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æ � ¬ µ Ñ ² : ç 2 è�é�ê�ë�ì � Ý�,�í�P ��� , ��� ��î7ïf� ; ç 3 è µ ����� SDEsÌ 2#ý�X!Z EM
·�.

; ç 4 è ¶�ð ü » ¼�½ { ; ç 5 è ^ ú $�ñ Á#ÿ O�ò�ó�¸�H ·�.©¹ $�ôõ ý ² 2!��� SDEs
Ì Ó#Ô Ù ; ç 6 è í &�O�ò `�� ý�� þ�ö oÓ÷�¸ ��I ¬ I .

2 ø¤ù:úüûüý
¹ æ �ºIàî / , þ � 5?ÿ�� ¹ , ³7´º� õ o ²!í��º�:� : � (Ω,F ,P)

â�� ���º{�	�
, ü�
7������
��7c�d Ì���� {Ft}t>0 ( ������������� F0 � Ä��àÓ P- ���� ).!

E
â�� &�� + P

Ì ý ½#"�$ O � .
¹ S ����Jàõ4� m � Ft-

g<Ï�� ���� 
B(t) =

(B1(t), B2(t), . . . , Bm(t))T . ü7/&% ¶ � Bi(t) (i = 1, . . . , m)
E�u�')( � ¾ �+* Ì $�� ���f� 

. , ���Y�� <Ì Ù�° ¾+- Bi(t) − Bi(s) .�/?o 0
â)0 � ¾ o t − s

â ·+1<Ì Ø32 ¶�� .� &�ë�ì � Ý)4 Ñ ² Ú õ#5
• 6���738#9 A

Ì&:); ! â
AT ;

• 2 x = (x1, . . . , xd)
T ∈ R

d
+ , (0,∞)d, ü=<3>+?�C�@ ý â ‖x‖;

• þ A A�B)8#9 ,
Ð

‖A‖ =
√

trace(AT A) A�B©ü+C�@ ý�D
• 6�� x

Ì&E+F+G ý ! â (x−1) 7 ( 1
x

)

, � (x−1
1 , . . . , x−1

d )T ;

• þ A A�B#$�ñ)8#9H7�6�� , I Ð Ai A�B A
Ì ç i

�
;

• 2+J � ø ý a, b,
õ��

a ∨ b = max(a, b), a ∧ b = min(a, b);

•  �­ G
Ì B�Ù�·|ý ! â IG, � IG(x) = 1

ã �)K ã x ∈ G, L)I IG(x) = 0;

• � õ��  ∅
Ì1²HM�N â

∞;

•
õ���[ Å#O 6nË R̄

d
+ , [0,∞)d.P)Q Ñ ² õ��´¹&û���6+� [0, T ]

J¿Ì
d � [ \ Ù ²|Ü�µ�¶ · ¸�5

dx(t) = f(x(t))dt + g(x(t))dB(t), (2.1)

ü?/SR�T�� x(0) = x0 ∈ R
d
+, T

â�kzõ Ø ý . <�=�Ç f : R
d → R

d
,)U+V Ç g : R

d → R
d×m0�â

Borel
¾ �!·|ý .

P�� � õ o ²HW ñ í�P ����c�d :

(A1) ����<�= Ý ý=�X�=YXZ Lipschitz:
i�¹¿ø ý K1 > 0, oS[ α > 0, β > 0 ±�C�2=J �

x, y ∈ R
d
+, Ó
‖f(x) − f(y)‖ 6 K1

(

1 + ‖x‖α + ‖y‖α + ‖x−1‖β + ‖y−1‖β
)

‖x − y‖.

