 2010, Cheng, Ichikawa and Mametsuka [8] established a Yang’s inequality for problem
(1.7) in an n-dimensional complete Riemannian manifold

k∑
i=1

(λk+1 − λi)2 6 1
n2

k∑
i=1

(λk+1 − λi)[n2H2
0 + (2n + 4)λ

1
2
i ](n2H2

0 + 4λ
1
2
i ). (1.9)

In 2019, for problem (1.6) on a bounded domain of the cigar soliton (R2, g, φ), Li and Xiong
[15] obtained

k∑
i=1

(λk+1 − λi)2 ≤2

{
k∑

i=1

(λk+1 − λi)2
[
2(1 + C0)
1 + C1

λ
1
2
i +

1
1 + C1

− 3
]} 1

2

×
{

k∑
i=1

(λk+1 − λi)
[
1 + C0

1 + C1

λ
1
2
i +

1
1 + C1

− 3
]} 1

2

(1.10)

and

2∑
p=1

(λp+1 − λ1)
1
2 ≤ 4

[
2(1 + C0)
1 + C1

λ
1
2
1 +

1
1 + C1

− 3
] 1

2
[
1 + C0

1 + C1

λ
1
2
1 +

1
1 + C1

− 3
] 1

2

, (1.11)

where C0 = max
x∈Ω

|x|2 and C1 = min
x∈Ω

|x|2. For more reference on problems (1.5-1.7), we refer

to [9–11] and the references therein.
Ricci solitons are an important kind of complete metric measure spaces. They are

corresponding to self-similar solutions of Hamilton’s Ricci flow [12, 13]. (M, g, φ) is called a
gradient Ricci soliton if there is a constant K, such that

Ric + Hessφ = Kg. (1.12)

The function φ is called a potential function of the gradient Ricci soliton. For K > 0, K = 0
and K < 0, the Ricci soliton is called shrinking, steady or expanding respectively. When the
dimension is two, Hamilton discovered the first complete non-compact example of a steady
Ricci soliton on R2, called the cigar soliton. The metric and potential function of the cigar
soliton (R2, g, φ) are given by

g =
d(x1)2 + d(x2)2

1 + |x|2 ,

where |x|2 = (x1)2 + (x2)2 and φ = −log(1 + |x|2). In physics, the cigar soliton (R2, g, φ) is
regarded as the Euclidean-Witten black hole under first-order Ricci flow of the world-sheet
sigma model. Moreover, the cigar soliton was also studied by Witten as a target space in
string theory [14]. Thus, it is of great importance both in geometry and physics.

In this paper, we obtain the following results for problem (1.3) on a bounded domain Ω
of the cigar soliton (R2, g, φ).

Theorem 1.1 Let Ω be a bounded domain of the cigar soliton (R2, g, φ). Set ρ1 =

min
x∈Ω

ρ(x), ρ2 = max
x∈Ω

ρ(x) and $i = 1
2ρ1

[−a +
√

a2 + 4ρ1(λi − b
ρ2

)]. Denote by λi the i-th
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eigenvalue of problem (1.3). Then we have

k∑
i=1

(λk+1 − λi)2 ≤ 2ρ2

ρ1
1
2

{
k∑

i=1

(λk+1 − λi)2
[
2(1 + C0)
1 + C1

$i +
1

ρ2(1 + C1)
− 3

ρ2

+
a

2ρ1

1 + C0

1 + C1

]} 1
2

×
{

k∑
i=1

(λk+1 − λi)
[
1 + C0

1 + C1

$i +
1

ρ2(1 + C1)
− 3

ρ2

]} 1
2

,

(1.13)
where C1 = min

x∈Ω
|x|2 and C0 = max

x∈Ω
|x|2.

Theorem 1.2 Under the same assumptions as Theorem 1.1, we have

2∑
p=1

(λp+1 − λ1)
1
2 ≤4

ρ2

ρ
1
2
1

[
2(1 + C0)
1 + C1

$1 +
1

ρ2(1 + C1)
− 3

ρ2

+
a

2ρ1

1 + C0

1 + C1

] 1
2

×
[
1 + C0

1 + C1

$1 +
1

ρ2(1 + C1)
− 3

ρ2

] 1
2

.

(1.14)

Remark 1.1 It is easy to find that when a = b = 0 and ρ = 1, (1.13) and (1.14) respec-
tively become (1.10) and (1.11) for problem (1.6) in [15]. Therefore, our results generalize
the results in [15].

