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LAPLACIAN ON THE CIGAR SOLITON
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Abstract: In this paper, we investigate the weighted Dirichlet eigenvalue problem of polyno-

mial operator of the drifting Laplacian on the cigar soliton (R?, g, ¢) as follows
Liu —aLgu+bu = Apu, u €,

ou
_gu_ Q
u= o 0, u € 082,

where p is a positive continuous function on €2, v denotes the outward unit normal to the boundary
092, and a, b are two nonnegative constants. We establish some universal inequalities for eigenvalues
of this problem.
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1 Introduction

Let M be an n-dimensional complete Riemannian manifold with a smooth metric g.
The triple (M, g,e %dv) is called a smooth metric measure space, where ¢ is a smooth
function on M. A smooth metric measure space can also arise as the smooth collapse limit
of a sequence of manifolds with lower bounds on Ricci curvature, under convergence in the
Gromov-Hausdorff sense. As an important topic, smooth metric measure space has received
lots of attention (cf. [1-3]).

The drifting Laplacian associated with (M, g, e~?dv) is defined by

Lyu = Nu— (Vo, Vu) = e?div(e *Vu), (1.1)

where /A denotes the Laplacian on M. If ¢ is a constant, it is easy to see that the drifting

Laplacian is exactly the Laplacian. In particular, when M is a self-shrinker and ¢ = %|x|2,
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the drifting Laplacian becomes £ operator introduced by Colding and Minicozzi [4]. Besides,
it is a self-adjoint operator with respect to weighted volume density du = e~®dv. Namely,
it holds

/Q w(Loh)dp = — /Q (Vu, Vhdy = /Q h(Lou)dy, (1.2)

where €2 is a bounded domain of M. In recent years, the estimation of eigenvalues of the
drifting Laplacian has received widespread attention (see [5, 6]).
In this paper, we investigate the weighted eigenvalue problem of polynomial operator

of the drifting Laplacian as follows

Liu —aLgu+bu = Apu, ue€,
(1.3)
U= — = 0’ u 6 69,

where p is a positive continuous function on €2, v denotes the outward unit normal to the
boundary 0f2, and a, b are two nonnegative constants. It has the following real and discrete
spectrum

0< A <A< A< — 400, (1.4)

where each eigenvalue is repeated according to its multiplicity.
Problem (1.3) has some interesting connection with some classical problems. On the
one hand, when ¢ is a constant, it becomes the following weighted Dirichelet problem of

quadratic polynomial operator of the Laplacian

A*u— alu+bu = Ipu, u € 9,
(1.5)
u=— =0, u € 0f).

On the other hand, when a = b = 0 and p = 1, problem (1.3) becomes the Dirichelet
eigenvalue problem of the bi-drifting Laplacian

Lfbu = \u, u € €,

1.6)
9 (
u = au_ 0, u €.
o
Furthermore, if ¢ is a constant, problem (1.6) becomes the clamped plate problem
Nu=u, u€eq,
1.7
U= u _ =0, ue€. (.7
v

There have been some intereting results for problems (1.5-1.7). In 2007, Wang and Xia

[7] established the following inequality for eigenvalues of problem (1.7) on a unit sphere

k n2 2

3 (et = A < ””Z(AW MO T )

2n+4
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In 2010, Cheng, Ichikawa and Mametsuka [8] established a Yang’s inequality for problem

(1.7) in an n-dimensional complete Riemannian manifold
k L& ) )
D Mk =A< 5> (e = M)[R2HG + (20 + N2 |(2HG +407). (1.9)

n2
i=1 i=1

In 2019, for problem (1.6) on a bounded domain of the cigar soliton (R?, g, ¢), Li and Xiong
[15] obtained

k k L
3 3 2(1+Cy) .1 1
2 2 z
</\k+1 - )‘z) <2 { (Ak+1 — )\Z) |: 1 Cl /\,‘ + 1 Cl — 3:| }

i=1 i=1

x zk:(x o |Gy L )
P s ! 1+C; ‘ 1+C4

and
2 1 1
1 2(1+Co) 1 1 2 1+CO 1 1 2
Apst —AF <4 A ~3 AF 3 1.11
IS B R el Fd SRS S | RBEY

where Cy = max |z|? and C; = mi{r)l |z|?. For more reference on problems (1.5-1.7), we refer
Te TE

to [9-11] and the references therein.
Ricci solitons are an important kind of complete metric measure spaces. They are
corresponding to self-similar solutions of Hamilton’s Ricci flow [12, 13]. (M, g, ¢) is called a

gradient Ricci soliton if there is a constant K, such that
Ric + Hess¢p = Kg. (1.12)