(A2)
i©¹ Ø ø ý x∗ > 0, p > 1, q > 0 o\[ K2 > 0 ±�C�2+J � x ∈ R

d
+, Ó

xT f(x) +
p − 1

2
‖g(x)‖2 6 K2(1 + ‖x‖2),

¨ ��2 i = 1, . . . , d
Å J � xi ∈ (0, x∗), xj ∈ R+, ü7/ j 6= i, Ó

xifi(x) − q + 1

2
‖gi(x)‖2 > 0.
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(A3)
i©¹ $�2�Ø ø ý r∗ > 2

Å
H > 0 ±�C�2+J � x, y ∈ R

d
+, Ó

(x − y)
T
(f(x) − f(y)) +

r∗ − 1

2
‖g(x) − g(y)‖2 6 H‖x − y‖2.

y3z
2.1 , (A1)

¾ C
‖f(x)‖ 6 ‖f(x) − f(1)‖ + ‖f(1)‖ 6 3(

√
d)α∨βK1

(

1 + ‖x‖α +
∥

∥x−1
∥

∥

β
)

‖x − 1‖ + ‖f(1)‖,

ü7/ 1 = (1, . . . , 1)
T
, Ã û , Young { É @´Ó

‖f(x)‖ 6 3(
√

d)α∨βK1

(

1 + ‖x‖α +
∥

∥x−1
∥

∥

β
)

(‖x‖ + ‖1‖) + ‖f(1)‖

6 3(
√

d)(α∨β)+1K1

(

1 + ‖x‖ + ‖x‖α +
∥

∥x−1
∥

∥

β
+ ‖x‖α+1 + ‖x‖ ·

∥

∥x−1
∥

∥

β
)

+ ‖f(1)‖

6 9(
√

d)(α∨β)+1K1

(

1 + ‖x‖α+1 + ‖x‖β+1 +
∥

∥x−1
∥

∥

β+1
)

+ ‖f(1)‖.
` $ a , Ó

‖f(x)‖ 6







27(
√

d)(α∨β)+1K1

(

1 +
∥

∥x−1
∥

∥

β+1
)

+ ‖f(1)‖, ‖x‖ 6 1

18(
√

d)(α∨β)+1K1

(

1 + ‖x‖(α∨β)+1 +
∥

∥x−1
∥

∥

β+1
)

+ ‖f(1)‖, ‖x‖ > 1.

yfS , 2+J � x ∈ R
d
+ Ó

‖f(x)‖ 6 (27(
√

d)(α∨β)+1K1 ∨ ‖f(1)‖)
(

1 + ‖x‖(α∨β)+1 +
∥

∥x−1
∥

∥

β+1
)

.

Ã � , , (A2)
¾ C , 2+J � x ∈ R

d
+ Ó

‖g(x)‖2 6
2

p − 1

(

‖x‖ · ‖f(x)‖ + K2(1 + ‖x‖2)
)

6
2

p − 1

(

M
(

‖x‖ + ‖x‖(α∨β)+2 + ‖x‖ ·
∥

∥x−1
∥

∥

β+1
)

+ K2(1 + ‖x‖2)
)

,

ü7/ M = 27(
√

d)(α∨β)+1K1 ∨ ‖f(1)‖. yfS ,
i©¹�ø ý C, ±�C

‖f(x)‖ 6 C
(

1 + ‖x‖(α∨β)+1 +
∥

∥x−1
∥

∥

β+1
)

, ‖g(x)‖2 6 C
(

1 + ‖x‖(α∨β)+2 +
∥

∥x−1
∥

∥

β+2
)

.

D � ¦ ,
J @�2 α = 0 7 β = 0 | á � . })~�þ x ∈ R

d
+ , I�, Hölder { É @´Ó

∥

∥x−1
∥

∥

q
=

(

d
∑

i=1

(

x−2
i

)

)

q
2

6





(

d
∑

i=1

1
q

q−2

)1− 2
q
(

d
∑

i=1

x−q
i

)
2
q





q
2

6 d
q
2−1

d
∑

i=1

x−q
i ,

ü7/ , q > 2 .²´î7ïj� Aº¹ ,
²zÜ#µ#¶©·©¸

(2.1)
¹¿û=��6��

[0, T ]
J�i�¹#� $ Ì���� , ��H � × Ó �� Ø Ù , �����

P
(

x(t) ∈ R
d
+, ∀t ∈ [0, T ]