2 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. For this goal, we first establish a
necessary lemma which plays a key role in the proof of Theorem 1.1.

Lemma 2.1 Let ui be the orthonormal eigenfunction corresponding to the i-th eigen-
value λi of problem (1.3). Then, for any function h ∈ C4(M) ∩ C3(∂M) and any positive
integer k, we have

k∑
i=1

(λk+1 − λi)2
∫

Ω

ui
2|∇h|2dµ

≤δ

k∑
i=1

(λk+1 − λi)2
∫

Ω

[
(uiLφh + 2〈∇h,∇ui〉)2 − 2uiLφui|∇h|2 + au2

i |∇h|2] dµ

+
1
δ

k∑
i=1

(λk+1 − λi)
∫

Ω

1
ρ
(〈∇h,∇ui〉+

uiLφh

2
)2dµ,

(2.1)

where δ is any positive constant.
Proof Set ϕi = hui −

∑k

j=1 αijuj , where αij =
∫

M
ρhuiujdµ. Then we have

∫

Ω

ρϕiujdµ = 0, ∀i, j = 1, 2, · · · , k. (2.2)

Using the Rayleigh-Ritz inequality, we get

λk+1

∫

Ω

ρϕ2
i dµ 6

∫

Ω

ϕi(L2
φ − aLφ + b)ϕidµ. (2.3)
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According to the definition of ϕi, we have

Lφ(hui) = hLφui + uiLφh + 2〈∇h,∇ui〉 (2.4)

and

L2
φ(hui) = hL2

φui + 2〈∇h,∇Lφui)〉+ LφhLφui + 2Lφ〈∇h,∇ui〉+ Lφ(uiLφh). (2.5)

Therefore, using (2.4) and (2.5), we get

(L2
φ − aLφ + b)(hui) =h(L2

φui − aLφui + bui) + Ψi

=hλiρui + Ψi,
(2.6)

where

Ψi =2〈∇h,∇(Lφui)〉+ 2LφhLφui + uiL
2
φh + 2〈∇ui,∇(Lφh)〉+ 2Lφ〈∇h,∇ui〉

− auiLφh− 2a〈∇h,∇ui〉.
Then it follows from (2.6) that

∫

Ω

ϕi(L2
φ − aLφ + b)ϕidµ =

∫

M

ϕi(L2
φ − aLφ + b)(hui)dµ

= λi

∫

Ω

ϕiρhuidµ +
∫

Ω

ϕiΨidµ

= λi

∫

Ω

ρϕi
2dµ +

∫

Ω

hΨiuidµ−
k∑

j=1

αijβij ,

(2.7)

where βij =
∫
Ω

Ψiuj . Hence, substituting (2.6) into (2.3), we derive

(λk+1 − λi)
∫

Ω

ρϕi
2dµ ≤

∫

Ω

hΨiuidµ−
k∑

j=1

αijβij . (2.8)

Using the divergence theorem, we deduce
∫

Ω

uj〈∇h,∇(Lφui)〉dµ = −
∫

Ω

Lφuidivφ(uj∇h)dµ

= −
∫

Ω

ujLφuiLφhdµ−
∫

Ω

Lφui〈∇uj ,∇h〉dµ

(2.9)

and
∫

Ω

(2uj〈∇h,∇ui〉+ uiujLφh) dµ

=−
∫

Ω

[2hdivφ(uj∇ui) + hLφ(uiuj)] dµ

=−
∫

Ω

[2h(ujLφui + 〈∇uj ,∇ui〉) + h(uiLφuj + ujLφui + 2〈∇ui,∇uj〉)] dµ

=
∫

Ω

(huiLφuj − hujLφui) dµ.

(2.10)



298 Journal of Mathematics Vol. 45

Moreover, since
∫

Ω

Lφuj〈∇h,∇ui〉dµ =−
∫

Ω

hdivφ(Lφuj∇ui)dµ

=−
∫

Ω

h (LφujLφui + 〈∇(Lφuj),∇ui〉) dµ,

(2.11)

we have
∫

Ω

(Lφuj〈∇h,∇ui〉 − Lφui〈∇h,∇uj〉) dµ

=
∫

Ω

(h〈∇(Lφui,∇uj〉 − h〈∇(Lφ(uj),∇ui〉)dµ

=−
∫

Ω

ujdivφ(h∇(Lφui))dµ +
∫

Ω

uidivφ(h∇(Lφuj))dµ

=
∫

Ω

[
huiLφ

2uj − hujLφ
2ui + ui〈∇h,∇(Lφuj)〉 − uj〈∇h,∇(Lφui)〉

]
dµ

=
∫

Ω

(
huiLφ

2uj − hujLφ
2ui + ujLφuiLφh− uiLφujLφh

)
dµ

−
∫

Ω

(Lφuj〈∇h,∇ui〉 − Lφui〈∇h,∇uj〉) dµ.

