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Abstract: In this paper, we study Liouville theorem for the 3D stationary @Q-tensor system of
liquid crystal in Lorentz and Morrey spaces. Under some additional hypotheses, stated in terms of
Lorentz and Morrey spaces, using energy estimation, we obtain that the trivial solution u = Q =0
is the unique solution. Our theorems correspond to improvements of some recent results and contain
some known results as particular cases.
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1 Introduction

In this paper, we study the following 3D stationary @-tensor system of liquid crystal:

—pAu+ (u-Vu+ VP =-V-(VQOVQ) - AV - (|Q|H) + V- (QAQ — AQQ),
(u-V)Q+QQL—-QQ - \Q|D=TH,

V-u=0,
(1.1)
with
2 tr(Q?)
3

H:AQ*GQ‘F[) (Q IB><3> chtr(QQ).

Here u € R?, P € R and
Q € Sy = {A = (aij)sxslai; = ajq, tr(A) =0}

stand for the flow velocity, the scalar pressure and the nematic tensor order parameter,
respectively. The parameters > 0, '™t > 0 and )\ € R represent the viscosity coefficient,
the rotational viscosity and the nematic alignment, respectively. The coefficients a,b,c € R
with ¢ > 0 are constants. (VQ ® VQ);; = 0,,Q : 0,,Q is the symmetric additional stress
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tensor. D £ 1(Vu+ VuT) and Q £ (Vu — Vu") are the symmetric and skew symmetric,
respectively, where the notation T represents the transposition of a matrix.
When @ = 0, system (1.1) reduces to the 3D stationary Navier-Stokes system:

—Au+ (u-V)u+ VP =0,

V-u=0. (1.2)

In the past decades, there have been many results in the study of Liouville theorem for
system (1.2). Specifically, Galdi [1] proved that when u € L2 (R3), then u = 0. Chae-Wolf

[2] gave a logarithmic improvement, namely when the solution u satisfies

-1
9 1
/ |u|2{log <2+ ) } dx < 00,
R3 |ul

then u = 0. Kozono-Terasawa-Wakasugi [3] investigated Liouville theorem in Lorentz spaces
L2°°(R?). Li-Niu [4] further obtained sufficient conditions in Lorentz spaces, that is, u €
LP4(R3) for 3 < p < g, 3 <qg<ooorp=q=3.Jarrin [5] proved in Morrey spaces that
when u € L? (R*) N MP"(R®) with 3 < p < r < 2, then u = 0. Later, Chamorro-Jarrin-
Lemari-Ricusset [6] extended the result in [5] to u € M?3(R?) N M>P(R?) with 3 < p < co.
For more works on Liouville theorem for the 3D stationary Navier-Stokes system, one could
refer to [7-12] and references therein.

In recent years, the @-tensor system of liquid crystal (1.1) has been received much
attention, however there are few results on its Liouville theorem (see [13, 14]). Gong-Liu-

Zhang [13] proved that when
we L3(R*) N Hy (R, Q € H(R?) and b* — 24ac < 0, (1.3)
then u = @ = 0. Later, Lai and Wu [14] generalized the condition (1.3) to
ue LP®(R?) N Hy(R?), Q € H*(R®) and b* — 24ac < 0. (1.4)

Concerning Liouville theorem for other systems, one can refer to [15-21] etc.

Motivated by the works [4-6], in this paper we will consider Liouville theorem for
system (1.1) in Morrey and Lorentz spaces, respectively. First of all, we recall the definition
of Lorentz spaces.

Let f:R® — R be a measurable function. The distribution function d;(«) is defined as

dy(e) = dz({z € R* : |f(2)] > a}),

where dx denotes the Lebesgue measure. For 1 < p < +ooand 1 < g < +o0, the Lortenz

spaces LP4(R?) are the spaces of measurable function f : R® — R such that
1fl|zr.amay < +o00,

where

1

r <f0+°° (ad%(a))q%‘) ’, if ¢ < +o0,

[fll oo rey = 1 _
sup {ad}' (a)} , if ¢ = 4o0.
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This space is a homogeneous space of degree f% and we have the following continuous
embedding LP(R3) = LPP(R3) C LP4(R3) for 1 < p < q < +00.

In the framework of Lorentz spaces, our result is stated as follows.

Theorem 1.1  Let (u,Q) € L}, _(R?) be a smooth solution to system (1.1). If one of
the following holds,
(1) u e LPY(R3), Q € H*(R?), b*> — 24ac <0, with3 <p < 2, 3 < g < oo,orp=gq=3,
(2) u € LP9(R?) N H,(R?), Q € H*(R?), b* — 24ac < 0, with3 <p < 3, 3<g<oo,orp=
qg=3,then u=Q =0.