The function ¢ is called a potential function of the gradient Ricci soliton. For K > 0, K =0
and K < 0, the Ricci soliton is called shrinking, steady or expanding respectively. When the
dimension is two, Hamilton discovered the first complete non-compact example of a steady
Ricci soliton on R2, called the cigar soliton. The metric and potential function of the cigar
soliton (R?, g, ¢) are given by
d(z1)? + d(2?)?
T 1w

where |z|? = (z!)? + (2?)? and ¢ = —log(1 + |z|?). In physics, the cigar soliton (R?, g, ¢) is
regarded as the Euclidean-Witten black hole under first-order Ricci flow of the world-sheet
sigma model. Moreover, the cigar soliton was also studied by Witten as a target space in
string theory [14]. Thus, it is of great importance both in geometry and physics.

In this paper, we obtain the following results for problem (1.3) on a bounded domain
of the cigar soliton (R?, g, ¢).

Theorem 1.1  Let Q be a bounded domain of the cigar soliton (R?, g, ). Set p; =

; — = 1 2 b X -
gcnelgp(z), p2 = rg{l&)z(p(x) and w; = 7 -[-a + \/a +4p1(Ai — --)]. Denote by A; the i-th
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eigenvalue of problem (1.3). Then we have

k k
2p2 2(1+C()) 1 3 a 1+CO
Aept — )2 < Mepr A | — — 24 D
Z( k+1 )° < {Z( k+1 ) [ 1+C, w pa(1+CY) p2+2p11—|—01

1
i=1 P12

i=1
- N LR 1 371"
X ;( k1 — Ai) |:1+01Wi+02(1+c1)_02:| )
(1.13)
where C; = Iglelglll |z|* and Cy = max |z |2
Theorem 1.2 Under the same assumptions as Theorem 1.1, we have
i(ml - ) a2 [2(11 t) L3, a1t CO] '
— 2 + p2(1+Cy) p2 2p14C
p=1 Pi 1 (1.14)
S —
1+ C; p2(1+C1)  po

Remark 1.1 Tt is easy to find that when a = b= 0and p =1, (1.13) and (1.14) respec-
tively become (1.10) and (1.11) for problem (1.6) in [15]. Therefore, our results generalize
the results in [15].

2 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. For this goal, we first establish a
necessary lemma which plays a key role in the proof of Theorem 1.1.

Lemma 2.1 Let u; be the orthonormal eigenfunction corresponding to the i-th eigen-
value \; of problem (1.3). Then, for any function h € C*(M) N C3(OM) and any positive

integer k, we have
k
SO = A [ vk
p Q

S(S (/\k+1 — )\1)2 / [(UlLd,h + 2<Vh, Vul>)2 — 2u1L¢ul|Vh|2 + CLUZQ|Vh|2] du (21)
Q

\'M»l

i=1

_|_

2¢ )2duﬂ

Sl

p

RETNERY / L (oh, v +

where 0 is any positive constant.
Proof Set ¢; = hu; — Zle ijuy, where ag; = ) phu;ujdp. Then we have

/ ppiuidp =0, Vi,j=1,2,--- k. (2.2)
Q
Using the Rayleigh-Ritz inequality, we get

Akt / peidp < / @i(Ly — aLy + b)pidp. (2.3)
Q Q
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According to the definition of ¢;, we have
Ly(hu;) = hLgu; + u;Lyh + 2(Vh, Vu;) (2.4)
and
Li(hui) = hLiui +2(Vh,VLyu;)) + LyhLyu; + 2Ly (Vh, Vu;) + Ly(u;Lyh). (2.5)
Therefore, using (2.4) and (2.5), we get

