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E: TG VRS 1 SO S SR BT & 1Te e Zlm. B RIS A
HEIE 5T BA R R T @ fREFIGAIRIESCYE, I HAE Hilbert 2 [M4EHCH 2 I @ fREFFE 1 £
SN IR G BB, BT ERAS 2 TR 1 SO RS B IR B i AN R T e R T
MNTHES 7 X4 R SCAHEAN R SCWIE S PRYE Hilbert 23 [A] RARFERK 1 H05 0 6 & SR I Ak S £ 25 L.
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HFFE B 5T 0] OB 3 2 1919 4 F. Hausdorff 5 O. Toeplitz [ T/E (WL 3CHR
(1, 2]). #& H NXE Hilbert [0, B(H) N H La&fERLIERE T HEKES. XHMEER
A€ B(H), A FEUEEE N

W(A) = {(Az,z) :x € H, ||z|| = 1} .

Hausdorff-Toeplitz &2 (WICHR [1, 2]) & th, FFROBEEEZ — 4, thoh, B H oA
PR4E Hilbert 7% [E]INF, BRI HUE BSR4, FEFE R B (E I 0 2 a2 ol 4, (HO LLi 4R K
3%, Fln, # A MR, W W(A) Z2HEEM N, 1964 4F, P. R. Halmos $2H TH
T k- BUEBAE ARG EESIME. 4k <dimH B, FAREHERTF A H—-H
i) k- BUEIEE XN

k

Wi(A) = {; Z (Azg,z) cwy, -+ o, €H %*ﬁﬂﬁiﬁ@ﬁﬁﬁﬂ%} .

i—1
SCHR 3] RISHER n MYAERE A, Wi (A) B2 M. WA = (Ay,...,A,) € BH)™, HT4
A HIBRA BB EGE N

W(A) = {({(A1z,z),...,(Apz,2)) : © € H, ||z| = 1}.
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T S BUE IR F A B A BB I A B — e i, i, dn SR A RS IR
METH, B WA) =M, 3B A FEESR ST A PSRN (WS [4]).

W P(H) AH EFTEREARIES, P.(H) A H AR n 52 R LS,
Poo(H) N H EFTA RS RERIIAT TS TR &S, 2004 4, P. Semrl 75 3Lk [5]
HHE] T Pr(H) (8L Poo (H)) EARFEXGL IEAZPERUN H— B U R 1155, 2016
4E, G. P. Gehér Al P. Semrl 7£3C#k [6] Hik—BAEM T P, (H) b LRRFXG TEAE P 3 5
—AMEHETFEREHETIES. 2018 4, G. P. Gehér F1 P. Semrl 7 3CHR [7] HEH T Poo(H)
SRS © B R ®(P)=U*PU 8 ®(P)=U*(I - P)U, X U & H EMHEET
B IS MRS AR T AR (FELRR (2.1)), BRI B B I W — i R AR
WS, B, 78 P (H) Fl Poo(H) EARFFRSE XA BUE S WS & e e Zlm. —ANH
SRI IR o] Za i P, () o FE 4 455 06 B A BRI ) it 2

2025 4, XS B SCHEM R SCIHUER T Wk H M4EECA TR, I84 P(H) EIR4a4 sl ik
HHEB R B AN PR E R TES. BT, RSCEERE T P (H) FEERR
Xof B A 3 T S

2 [E4eF% 1 IR ETFXEKE BEEAYARE

W {e; i€ A} & H W—HARMEIERSIE, A € B(H). X Tr(A) = Y (Ae;,e;), K Tr(A)
1EN
NHET AR i PAQ ANH B P(H)NQH) LI, PvQ AN H B P(H)+Q(H)
IR, BT (P, Q) MIBEEEUE N

W(P,Q) ={((Pz,z), (Qz,z)): €M, |z =1}.