(2.12)

It implies

2
∫

Ω

(Lφuj〈∇h,∇ui〉 − Lφui〈∇h,∇uj〉)dµ

=
∫

Ω

(huiL
2
φuj − hujL

2
φui + ujLφuiLφh− uiLφujLφh)dµ.

(2.13)

Moreover, we have
∫

Ω

2ujLφ〈∇h,∇ui〉dµ =
∫

Ω

2Lφuj〈∇h,∇ui〉dµ. (2.14)

Thus, using (2.13) and (2.14), we derive

βij =
∫

Ω

hui(L2
φuj − aLφuj + buj)dµ−

∫

Ω

huj(L2
φui − aLφui + bui)dµ

=
∫

Ω

λjρhuiujdµ−
∫

Ω

λiρhuiujdµ

=(λj − λi)αij .

(2.15)

Therefore, we obtain

(λk+1 − λi)
∫

Ω

ρϕ2
i dµ ≤

∫

Ω

hΨiuidµ−
k∑

j=1

(λj − λi)α2
ij . (2.16)

Set ξij =
∫
Ω

uj(〈∇h,∇ui〉+ 1
2
uiLφh)dµ. Then it holds ξij = ξji. Moreover, since

∫

Ω

hui〈∇h,∇ui〉dµ = −
∫

Ω

(u2
i |∇h|2 − hu2

i Lφh− hui〈∇ui,∇h〉)dµ, (2.17)
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we obtain
2
∫

Ω

hui〈∇h,∇ui〉dµ = −
∫

Ω

(u2
i |∇h|2 − hu2

i Lφh)dµ. (2.18)

Hence we derive

−2
∫

Ω

ϕi(〈∇h,∇ui〉+
1
2
uiLφh)dµ =

∫

Ω

u2
i |∇h|2dµ + 2

k∑
j=1

aijξij . (2.19)

Multiplying both sides of (2.17) by (λk+1 − λi)2, and using the Schwarz inequality, we get

(λk+1 − λi)2(
∫

Ω

u2
i |∇h|2dµ + 2

k∑
j=1

αijξij)

=(λk+1 − λi)2
∫

Ω

−2
√

ρϕi

[
1√
ρ
(〈∇h,∇ui〉+

uiLφh

2
)−

k∑
j=1

√
ρξijuj

]
dµ

≤δ(λk+1 − λi)3
∫

Ω

ρϕ2
i dµ +

λk+1 − λi

δ

∫

Ω

[
1√
ρ
(〈∇h,∇ui〉+

uiLφh

2
)−

k∑
j=1

√
ρξijuj ]2dµ,

(2.20)
where δ is any positive constant. Summing over i from 1 to k, we have

k∑
i=1

(λk+1 − λi)2
∫

Ω

u2
i |∇h|2dµ + 2

k∑
i,j=1

(λk+1 − λi)2αijξij

≤δ

k∑
i=1

(λk+1 − λi)2
∫

Ω

hΨiuidµ− δ

k∑
i,j=1

(λk+1 − λi)2(λj − λi)α2
ij

+
1
δ

k∑
i=1

(λk+1 − λi)
∫

Ω

1
ρ
(〈∇h,∇ui〉+

uiLφh

2
)2dµ− 1

δ

k∑
i,j=1

(λk+1 − λi)ξ2
ij .

(2.21)

Since αij is symmetric and ξij is anti-symmetric, we deduce

k∑
i,j=1

(λk+1 − λi)2αijξij = −
k∑

i,j=1

(λk+1 − λi)(λi − λj)αijξij (2.22)

and
k∑

i,j=1

(λk+1 − λi)2(λi − λj)α2
ij = −

k∑
i,j=1

(λk+1 − λi)(λi − λj)2α2
ij . (2.23)

Therefore, combining (2.23) and (2.23) with (2.21), we obtain

k∑
i=1

(λk+1 − λi)2
∫

Ω

u2
i |∇h|2dµ

≤δ

k∑
i=1

(λk+1 − λi)2
∫

Ω

hΨiuidµ +
1
δ

k∑
i=1

(λk+1 − λi)
∫

Ω

1
ρ
(〈∇h,∇ui〉+

uiLφh

2
)2dµ.