(Li —aLy +b)(hu;) :h(Liui — aLgyu; + bu;) + ¥,

(2.6)
where
—au;Lyh — 2a(Vh,Vu;).
Then it follows from (2.6) that
[ ottt —aLo + Dpdu= [ (L3~ oL+ b)(buddn
Q M
=\ / wiphu;dp + / 0iWidp
0 0 (2.7)
k
=Ai / pidp+ / hiidp = 3 iy i,
Q Q o
where 3;; = [, ¥;u;. Hence, substituting (2.6) into (2.3), we derive
k
(Ak+1 — Ni) / ppidp < / hWudp — Zaijﬁij- (2.8)
Q Q j=1
Using the divergence theorem, we deduce
/ u;j(Vh,V(Lyu;))dp = —/ Lyu;divy(u;Vh)dp
Q Q (2.9)
Q Q
and
/ (2u;(Vh, Vu;) +uju;Lyh) dp
Q
“ (2.10)

=— / [2h(u; Lyu; + (Vuj, Vu;)) + h(u;Lyu; + u;Low; + 2(Vu;, Vu;))] du
Q

:/ (hu; Lyu; — hujLyu;) dp.
Q
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Moreover, since

/L¢u] (Vh,Vu;)dp = hdiv,(Lgu; Vug)dpu
Q

\;o\

(2.11)
h (Lgu;Loui + (V(Lgu;), Vui)) dp,
we have
/ (L¢uj<Vh, VU,Z> — L¢ui<Vh, VUJ>) d,u
Q
— [ (W (Lo T5) = WP (L), V)
Q
=— / u;divg (hV (Lyu;))dp —I—/ w;divy (hV (Lyu,))dp
@ @ (2.12)
= / [hu; Lo uj — hujLy*u; + ui(Vh, V(Louy)) — uj(Vh, V(Lyu;))] dp
Q
— / (hu;Ly*uj — hu;Ly*u; + u;Lyu; Lyh — w;LyujLyh) dp
Q
- / (Lyuj(Vh,Vu;) — Lyu;(Vh,Vu;))dp.
Q
It implies
@ (2.13)
Q
Moreover, we have
/ 2u;Ly(Vh, Vu;)dp = / 2L4u;(Vh, Vu;)dpu. (2.14)
Q Q
Thus, using (2.13) and (2.14), we derive
Bi; :/ hu;(Lu; — aLgu; + buj)dp — / hu;(L3u; — aLgu; + bu;)dp
Q Q
:/ Ajphu;uidp — / Aiphu;ujdp (2.15)
Q Q
:()\J — )\i)Oéij.
Therefore, we obtain
k
Oues =) [ petdn < [ Wi = 350 = Mad, (2.16)
Q Q ey

Set &; = [, uj((Vh, Vu;) + u;Lyh)dp. Then it holds &; = &;;. Moreover, since

/ hu;(Vh, Vu;)dp = — / (u?|Vh|* — hu?Lyh — hu;(Vu;, VR))dpu, (2.17)
Q

Q
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we obtain

2/ hu;(Vh, Vu;)dp = /(uf|Vh|2 — hu?Lyh)dp. (2.18)
Q Q
Hence we derive
k
1 2 2
=2 | @i((Vh, Vui) + guiLoh)dp = | uf|Vh|*dp+2 > aiki;. (2.19)
Q Q j=1

Multiplying both sides of (2.17) by (Axs+1 — A;)?, and using the Schwarz inequality, we get

k
(A1 — /\i)z(/ u[VhPdp+2) " aiés)
Q

j=1
1 u; L h
e =) [ —2Bos | (T V) + B Z VPG | du
VP
k
Apa1 — A 1 u; L h
<B0wir =3 [ petdn+ 22 [ AT + 252 = 3 e
(2.20)
where ¢ is any positive constant. Summing over ¢ from 1 to k, we have
k k
Z Ak — / u?|Vh[?dp + 2 Z (Aos1 — X))
i=1 Q ij*l
k
Z Nii1 — /h\IJ widp — 6 Z Aot = A2 (N — \i)a, (2.21)
i=1 i,j=1
1 - 1 wilohys, 1 -
5 g Akt — /Qp((Vh,Vuﬁ ¢ T z:: A4l —
Since a;; is symmetric and &;; is anti-symmetric, we deduce
k k
Z (Aks1 — M) ;& = — Z (Mer1 — X)) (N = Aj) iz (2.22)
ij=1 ij=1
and
k k
D = A2 = A)ad = = ) st — M) (i — Ay)%el;. (2.23)
i,j=1 1,5=1
Therefore, combining (2.23) and (2.23) with (2.21), we obtain
k
> k- Ai)2/ u?|Vh[*dp
— Q
=t (2.24)