)

= 1.
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�&�
2.1

¹
(A1)

¾
(A2)

¾
(A3) [ (α + 2) ∨ (β + 2) 6 p ∧ q

á � Ì c�d ² ,
²zÜ#µ#¶©·

¸
(2.1)

¹�6+�
[0, T ]

J�i©¹X� $ Ì���� .
` $ a W ,

i©¹ 
´ý C > 0, ±�Cºo ²H� N á � 5
sup

t∈[0,T ]

E‖x(t ∧ θ)‖p < C
Å

sup
t∈[0,T ]

E‖x(t ∧ θ)−1‖q < C,

ü7/ θ
E3���H�X�

, �=�)�+�)�+�
P
(

x(t) ∈ R
d
+, ∀t ∈ [0, T ]

)

= 1.
���X�=�����������

, � C �X�#�+���= �¡ ( ¢X£�¤X¡=¥ �#¦�§�¨�©#ª#« �=¬ ¦�§ ).­
k ®��3¯+¡ , °3�

π̃k(xi) = k−1I{xi<k−1} + xiI{k−16xi6k} + kI{k<xi},±\²
π̃k(x) = (π̃k(x1), . . . , π̃k(xd))

T
,

f̃k(x) = f (π̃k(x)) ³ g̃k(x) = g (π̃k(x)) .´�µ\¶+·
2.1, �
‖f̃k(x) − f̃k(y)‖ 6 L‖x − y‖ ³ ‖f̃k(x)‖2 ∨ ‖g̃k(x)‖2 6 C(1 + ‖x‖2),

¸�¹
f̃k(x) ³ g̃k(x) º�»)¼�½ Lipschitz

±\²�¾+¿)À+Á
. Â�Ã ,

µ
[19]

�
2.3 Ä ª)Å+Æ)�

dx̃k(t) = f̃k (x̃k(t)) dt + g̃k (x̃k(t)) dB(t)
�

[0, T ] Ç �XÈ �HÉ . Ê �=Ë)Ì)�X�

τk = inf{t ∈ [0, T ] | x̃k(t) 6∈ (
1

k
, k)d}.

µÎÍ
x̃k(t) Ï È � ¿ , Â�Ã � t ∈ [0, T ∧ τn]

�
x̃m(t) = x̃n(t), ¢ � m > n Ð�»3Ñ�Ò . Â�Ã , τnÓ3Ô

,
§��3Ë)Ì

τ∞ = limn→∞ τn.­
ω ∈ Ω. Õ �	Ö t < τn(ω), Ç � k(ω) > 0 × Å t < τk(ω) 6 τ∞(ω). Ê ��Ë�Ì

x(t, ω) = x̃k(t, ω), Õ Í �3Ø�Ù Ë Ï��3¯+¡ n ³ �XÖ Ï t ∈ [0, T ], �
x(t ∧ τn) =x̃n(t ∧ τn)

=x0 +

∫ t∧τn

0

f̃n(x̃n(s))ds +

∫ t∧τn

0

g̃n(x̃n(s))dB(s)

=x0 +

∫ t∧τn

0

f(x(s))ds +

∫ t∧τn

0

g(x(s))dB(s).

Ú+Û
Itô Ü+Ý�Þ (A2)

±\² ¶+·
2.1, Õ �XÖ t ∈ [0, T ] �

E‖x(t ∧ τn)‖p 6‖x0‖p + pE

∫ t∧τn

0

‖x(s)‖p−2

(

x(s)T f(x(s)) +
p − 1

2
‖g(x(s))‖2

)

ds

6‖x0‖p + CE

∫ t∧τn

0

‖x(s)‖p−2
(

1 + ‖x(s)‖2
)

ds

6‖x0‖p + CE

∫ t

0

(1 + ‖x(s ∧ τn)‖p) ds,
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ó3ô
Gronwall

¦)õ Ý , Ç �  3¡ C × Å

sup
t∈[0,T ]

E (‖x(t ∧ τn)‖p) < C.