Remark 1  The difference between (1) and (2) in Theorem 1.1 is that when ¢ = oo,
the conditions for the velocity field need u € Hy(R3).

Remark 2 When (p,q) = (2,2), we get the condition (1.3) in [13]; while (p,q) =

212
(2,00), that is the condition (1.4) in [13]. Therefore, Theorem 1.1 improves the results in
[13] and [14].
We also establish the results in the framework of Morrey spaces. To this end, we first
recall the definition of the homogeneous Morrey spaces M?4(R?).
For 1 < p < ¢ < 400, the homogeneous Morrey spaces Mp’q(R?’) are the set of all

f € Lt (R?) such that

1
3 _ P
[flyimogy = sup R} (R3 / f(m)|pdx> < too,
B(R(z0))

R>0,20€R3

where B(R(z)) is a ball of radius R centered at xo. This space satisfies the following em-
bedding relation

LIR%) c LT (R?) € L¥*(R3) ¢ MPI(R?), 1 <p < q<r<oo.

In the framework of Morrey spaces, our two results are stated as follows.

Theorem 1.2 Let (u,Q) € L} _(R®) be a smooth solution to system (1.1). Assume
u € M?3(R3) N M>4(R3), Q € H*(R?), b — 24ac < 0, with 3 < ¢ < oo, then u = Q = 0.
Theorem 1.3 Let (u,Q) € L? _(R?) be a smooth solution to system (1.1). Suppose
ue MPIR3), Q € H2(R?), b? — 24ac < 0, with3 < p < ¢ < 5, then u = Q = 0.
Remark 3 When ¢ = §, compared to the conditions (1.3) and (1.4), due to the em-
bedding relationship L2 (R?) ¢ L%°(R3) C M3 (R?), we know that Theorem 1.3 extends

the results in [13, 14].

The rest of this paper is organized as follows. In Section 2 we will prove Theorem 1.1
in the Lorentz spaces, while Section 3 is devoted to the proofs of Theorem 1.2 and Theorem

1.3 in the Morrey spaces.

2 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. Firstly, we provide two known results as

follows.
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Lemma 2.1 (see [22]) Let 8(Q) =1 — 62 Assume Q € S5, then 0 < ﬂ(Q)

1Q[°
Lemma 2.2 (see [6]) Let U € L (R3)NM?23(R3). Then ||U|| < C||U||LM(R3)||U||

We consider a smooth function ¢ € C°(R?) as

1, if o <1
-

0, if |z >2

3 (R3) M2:3(R3)"

and define ¢r(z) = ¢(%), © € R?, so we have supp (Vo) C {r € R* R < |z| < 2R} =
B(2R/R).
Proof Multiplying the first equation and the second equation in (1.1) by u¢r and

—H g, respectively, integrating them over R?, and integration by parts, we have
,u/ |Vul2¢r(z)ds + I‘/ |H|*¢r(z)dx
R3 R3
= (/ (u-VQ): AQor(x)dx — / (QQ —QQ) : AQ¢R(m)dx)
R3 R3

- [wv@:aa+o (@~ M)+ cior| sntoris
@

+/RS (QQ — Q) : [aQ+b<Q2 = Im) +cQ|Q|2} or(z)dz
( / |Q|D : Hpr(x d:c+/ V- (VQoVQ) - ugbR(:U)d:L‘)
[ 1@i: Vuon)is ~ [ (@aQ - 2QQ): V(ubr(o)d )

(0
/R ~|ulPu - Vop(z)ds + </R3 Pu-Vor(z)+ 2|u|2AgbR(x)dx>
éi (2.1)

Firstly, we deduce that I, = 0 due to @) is symmetric and 2 is skew symmetric. In what
follows, we estimate the remaining terms on the right-hand side of (2.1) one by one.

For I, applying Holder inequality in Lorentz spaces, we see that
I = /Rs(“ VQ): AQpnds - /R V- (VQ©VQ) ubpds
- /ngvm  AQépd — /ngvm : AQ¢Rdx—;ASu~V|VQ\2¢Rdx
= ;/W u|VQ|*Vérdr

HIVQI lz2semmylluleomermyl ) e 2 pon o

< CR*3||IVQP |2 sermy ullrasempy — 0 (as R — oo). (2.2)
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By Sobolev imbedding theorem, we have

tr(Q%)
3

I, = — /]R;S(u -VQ) : [aQ -b (Q2 - fos) + CQ|Q|2)} ¢rdz

b
-/, (%\QF - 5tr(Q%) + §|Q|“) u- Vnda

2 2
< = (14 1@l L~ Ber\RY) + QN (B2R\R)) Q) ||L2<B(QR\R))IIUHLM<B(2R\R>>HllleLp 2

~2'3-2 (B(2R\R))

= Q

1 3
< CR®* %

Q

|||Q|2||L2(B(2R\R))Hu||LP=‘1(B<2R\R)) —0 (as R— o0). (2.3)