K k
1 u; Lyh
S5E (Akt1 _/\i)z/ hWiuidp + < g (A1 — /p(<Vh Vu,) + T¢)2dﬂ'
i=1 Q i=1 Q
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Using the divergence theorem, we deduce

Q Q

/huz Vui, V(Lyh))dp = /(—huiL¢hL¢ui —u;Lgh(Vh,Vu;) — hLyh|Vu|*)dp, (2.26)
Q

2/ hu;(Vh, Vu;)dp = —/ hu?Lyh — uf|Vh|*du (2.27)
Q Q
and
/ hu;Ls(Vh,Vu;)dp = /(hL(z)uZ-(Vh, Vi) + u; Lyh(Vh, V) + 2(Vh, Vu;)?)du. (2.28)
Q )

Using (2.25-2.28), we have

/ hVu;dp = / [(2(Vh, Vu;) +u;Lgh)? — 2u;Lyus|Vh|?] dp + a/ ui|VhPdp.  (2.29)
Q ) Q

Substituting (2.29) into (2.24), we obtain (2.1). This completes the proof of Lemma 2.1.
Now we give the proof of Theorem 1.1 by using Lemma 1.1.
Proof of Theorem 1.1 Suppose that x” is the p-th local coordinate of zy € Q C R2,
where p = 1,2. Taking h = 2P in Lemma 2.1, we have

k
2O - NP [ Vo
1 Q

x>

<6 (ks — A)? / [(w;iLyz® + 2(VaP, Vu;))? — 2u; Lyu;| VaP|* + au?|Va?|?] du (2.30)
Q

=1

04\»—!

k

1 (Loa?
2> e — )\i)/ Z((VaP, Vi) + =22 )2y,
i—1 QP 2

It is not difficult to obtain

V2?2 =1+ |z, Vp=1,2, (2.31)
(Va',Vz?) =0 (2.32)

and
Azt = Ax® =0. (2.33)

Using (2.31) and (2.32), we get
(Vo,VaP) = —(V(=log(1 + |z|*)), VaF) = 227 (2.34)

and
2

D (Va?, Vu)? = (1 + [2?)| Vi, (2.35)

p=1
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Taking the sum over p from 1 to 2 on (2.30), and using (2.31), (2.34) and (2.35), we have

k

2
Z()\k+1 - Az‘)g/ ZuﬂVmp\zdu
i=1 Q=1

k
S}ZéQﬂl—MF/nPﬁu?—4wLwM1+wF%+Ml+thVmF

i=1 Q

, (2.36)

+ Z 8u;z? (VaP, V) + 2aui(1 + |x2)] du

p=1

1< 1
z Airt — s Z
+6;(H1 JLp

2
(1+ |z*)| V> + Z2uixp<pr,Vui> +ul|z|*| du.

p=1

Since

2 2
Z/uia:p<pr,Vui>du_—Z/uidiv¢(uixppr)d,u
p=1 Q p=1 @

2
=— Z/ u; (u;x? Lya® + w;|VaP | + o (Vu;, VaP)) dp
p=1"9

2
= —4/uf|x2d,u—2/u?du—Z/uw”(VUi,Vﬂ’)du,
Q Q i)
we obtain

2
Z/ui$p<pr,Vui>du: —2/u?|x|2d,u—/ufdu. (2.37)
= Ja Q Q

Moreover, using
A = /(L(z,ul-)zd,u—a/ uiL¢uidu+b/u?du (2.38)
Q Q Q

and

/ |V Pdp = —/ w; Lyu;dp < (/ u?d,u)%(/ (L¢ui)2du)%. (2.39)
Q Q Q Q
It yields

plpg(/ |Vui|2)2du + apz/ |VU1|2d,u + b— )\ipg S 0. (240)
Q Q

This is a quadratic inequality of [, |[Vu,|*du. Hence we get

/ |Vu;Pdp < w;. (2.41)
Q
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Substituting (2.37) and (2.41) into (3.25), we infer

k k
2 14+ Cy 4 12 2a1+ Cy
ZN N = AP <6 Y (A Aﬁ[g ot — 3 = ]
pn 2N =MD et A e e T TG,
k
1 14+ Cy 1 3]
> e — A @+ ~2.
5 2O e+ e -
(2.42)
Taking