¸�¹
, Õ Í i = 1, . . . , d, �

sup
t∈[0,T ]

E (xi(t ∧ τn)
p
) < C.

§&ö
, Õ i = 1, . . . , d, × Û�÷)ø+ù)ú , û t ∈ [0, T ] �
E
(

xi(t ∧ τn)−q
)

=xi(0)−q − qE

∫ t∧τn

0

xi(s)
−(q+2)

(

xi(s)fi(x(s)) − q + 1

2
‖gi(x(s))‖2

)

ds

6xi(0)−q + CE

∫ t∧τn

0

xi(s)
−(q+2)

(

1 + ‖x(s)‖(α+2)∨(β+2) +
∥

∥x(s)−1
∥

∥

β+2
)

I{xi(s)>x∗}ds

6C + CE

∫ t∧τn

0

(

1 + ‖x(s)‖(α+2)∨(β+2) +
∥

∥x(s)−1
∥

∥

β+2
)

ds

6C + CE

∫ t∧τn

0

‖x(s)‖(α+2)∨(β+2)ds + CE

∫ t∧τn

0

∥

∥x(s)−1
∥

∥

β+2
ds

6C + CE

∫ t∧τn

0

d
∑

j=1

xj(s)
−(β+2)ds.

Â�Ã ,

E

d
∑

i=1

(

xi(t ∧ τn)−q
)

6 C + CE

∫ t∧τn

0

d
∑

j=1

xj(s)
−(β+2)ds 6 C + CE

∫ t∧τn

0

d
∑

j=1

xj(s)
−qds.

Ú+Û
Gronwall

¦)õ Ý , Ç �  3¡ M × Å

sup
t∈[0,T ]

d
∑

i=1

E
(

xi(t ∧ τn)−q
)

< M.

�=�)� , Ç �  3¡ C × Å
sup

t∈[0,T ]

E

∥

∥x(t ∧ τn)−1
∥

∥

q
< C.

¸�¹
sup

t∈[0,T ]

E
(

xi(t ∧ τn)p + xi(t ∧ τn)−q
)

< C.

§Îü�ý
, þ+ÿ P(τ∞ 6 T ) > 0,

´ × n »3Ñ�Ò �

d
∑

i=1

E
(

xi(T ∧ τn)p + xi(T ∧ τn)−q
)

> np∧q
P(τ∞ 6 T ),



102 ï � � � Vol. 46

���
. ���
	
� .

¸�¹
P(τ∞ > T ) = 1. � Ö

 � SDE (2.1)

�
[0, T ]

÷ � È �
�HÉ=°3Ð
P
(

x(t) ∈ R
d
+, ∀t ∈ [0, T ]

)

= 1.

��� ÷)ø
��� Ï���� , Ç �  3¡ C × Å

sup
t∈[0,T ]

E‖x(t ∧ θ)‖p < C ³ sup
t∈[0,T ]

E‖x(t ∧ θ)−1‖q < C,

¢ � θ ��� �XÖH�X� .

3 ������� EM ���
®� Ë�Ì Õ	¡"!$# EM ¡�¥�É , ���&%('�Õ Í") Ø&*"+���,�Õ	¡(-(. ,

Ë�Ì
y =

(ln x1, . . . , ln xd)
T

, ln x, x ∈ R
d
+. /
0+× Û�1 -�. ,

Ë+Ì
x = (ey1 , . . . , eyd)

T
.
Ú�Û

Itô Ü�Ý ,Å�243 Ï SDE

dy(t) = F (y)dt + G(y)dB(t),

¢ �

F (y) = diag
(

e−y1 , . . . , e−yd
)

f(ey) − 1

2
diag

(

e−2y1 , . . . , e−2yd
) (

‖g1(e
y)‖2, . . . , ‖gd(e

y)‖2
)T

,

Ð
G(y) = diag

(

e−y1 , . . . , e−yd
)

g(ey),

Õ �XÖ y ∈ R
d,
µ\¶+·

2.1 �
‖F (y)‖ 6C1

(

∥

∥e−y
∥

∥ · ‖f(ey)‖ +
∥

∥e−2y
∥

∥ · ‖g(ey)‖2
)