(2.24)
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Using the divergence theorem, we deduce
∫

Ω

hui〈∇h,∇(Lφui)〉dµ =
∫

Ω

(−huiLφuiLφh− hLφui〈∇ui,∇h〉 − uiLφui|∇h|2)dµ, (2.25)

∫

Ω

hui〈∇ui,∇(Lφh)〉dµ =
∫

Ω

(−huiLφhLφui − uiLφh〈∇h,∇ui〉 − hLφh|∇ui|2)dµ, (2.26)

2
∫

Ω

hui〈∇h,∇ui〉dµ = −
∫

Ω

hu2
i Lφh− u2

i |∇h|2dµ (2.27)

and
∫

Ω

huiLφ〈∇h,∇ui〉dµ =
∫

Ω

(hLφui〈∇h,∇ui〉+ uiLφh〈∇h,∇ui〉+ 2〈∇h,∇ui〉2)dµ. (2.28)

Using (2.25-2.28), we have
∫

Ω

hΨiuidµ =
∫

Ω

[
(2〈∇h,∇ui〉+ uiLφh)2 − 2uiLφui|∇h|2] dµ + a

∫

Ω

u2
i |∇h|2dµ. (2.29)

Substituting (2.29) into (2.24), we obtain (2.1). This completes the proof of Lemma 2.1.
Now we give the proof of Theorem 1.1 by using Lemma 1.1.
Proof of Theorem 1.1 Suppose that xp is the p-th local coordinate of x0 ∈ Ω ⊂ R2,

where p = 1, 2. Taking h = xp in Lemma 2.1, we have

k∑
i=1

(λk+1 − λi)2
∫

Ω

ui
2|∇xp|2dµ

≤δ

k∑
i=1

(λk+1 − λi)2
∫

Ω

[
(uiLφxp + 2〈∇xp,∇ui〉)2 − 2uiLφui|∇xp|2 + au2

i |∇xp|2] dµ

+
1
δ

k∑
i=1

(λk+1 − λi)
∫

Ω

1
ρ
(〈∇xp,∇ui〉+

uiLφxp

2
)2dµ.

(2.30)

It is not difficult to obtain

|∇xp|2 = 1 + |x|2, ∀p = 1, 2, (2.31)

〈∇x1,∇x2〉 = 0 (2.32)

and
∆x1 = ∆x2 = 0. (2.33)

Using (2.31) and (2.32), we get

〈∇φ,∇xp〉 = −〈∇(−log(1 + |x|2)),∇xp〉 = 2xp (2.34)

and
2∑

p=1

〈∇xp,∇ui〉2 = (1 + |x|2)|∇ui|2. (2.35)
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Taking the sum over p from 1 to 2 on (2.30), and using (2.31), (2.34) and (2.35), we have

k∑
i=1

(λk+1 − λi)2
∫

Ω

2∑
p=1

u2
i |∇xp|2dµ

≤
k∑

i=1

δ(λk+1 − λi)2
∫

Ω

[
4u2

i |x|2 − 4uiLφui(1 + |x|2) + 4(1 + |x|2)|∇ui|2

+
2∑

p=1

8uix
p〈∇xp,∇ui〉+ 2au2

i (1 + |x|2)
]
dµ

+
1
δ

k∑
i=1

(λk+1 − λi)
∫

Ω

1
ρ

[
(1 + |x|2)|∇ui|2 +

2∑
p=1

2uix
p〈∇xp,∇ui〉+ u2

i |x|2
]

dµ.