NTERATIES HH AR SO 3 B

I 2.1 W H NE Hilbert 0], Py(H) N H LA 1 HEMBENES, @ -
Pi(H) — Pi(H) E4ifk 1 S EX G BUESE, B W(D(P), (Q)) C W(P,Q) ME&
P,Q € Pi(H) oL, i dim(H) > 2 H & 234, BAGE—NMEREFERERT U, ff
2 ®(P) = U*PU WHMEE P € Py(H) WAL, % dim(H) = 2, A & NS, t, FE—
MNEHTHREE T U, @15 &(P) = U*PU SHER P € Py(H) BOL.

NIE A B B AR 4G AT B LA R G

5138 2.1 % H £ HE Hilbert 25[A], dimH > 2, P,Q € P(H), W LA N 458 mor:

(1) PAQ =0 HHA (1,1) ¢ W(P,Q);

(2) PvQ =1 3HN*(0,0) ¢ W(P,Q);

(3) PQ =0 X HN Y a+b<1, Y(a,b) € W(P,Q);

(4) P=Q “HMN M a=0b, V(a,b) € W(P,Q);
G)P+Q=14HMNMa+b=1, Y(a,b) € W(P,Q).

UERA: F AR A HE A B B B 1 1 5T R AT A5HE.

5138 2.2 W H NE Hilbert 2%[W H dim(H) = 2, Pi(H) N H EFTAER 1 M RH
E£45. B P,Q e Py(H) HTe(PQ)=t, vt elo,1], A

W(PQ) = {<x,y> (V- VIT=90-2) <y < (Vi + -0 -1)

2

,nggl}.



122 %

S
G

Vol. 46

RS

4
Dz{(x,y):(x/ﬂ—mygyg <\/£+ (1—t)(1—$)>2,0§a:§1}.

BN RBATER W (P,Q) =
Y Tr(PQ) =18, H P=Q. TREAIG

W(P,Q) ={(z,z): 0 <z <1}.

élTr(PQ)—OET HPQ=0 WANdmH)=2 HP,QecP(H), Fibh P+Q =1 T=&%
TAEEMW (z,y) e W(P,Q), BAiTH z+y=1. BT PQ =0, T4& (1,0),(0,1) € W(P,Q). H
W (P, Q) F™ ]

W(P,Q)={(z,y):x+y=1,0<2<1,0<y <1}
X Tr(PQ) =t € (0,1) i, tH Halmos XHFZEH (8] Al %1 P, Q W R Mk
P:<1 0>7 Q:( t \/t—t2>'
0 0 Vi —t2 1-—t

EX ep = (1,0)7, eq = (VEVI=D)T. TR P =ep@ep HQ = eq ®eq. WALERN
(z,y) € W(P,Q), fFERAL A (a1,a0) € H, 17

(D))

t Vi—t2 ay ai _ 2 — PRela s — la-|?
y:<<m - ><a2>,<a2>>_t|al + 2Vt — t?Re(aaz) + (1 — t)]as]”.

BN |as|? = 1 — |aq |2, LA
2
y < tla)® + 2Vt — 2 |ay| ag] + (1 — t) |as]” = (\f\a1| +V1 —t|a2|>

(\f|a1|+\ﬁ\/1—|a1 ) (Viz + /(1 —1t)(1 —2))?,

v2 tlanl = 2VF = B larllao] + (1= ) laof* = (Vilor| = VI= Tlaal )
(flmlﬁﬁ) (Viz — /(1= 1) (1 —2))*.

ik W(P,Q) C D.
WHEE 2 € [0,1], B¢ = (Vo,v1—2)T, BAITA

(PE,€) =z, (Q€,€) = (Viz + /(1 - 1)(1 - )%
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T (o, (Vi + /(L= 01— 2)7) € W(P,Q). By = (va, ~vVT=2)T, &A1

(Pn,n) ==z, (Qn,n) = Vtz — /(1 —t)(1 — x))>.

FR (a: \/ﬁ—«/(l—t T—a) )eWPQ) i W(P,Q) MMNIERT S D C W(P,Q). &4
LRk, W(P,Q) =

E OB 2.2 u& [9, Theorem 1.5] W[4, %0 < ¢ < L I, W(P,Q) # u(Hﬁ
1*“ﬁ) Al (1= */ﬁ 1Wﬁ) REE S, KT V2t El’ﬂ‘l‘ﬁlm, Hin R = y’ +
LoD g L o < 1, W(P,Q) R (X Wl‘m)ﬂl(l*m 1+¢T)jj
/%5 %Diﬂﬂﬁf—? V201 —t) MRS, LA TEAN ”1 yt) +(”y DY g %y = 1 W,

W(P.Q) U (3, 1) 7'jl'u VAT 1 I, SUARTTRN (o — 1)+ (y— 12 = 1.