[N

k ) [ 1+Co 1 3
Zi:l()\k‘f’l )\1) [1+Cl Wi + p2(1+C1) pz]

k 22 |Q14+Co 4 12 | 2a14Cy

P1 21:1()‘k+1 /\Z> [81+C1 w; + p2(1+C1)  p2 + p1 14+Cy

in (2.42), we obtain (1.13). The proof of Theorem 1.1 is finished.

6:

3 Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2. For this goal, we first prove the
following lemma.
Lemma 3.1 Under the same assumptions as Lemma 2.1, for any function ¢? € C*(M)N

C3(OM) (p = 1,2) and any positive integer k, we have
Ous =M [ BI9C P
Q
J
§5 <||u1L¢Cp +2(V¢P, Vuy)||? — 2/ |V ¢ Puy Lyurdp + a/ u?VCPqu) (3.1)
Q Q

1 1
+ — [ = (uLyC? + 2(Vuy, VCP)) dp,
20 Jo p

where 0 is any positive constant.
Proof Set y? = (¢P — P)uy, where 17 = fQ pCPuidp. Tt implies fQ pYPurdy = 0.
Noticing that fQ pCPurugdp = 0, for 1 < g < p, we have
/ PP ugpdp =0, 0<q<p. (3.2)
Q

From the Rayleigh-Ritz inequality, we have

oot [ PP < [ 02 = aLo+ D0 (3.3)
Q Q
According to the definition of ¥?, we have
Lyp? =uy LyCP 4+ 2(V (P, Vuy) + (PLyuy — P Lyuy (3.4)

and
LIYP =ui L3CP + 2(Vuy, V(LgCP)) 4 2Ls(VCP, Vur) + 2L4CP Lyuy

+ C”Liul + 2<VC”, V(L¢U1)> - ’priul.
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It follows from (3.4) and (3.5) that

(Li — aL¢, + b)?/)p :UlLiCP + 2<V’LL1, V(L¢Cp>> + 2L¢CPL¢U1 + 2L¢<V<p, VU1>
+ CpLiul +2(V(P, V(Lyuq)) — vpLiul — auq LyCP

(3.6)

—2a(V(P, Vuy) — aCPLyuy + ayPLyuy

:Alplsz + ®p7
where
(SLd :ulLiCP -+ 2<VU,1, V(L¢Cp)> + 2L¢CPL¢U1 + 2L¢(VC”, VU1>
+ 2<VC‘D, V(L¢U1> — CLU1L¢CP — 2a<VCp, VU1>
Using the divergence theorem, we deduce

/ w1 (Vuy, V(LeCP))dp = — / w1 LyCP Lyuydp — / |Vuy |2 LyCPdp, (3.7)

Q Q Q

v v~ - |

U1L¢CPL¢U1du—/L¢u1(VU1,VC”>du (3.8)
Q Q

and
/urf)LiC”du = 2/(U1L¢U1L¢Cp + [V [P L¢P dp (3.9)
Q Q

Therefore, using (3.7-3.9), we have
/ OPuydy = / Uy <u1L§,¢p + 2(Vuy, V(LgCP)) + 2L 4¢P Lyuy + 2Ly (VCP, Vuy)
Q Q

+2(V(P, V(Lyur) — auy LyC? — 2a(V (P, Vul))d,u

(3.10)
= / (uf L5CP — 2|V [* L¢P — 2u1 LyCP Lyuy )dp
Q
=0.
Using (3.3), (3.6) and (3.10), we derive
Owir =) [ o072 < [ O (3.11)
Furthermore, using the similiar computation, we have
2 [ (Ve Tur)du = - / V(L¢P + VP ), (3.12)
Q

2 / CPuy (Vuy, V(LgCP))dp = / [2u1LyCP(Vu1, VCP) + ui (LgCP)? — CPuiLiC?] dp, (3.13)
Q Q