(2.36)

Since

2∑
p=1

∫

Ω

uix
p〈∇xp,∇ui〉dµ =−

2∑
p=1

∫

Ω

uidivφ(uix
p∇xp)dµ

= −
2∑

p=1

∫

Ω

ui

(
uix

pLφxp + ui|∇xp|2 + xp〈∇ui,∇xp〉) dµ

= −4
∫

Ω

u2
i |x|2dµ− 2

∫

Ω

u2
i dµ−

2∑
p=1

∫

Ω

uix
p〈∇ui,∇xp〉dµ,

we obtain
2∑

p=1

∫

Ω

uix
p〈∇xp,∇ui〉dµ = −2

∫

Ω

u2
i |x|2dµ−

∫

Ω

u2
i dµ. (2.37)

Moreover, using

λi =
∫

Ω

(Lφui)2dµ− a

∫

Ω

uiLφuidµ + b

∫

Ω

u2
i dµ (2.38)

and ∫

Ω

|∇ui|2dµ = −
∫

Ω

uiLφuidµ ≤ (
∫

Ω

u2
i dµ)

1
2 (

∫

Ω

(Lφui)2dµ)
1
2 . (2.39)

It yields

ρ1ρ2(
∫

Ω

|∇ui|2)2dµ + aρ2

∫

Ω

|∇ui|2dµ + b− λiρ2 ≤ 0. (2.40)

This is a quadratic inequality of
∫
Ω
|∇ui|2dµ. Hence we get

∫

Ω

|∇ui|2dµ ≤ $i. (2.41)
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Substituting (2.37) and (2.41) into (3.25), we infer

2
ρ2

k∑
i=1

(λk+1 − λi)2 ≤δ

k∑
i=1

(λk+1 − λi)2
[
8
1 + C0

1 + C1

$i +
4

ρ2(1 + C1)
− 12

ρ2

+
2a

ρ1

1 + C0

1 + C1

]

+
1

ρ1δ

k∑
i=1

(λk+1 − λi)
[
1 + C0

1 + C1

$i +
1

ρ2(1 + C1)
− 3

ρ2

]
.

(2.42)
Taking

δ =





∑k

i=1(λk+1 − λi)
[

1+C0
1+C1

$i + 1
ρ2(1+C1)

− 3
ρ2

]

ρ1

∑k

i=1(λk+1 − λi)2
[
8 1+C0

1+C1
$i + 4

ρ2(1+C1)
− 12

ρ2
+ 2a

ρ1

1+C0
1+C1

]




1
2

in (2.42), we obtain (1.13). The proof of Theorem 1.1 is finished.

3 Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2. For this goal, we first prove the
following lemma.

Lemma 3.1 Under the same assumptions as Lemma 2.1, for any function ζp ∈ C4(M)∩
C3(∂M) (p = 1, 2) and any positive integer k, we have

(λp+1 − λ1)
1
2

∫

Ω

u2
1|∇ζp|2dµ

≤δ

2

(
‖u1Lφζp + 2〈∇ζp,∇u1〉‖2 − 2

∫

Ω

|∇ζp|2u1Lφu1dµ + a

∫

Ω

u2
1|∇ζp|2dµ

)

+
1
2δ

∫

Ω

1
ρ

(u1Lφζp + 2〈∇u1,∇ζp〉)2 dµ,

(3.1)

where δ is any positive constant.
Proof Set ψp = (ζp − γp)u1, where γp =

∫
Ω

ρζpu2
1dµ. It implies

∫
Ω

ρψpu1dµ = 0.
Noticing that

∫
Ω

ρζpu1uq+1dµ = 0, for 1 ≤ q < p, we have
∫

Ω

ρψpuq+1dµ = 0, 0 ≤ q < p. (3.2)

From the Rayleigh-Ritz inequality, we have

λp+1

∫

Ω

ρ(ψp)2dµ ≤
∫

Ω

ψp(L2
φ − aLφ + b)ψpdµ. (3.3)

According to the definition of ψp, we have

Lφψp =u1Lφζp + 2〈∇ζp,∇u1〉+ ζpLφu1 − γpLφu1 (3.4)

and
L2

φψp =u1L
2
φζp + 2〈∇u1,∇(Lφζp)〉+ 2Lφ〈∇ζp,∇u1〉+ 2LφζpLφu1

+ ζpL2
φu1 + 2〈∇ζp,∇(Lφu1)〉 − γpL2

φu1.
(3.5)
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It follows from (3.4) and (3.5) that

(L2
φ − aLφ + b)ψp =u1L

2
φζp + 2〈∇u1,∇(Lφζp)〉+ 2LφζpLφu1 + 2Lφ〈∇ζp,∇u1〉

+ ζpL2
φu1 + 2〈∇ζp,∇(Lφu1)〉 − γpL2

φu1 − au1Lφζp

− 2a〈∇ζp,∇u1〉 − aζpLφu1 + aγpLφu1

=λ1ρψp + Θp,

(3.6)

where
Θp =u1L

2
φζp + 2〈∇u1,∇(Lφζp)〉+ 2LφζpLφu1 + 2Lφ〈∇ζp,∇u1〉

+ 2〈∇ζp,∇(Lφu1〉 − au1Lφζp − 2a〈∇ζp,∇u1〉.
Using the divergence theorem, we deduce

∫

Ω

u1〈∇u1,∇(Lφζp)〉dµ =−
∫

Ω

u1LφζpLφu1dµ−
∫

Ω

|∇u1|2Lφζpdµ, (3.7)