3138 2.3 W H N XE Hilbert ”ﬂl‘ﬁﬂ P (H ) NH EFEKL FHEHRNES, ©

Pi(H) — Pi(H) MRS 1 B0 G BUE B, & P,Q € Pi(H), WELF 4518 1k

N

Y

FPAQ=0,M&(P)ANPQ)=0;

(1)

(2) & b

(3) PQ =0 H B ®(P)P(Q) = 0;

(4) W dim(H) = 2, B2 W(P(P),®(Q)) = W(P,Q).

WE (1) % PAQ =0, WIH T3 2.1 DL & RAFBE G BUEB AT &(P)AD(Q) =
0.

(2) &% P,Q € Py(H) HP#Q, kit PAQ = 0. H (1) %1 ®(P) A ®(Q) = 0, Mifi

O(P) # ®(Q), Fik & &5

(3) #F P,Q € Pi(H) H PQ = 0, M5 2.1 LAK & Fi 45 F5 52060 1Bk A B0 45k mT 0
o(P)2(Q) =0.

RZ, %4 e(P)(Q) =0 I, fAERLIHE 2 € &(Q)(H), 3 &(P)r =0 H &(Q)r = =,
T2 (0,1) € W(®(P),®(Q)). B & EAFHFER G EEIR T A (0,1) € W(P,Q), MIfifs
ERfMIEy € H, HfF Py=0 HQy=vy. T/ PQy=Py=0. Mifith Q € P.(H) %I
PQ =0.

(4) M5 2.2 501 Te(PQy) # Tr(PQ2) B, W(PL, Q1) 5 W(P, Qq) Z AIAN{FLE
BERAR B W((P), Q) C W(P,Q) itf, %4 Tr(PQ) = Tr(®(P)®(Q)), Mifi
W(e(P),2(Q)) = W(P,Q).

EIZ 2.1 BERR H5I3E 2.3 H01 @ REFXULIERZ M. Wk dim(H) > 2 H & &35, H
SCHR [6, Theorem 1.2] AN, fFE— MR R TEURP R T U, 13

®(P) = U*PU, VP € Pi(H).

WR dim(H) = 2, HE B 2.3 750 & LRFEFFE 1 0B BC& HUE 8. LHE 8 AE =
P.Q e P(H), BMITE
I[P — Q|| =sup{|[((P — Q)z,z)| : ||z]| = 1,z € H}
=sup{[(Pz,r) — (Qz,z)| : |z|| = 1,z € H} (2.1)
:Sup{|a - bl : (a7 b) € W(P7 Q)}7
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Firbh @ REERRERIS. H [6, Theorem 1.1] FIAI, fFE—NMEHE TEREHE T U, {15

&(P) = U*PU, VP € Py(H).
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MAPPINGS SHRINKING THE JOINT NUMERICAL RANGE OF
ANY PAIR OF RANK 1 PROJECTIONS

LI Yang, CHEN Shao-bo
(School of Mathematical Science, Chongqing Normal University, Chongqing 401331, C’hma)

Abstract: This paper characterizes the map ® which shrinks the joint numerical range of
any pair of rank 1 projections. By using the intrinsic properties of the joint numerical range of
pairs of projections, this paper demonstrates that ® preserves orthogonality in both directions and
® preserves the joint numerical range of any pair of rank 1 projections when the Hilbert space is
two-dimensional. It follows that a surjective mapping shrinking the joint numerical range of any
pair of rank 1 projections is induced by a unitary or anti-unitary operator, thereby generalizing
the results of Deng Nian, Qian Wenhua, and Wu Wenming on mappings that preserve the joint
numerical range of any pair of rank 1 projections on finite-dimensional Hilbert spaces.
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