/Cpu1L¢(V(p,Vu1>du —/ (u1L¢CP<VCP,VU1> + 2(V (P, V)2
Q

° (3.14)

+ CpL¢U1<VCp, VU1>> d/l;
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and

2/ CPur(V(CP, V(Lyuy))dp = —/ <2|V§p|2u1L¢u1 — 2¢PLyuy (VCP, Vuy) — 2Cpu1L¢CpL¢u1> du.
Q Q

(3.15)
Therefore, it follows from (3.11-3.15) that

Ot =20 [ oo < s (L) + 20967, Fun)|P =2 [ (96" PurLyudi+ a | Ve
Q Q Q
(3.16)

Since / CPuiLyCPdp = / u?|VCPPdu — 2/ CPur{Vuy, VCP)du, we have
Q Q Q
[t +2(Tu, 96
Q
— (@ + 200 (Tu, T~ 77 [ (L + 20T, TN (317
Q Q
—— [ averpdg
Q
Multiplying both sides of (3.17) by (11 — A1)2, and using (3.16), we derive
(s =2t [ Ve
Q
1 , ,
== Opea =) [ VB (Lo + 2T, V)
VT
) 1 1
<SOpri =N | p(WP)du+ o< | (w1 LeCP 4 2(Vuy, VCP))2dp (3.18)
2 Q 20 Jo p
1)
<5 <||u1L¢§p + 2(V¢P, Vuy)||* — 2/9 |V¢P|uy Lyuydp + a/QuﬂVCdep)
1

1
+ — [ = (w1 LgC? + 2(Vuy, V) dp.
20 Jo p

The proof of Lemma 3.1 is ended.

Now we give the proof of Theorem 1.2 by using Lemma 3.1.

Proof of Theorem 1.2 Define a (2x2)-matrix B = (€,;)2x2, where €, = fQ prPuug 1 du.
Using the orthogonalization of Gram-Schmidt, we know that there exists an upper triangle
matrix U = (Jpi)2x2 and an orthogonal matrix P = (¢ )2x2 such that U = PB. That is to
say, for 1 <t < p < 2, we have

2 2
Upr = ) Gpabat = /sz Sps Ut Updpt = 0. (3.19)
s=1 s=1

Setting y? = Z§:1 Sps®, We obtain

/ pYpuitprdp =0, 1<t <p<2. (3.20)
Q
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Taking (P = y? in (3.1), and taking sum on p from 1 to 2, we get

2

Cois = A3 / LIV Pdu
Q

p=1
é P P 2 D2 2 P2 (321)
§2 lurLgy® 4+ 2(Vy?, Vuy)|| 2 | |VyPlPuiLyurdp+a | wi|VyP|*dp
Q Q
1 (1 ,
+ — | —(wiLyy? +2(VyP, Vuy))“dpu.
20 Jo p

Since y? = 2321 ¢psz® and P is an orthogonal matrix, we know that y' and y? are the

standard coordinate functions of R?. It is not difficult to check that

lyl* = ||, (3.22)
VYR =1+ Jaf? (3.23)

and
Lyy? = 2yP. (3.24)

Substituting it into (3.21), we have

2

SO = A [ b0+ JaP)in

p=1 @

2
§25/ [u§|x|2 + (14 [2P) [V + 4> wa”(Va?, Vuy) — (14 |2[*)ur Low
Q

p=1

2
2 1
+ %(1 + ya:|2)u§] dp + 5/ p [uﬂx? + (1 2PV +4)  wa”(Va?, Vuy) | dp.
Q =1
(3.25)
Similar to the computation as (2.42), we obtain
2
1 i 14+ Cy 1 3 a 1+ CO}
SN T (g — A\)E <26 |2 o ——— = —
p2 ;( prt = AR S [ 1+C ' p(14Ch)  p2 2014 Cy (3.26)
21 [1 +Co n 1 3 ]
- w - —.
Spi [1+C1 ' pp(1+Ch) po

Nl=

1 [1+Ce 1 _ 3

Taking § = {[2ii§‘l’ 7[;;01 (:;C”"')“Jfl);?]igo}} in (3.26), we obtain (1.14). The proof of
1 ) 1) p2 ! 201 1

Theorem 1.2 is completed.
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