∫

Ω

u1〈∇ζp,∇(Lφu1)〉dµ = −
∫

Ω

u1LφζpLφu1dµ−
∫

Ω

Lφu1〈∇u1,∇ζp〉dµ (3.8)

and ∫

Ω

u2
1L

2
φζpdµ = 2

∫

Ω

(u1Lφu1Lφζp + |∇u1|2Lφζp)dµ. (3.9)

Therefore, using (3.7-3.9), we have
∫

Ω

Θpu1dµ =
∫

Ω

u1

(
u1L

2
φζp + 2〈∇u1,∇(Lφζp)〉+ 2LφζpLφu1 + 2Lφ〈∇ζp,∇u1〉

+ 2〈∇ζp,∇(Lφu1〉 − au1Lφζp − 2a〈∇ζp,∇u1〉
)

dµ

=
∫

Ω

(u2
1L

2
φζp − 2|∇u1|2Lφζp − 2u1LφζpLφu1)dµ

=0.

(3.10)

Using (3.3), (3.6) and (3.10), we derive

(λp+1 − λ1)
∫

Ω

ρ(ψp)2dµ ≤
∫

Ω

ζpΘpu1dµ. (3.11)

Furthermore, using the similiar computation, we have

2
∫

Ω

ζpu1〈∇ζp,∇u1〉dµ = −
∫

Ω

u2
1(ζ

pLφζp + |∇ζp|2)dµ, (3.12)

2
∫

Ω

ζpu1〈∇u1,∇(Lφζp)〉dµ =
∫

Ω

[
2u1Lφζp〈∇u1,∇ζp〉+ u2

1(Lφζp)2 − ζpu2
1L

2
φζp

]
dµ, (3.13)

∫

Ω

ζpu1Lφ〈∇ζp,∇u1〉dµ =
∫

Ω

(
u1Lφζp〈∇ζp,∇u1〉+ 2〈∇ζp,∇u1〉2

+ ζpLφu1〈∇ζp,∇u1〉
)

dµ

(3.14)
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and

2
∫

Ω

ζpu1〈∇ζp,∇(Lφu1)〉dµ = −
∫

Ω

(
2|∇ζp|2u1Lφu1 − 2ζpLφu1〈∇ζp,∇u1〉 − 2ζpu1LφζpLφu1

)
dµ.

(3.15)
Therefore, it follows from (3.11-3.15) that

(λp+1 − λ1)
∫

Ω

ρ(ψp)2dµ ≤ ‖u1(Lφζp) + 2〈∇ζp,∇u1〉‖2 − 2
∫

Ω

|∇ζp|2u1Lφu1dµ + a

∫

Ω

u2
1|∇ζp|2dµ.

(3.16)

Since
∫

Ω

ζpu2
1Lφζpdµ = −

∫

Ω

u2
1|∇ζp|2dµ− 2

∫

Ω

ζpu1〈∇u1,∇ζp〉dµ, we have

∫

Ω

ψp(u1Lφζp + 2〈∇u1,∇ζp〉)dµ

=
∫

Ω

(ζpu2
1Lφζp + 2ζpu1〈∇u1,∇ζp〉)dµ− γp

∫

Ω

(u2
1Lφζp + 2u1〈∇u1,∇ζp〉)dµ

=−
∫

Ω

u2
1|∇ζp|2dµ.

(3.17)

Multiplying both sides of (3.17) by (λp+1 − λ1)
1
2 , and using (3.16), we derive

(λp+1 − λ1)
1
2

∫

Ω

u2
1|∇ζp|2dµ

=− (λp+1 − λ1)
∫

Ω

√
ρψp 1√

ρ
(u1Lφζp + 2〈∇u1,∇ζp〉)dµ

≤δ

2
(λp+1 − λ1)

∫

Ω

ρ(ψp)2dµ +
1
2δ

∫

Ω

1
ρ
(u1Lφζp + 2〈∇u1,∇ζp〉)2dµ

≤δ

2

(
‖u1Lφζp + 2〈∇ζp,∇u1〉‖2 − 2

∫

Ω

|∇ζp|2u1Lφu1dµ + a

∫

Ω

u2
1|∇ζp|2dµ

)

+
1
2δ

∫

Ω

1
ρ
(u1Lφζp + 2〈∇u1,∇ζp〉)2dµ.