For I3, we obtain

3

Iy = — /RS(QQ —Q0) : AQpr — /]R (RAQ — AQQ) : V(ugr)dz

_/ (QAQ — AQQ) : u® Vordx
R3

A

C o2

% oo , 1
< R” QllL2(ser\r) 1Rl Loc (Br\R) U]l Lr 2 (BE2R\RY) HL%,%(B@R\R))
1

1_3
S CR2 7 ||v2Q||L2(B(2R\R))||UHLP,(I(B(2R\R)) — 0 (as R — OO) (24)

With regard to I5, we observe

Is = fA/ |Q|D : Hpr(z)dx + /\/ |Q|H : V(u¢pr(z))dz
R3 R3

= )\/RS |Q|H : (u® Vor(z))dr

C
< —=||H oo . 1
< plHllzsenm Q= @emallullirsernmltl 2, 20

1_3
SCRz p||HHL2(B(2R\R))HU‘HLP"Z(B(?R\R))*)O (CLS RHOO) (25)

By Holder inequality in Lorentz spaces, we see

1
Is = 7/ lul*u - Vordz
2 Jps

C
< E”uHin‘?(B@R\R))”lH

_p_ _aq_
LpP—3"a=3 (B(2R\R))

< OR*7 7 ullirasermy — 0 (as R— o). (26)
To deal with I7, we first need to estimate the pressure. For that, taking the divergence to
the first equation of (1.1) yields
AP = —divdiv (u® u + VQ © VQ + NQ|H + QAQ — AQQ). (2.7)
Let P = P, + P, such that AP, = —divdiv(f;) and AP, = —divdiv(fy), where
A=u®u, f2 = VQ®VQ + AQIH + QAQ — AQQ. (2.8)
In view of the conditions u € LP4(R?) and Q € H?(R?), it is not difficult to obtain that

fre LE4(R%), f, € L*(R®).
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By Calderén-Zygmund theorem, we have P, € L%°3(R?), P, € L?>(R?), and then

L
I = / (Pu Vor + g|u\2A¢R) dz
R3

:/ P1u~V(dea:+/ P2u~V¢Rdx+u/ |u|* Aprda
R3 R3 2 R3

< EHPlHL%,%(B(QR\R))||u||Lp'q(B(2R\R))||1||Lp%3,q%3(3(2R\R))

C
+ g2l emmylullermemm U e o oy p o

+ EHUH%p,q(B(zR\R))||1\|Lﬁ~r32(3(2R\R))
< OR Pl 5.3 s oy 10l 7 acB2m\ )
+ OR*™7 | Py 2 mam myllull oo miem )
+ CRl_%HUHiM(B@R\R)) —0 (as R—co). =

Based on the above estimates I; — Ir, returning to (2.1), we find that

lim (u/ |Vu2d1:+F/ |H|2dm) =0. (2.10)
R—+oc0 B(R) B(R)

Thanks to the Sobolev embedding, we have
[ullzs ey < ClIVullL2ms), (2.11)
which implies u = H = 0.
In what follows, we give the estimate about |[VQ|. By the definition of H, we have

2
CAQ——aQ+b (@2 - e >1m> — Qu(Q?). 2.12)

Multiplying (2.12) by Qér and integrating over R3, one has from Lemma 2.1 that

[ IV@Ponds = [ jQPacne— [ (@) = br(@) + cler(@)F on)ds

C b? — 24ac
<= Q2d$+/ <> Q*dx
R? B(2R\R) @l R3 24c @l
C
< = |QI*dz — 0 (as R — o0). (2.13)

T R Jpern

In view of Q € H?(R3), we obtain Q = 0. The proof of Theorem 1.1 is finished.

3 Proofs of Theorem 1.2 and Theorem 1.3

In this section, we are going to prove Theorem 1.2 and Theorem 1.3. Theorem 1.2 is
demonstrated through the essential application of Lemma 2.2. To this end, we first claim
that u € L*(R3). In fact, according to the conditions of Theorem 1.2, we know that
u e M>1(R?), Q € H*(R?), with 3 < ¢ < co. By [23], and using the same method as in [6],
we could obtain u € L>(R?).