(3.18)

The proof of Lemma 3.1 is ended.
Now we give the proof of Theorem 1.2 by using Lemma 3.1.
Proof of Theorem 1.2 Define a (2×2)-matrix B = (εpt)2×2, where εpt =

∫
Ω

ρxpu1ut+1dµ.
Using the orthogonalization of Gram-Schmidt, we know that there exists an upper triangle
matrix U = (ϑpt)2×2 and an orthogonal matrix P = (ςpt)2×2 such that U = PB. That is to
say, for 1 6 t < p 6 2, we have

ϑpt =
2∑

s=1

ςpsεst =
∫

Ω

ρ

2∑
s=1

ςpsx
su1ut+1dµ = 0. (3.19)

Setting yp =
∑2

s=1 ςpsx
s, we obtain

∫

Ω

ρypu1ut+1dµ = 0, 1 ≤ t < p ≤ 2. (3.20)
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Taking ζp = yp in (3.1), and taking sum on p from 1 to 2, we get

2∑
p=1

(λp+1 − λ1)
1
2

∫

Ω

u2
1|∇yp|2dµ

≤δ

2

(
‖u1Lφyp + 2〈∇yp,∇u1〉‖2 − 2

∫

Ω

|∇yp|2u1Lφu1dµ + a

∫

Ω

u2
1|∇yp|2dµ

)

+
1
2δ

∫

Ω

1
ρ
(u1Lφyp + 2〈∇yp,∇u1〉)2dµ.

(3.21)

Since yp =
∑2

s=1 ςpsx
s and P is an orthogonal matrix, we know that y1 and y2 are the

standard coordinate functions of R2. It is not difficult to check that

|y|2 = |x|2, (3.22)

|∇yp|2 = 1 + |x|2 (3.23)

and
Lφyp = 2yp. (3.24)

Substituting it into (3.21), we have

2∑
p=1

(λp+1 − λ1)2
∫

Ω

u2
1(1 + |x|2)dµ

≤2δ

∫

Ω

[
u2

1|x|2 + (1 + |x|2)|∇u1|2 + 4
2∑

p=1

u1x
p〈∇xp,∇u1〉 − (1 + |x|2)u1Lφu1

+
a

2
(1 + |x|2)u2

1

]
dµ +

2
δ

∫

Ω

1
ρ

[
u2

1|x|2 + (1 + |x|2)|∇u1|2 + 4
2∑

p=1

u1x
p〈∇xp,∇u1〉

]
dµ.

(3.25)
Similar to the computation as (2.42), we obtain

1
ρ2

2∑
p=1

(λp+1 − λ1)
1
2 ≤2δ

[
2
1 + C0

1 + C1

$1 +
1

ρ2(1 + C1)
− 3

ρ2

+
a

2ρ1

1 + C0

1 + C1

]

+
2
δ

1
ρ1

[
1 + C0

1 + C1

$1 +
1

ρ2(1 + C1)
− 3

ρ2

]
.

(3.26)

Taking δ =
{

1
ρ1 [ 1+C0

1+C1
$1+

1
ρ2(1+C1)− 3

ρ2 ]
[2 1+C0

1+C1
$1+

1
ρ2(1+C1)− 3

ρ2
+ a

2ρ1

1+C0
1+C1 ]

} 1
2

in (3.26), we obtain (1.14). The proof of

Theorem 1.2 is completed.
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Cigar孤立子上漂移Laplace算子的多项式算子的特征值不等式

袁 媛, 孙和军

(南京理工大学数学与统计学院, 江苏 南京 210094)

摘要: 本文研究了cigar孤立子(R2, g, f)上漂移Laplace算子的多项式算子的加权Dirichlet特征值问

题： 



L2
φu− aLφu + bu = λρu, u ∈ Ω,

u =
∂u

∂v
= 0, u ∈ ∂Ω,

其中ρ是Ω上的正连续函数,v是∂Ω的单位外法向量,a, b是两个非负常数. 我们建立了该问题的一些特征值不

等式.
关键词: 漂移Laplace算子; Cigar孤立子; 特征值
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