No. 4 Liouville theorem for 3D stationary Q-tensor system of liquid crystal 289

Proof of Theorem 1.2  We reestimate the terms I; — I7 on the right-hand side of
(2.1) in the framework of the Morrey spaces. For I;, making use of (2.2), and the Holder

inequality, we observe

1
I, = / u|VQ]*Vprdx
2 Jps

<G b)) ([ o)
R B(2R\R) B(2R\R)

_1
<CR: HUHsz?'(B(QR\R))|||VQ|2||L2(B(2R\R)) —0 (as R— o0). (3.1)

With respect to I, it follows from (2.3) and the Sobolev imbedding that

n= [ (508 - §u@)+ §Ql") u- Vonas

C
< R (1 + ||Q||L°°(B(2R\R)) + HQHZLOO(B@R\R))) ||Q||2L4(B(QR\R))HUHL2(B(2R\R))

<CR™> HuHM?ﬁ(B(QR\R))HQH%“(B@R\R)) —0 (as R— 00). (3.2)
One deduces from (2.4) and Lemma 2.2 that

L= — / (QAQ — AQQ) : u® Vépda
RS

C
< EHVQQHL’-’(B@R\R))|IU||L3<B<2R\R>)HQHLG(B(zR\R»

_2
<CR 3||U||Ms,%(B@R\R))||V2Q||L2(B(2R\R))||Q||L6(B(2B\R)) —0 (as R— o). (3.3)

We get from (2.5) that when R — oo,

L=\ / QUH : (u® Vonr(x))da
R3

C
< EIIHIILZ'(B@R\R))||UI|L3<B<2R\R>>HQIIL6<B(2R\R))

_2
< OR™ 3 ull 5.3 pam pyy 1 H 22 Bemr) Qe (@R R) — 0- (3.4)

For I, similar to I;, we see by (2.6) that

1
Is = / lu?u - Voprdr
2 Jos

C C 1 2
<< uPde < = (Rl )
R Jp@er\g) R M* 3 (B(2R\R))
< Cllul? —0 (as R — o0). (3.5)

%3 (B(2R\R))
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In view of (2.7)-(2.9), we can get
I; = / (Pu -Vor+ H|u|2Aq§R> dz
R3

/ Pu- V¢Rdm+/ Pyu - Vogdr + = / |u|* Aprdx
R3 ]R

C
<= lu*dz + *||UHL2 Berr) [Pl Berr) + 55 |ul*da
R Jper\r) R? Jpar\R)
< Cllull® o + CR_EHUHsz?’(B(QR\R))||P2||L2(B(QR\R))
M1*3 (B(2R\R))
+ CR™5jul? —0 (as R— o0). (3.6)

N> 3 (B(2R\R))
Setting R — 400, by (2.10) and (2.11), yields w = H = 0. Similarly, from (2.12) and (2.13),
we also obtain @Q = 0. Therefore, we have completed the proof of Theorem 1.2.

Proof of Theorem 1.3 To prove Theorem 1.3, we use different Holder indicators
to reestimate the terms I; — I7 in (2.1). For Iy, by Hoélder inequality and the definition of
Morrey spaces, we deduce from (3.1) that

1

I, = / u|VQI*Vprda
2 R3

< ¢ (/ |u|pdx> ' </ |VQ|4dx> </ 1 dx)
R \Jper\r) B(2R\R) B(2R\R)

<CR~ 1R(7_7>R3(7_7)H”||MP‘1 (B(2R\R)) |HVQ| L2(BR\R))

ol
Nl
=

<CR>: [l ypo.a(mommy I VRl L2 (B2R\ R)-

Similarly, we could obtain the following new estimations of (3.2)-(3.6) as

I < OR* ™ ull ypr.a(sam m 1QU 2 52m y)»
I < CR%_%||u||Mpyq(B(2R\R))||V2QHL2(B(2R\R))’
I; < OR* ™ ull ypr.ags o 1H |12 (B2 ),
Is < CR*7 *Jlull3y. .9(B(2R\R))’
Ir < OB ullyro.agsam | Pill i 5.8 (sm iy

+ CR> ™ [l sam oy 1Pl 2 sm R) + OB [l 50m )

Collecting all the above estimations implies

,u/ |Vu|2qzﬁR(:L‘)dx+F/ |H|*¢r(z)dx

<CR*|ullypo.o iy I VO 2 @mmy) + CR 4 [ull oo (pam oy | QT (52 )
+ CR2 ™4 ull o (s am iy I V2@l 28 m R)) + CR2 ™ [ull g0 (52 ) 1 H |2 B2\ )
+ CR HUHMP '4(B(2R\R)) T CR2_%H“HM”~4(B(2R\R) 1Pall M5 % (B(2R\R))
+CR HUHMM(B@R\R)) 1Pl 2(B2r\R)) + CR'™% ||U||Mp \a(B(2R\R))" (3.7)
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By the condition 3 < p < ¢ < %, we have

<0,2-

| W
| ©

N | —

Thus, returning to (3.7), we get

lim <,u/ |Vu2dx+F/ |H|2dx> =0.
R—+o00 B(R) B(R)

By virtue of the Sobolev embedding || rsms) < C||Vu| r2(rs), we have u = H = 0. And
using the same method dealing with (2.12) and (2.13) one concludes @ = 0, which ends the
proof of Theorem 1.3.
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