6C2

(

∥

∥e−y
∥

∥ · ‖f(ey)‖ +
∥

∥e−y
∥

∥

2 · ‖g(ey)‖2
)

6C3

∥

∥e−y
∥

∥

(

1 + ‖ey‖(α∨β)+1
+
∥

∥e−y
∥

∥

β+1
)

+ C3

∥

∥e−y
∥

∥

2
(

1 + ‖ey‖(α∨β)+2
+
∥

∥e−y
∥

∥

β+2
)

6C4

(

1 + ‖ey‖(α∨β)+4
+
∥

∥e−y
∥

∥

(α∨β)+4
)

6C5

(

1 + e((α∨β)+4)‖y‖) .

§Îü�ý
,

‖G(y)‖2 6 C6

(

1 + e((α∨β)+4)‖y‖) .

¸�¹
, Ç �
5 Ø� 3¡ C0 > 1

²7648 ¡ α Þ β 9�:�Ï� 3¡ C(α, β) 6 (α ∨ β) + 4, × Å

‖F (y)‖ ∨ ‖G(y)‖2 6 C0(1 + eC(α,β)‖y‖), (3.1)

Ê<;>=�?
@
A À Ï�B�CED�¡ ϕ(r) = C0(2 + eC(α,β)r), × Å

sup
‖y‖<r

‖F (y)‖ ∨ ‖G(y)‖2 6 ϕ(r), ∀r > 0.
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F
ϕ ÏHG<DH¡=® ϕ−1 , I
J ϕ−1 : [3C0,∞) → R̄+ K�L �+Ø�?�@�A À ÏHB7CMDH¡ .

¹ 0 , �
�<;>==�3Ø
?
@
A Ô D�¡ h : (0, 1] → [1,∞) , N7D�¡)Õ ∀∆ ∈ (0, 1] º�»

lim
∆→0

h(∆) = +∞, ∆
1
3 h(∆) 6 4C0 ∨ ϕ(‖ lnx0‖) ³ h(1) > 3C0 ∨ ϕ(‖ lnx0‖). (3.2)

Õ Í�O�Ë Ï�� Á ∆ ∈ (0, 1], �)� Ë)Ì !E#�PHQ π∆ : R → R ®
π∆(y) =

(

‖y‖ ∧ ϕ−1(h(∆))
) y

‖y‖ ,

¢ �SR+Ë û y = 0
�

, y
‖y‖ = 0. �)�)�=�)� Ë)Ì !E#�D�¡
F∆(y) = F (π∆(y)) ³ G∆(y) = G(π∆(y)),

¢ � y ∈ R
d.
µ ¹ ª)Å ±�T �4U �WV

‖F∆(y)‖ ∨ ‖G∆(y)‖2 6 ϕ
(

ϕ−1(h(∆))
)

= h(∆), (3.3)

N ¦)õ ÝHÕ�¬+� y ∈ R
d X
Y
Z .[ Í ÷)ø�\�]

, �)� ª ±_^ Z -
.
` SDE ÏSa4b ��c Õ�¡�!E# EM ¡+¥)É .
­ ��c ÄEd

tk = k∆ e#Ï&¡+¥)É�® Y∆(tk) ≈ y(tk), ¢ ú�f �)� þ TEV %
'�g�h�i�¥ Y∆(0) = y0 = ln(x0)

J
`
j � A
k�Ü+Ý
Y∆(tk+1) = Y∆(tk) + F∆ (Y∆(tk))∆ + G∆ (Y∆(tk)) ∆Bk,

��, ú�f , ¢ � k = 0, 1, . . . , Ð ∆Bk = B(tk+1) − B(tk) ���
l<m�n
o À + .
� ¹ [
p�÷

, �
��q \�] -
.
` SDE ÏSr�s
B�C ��c Õ�¡�!E# EM ¡+¥)É�@�Ý . t=�4s
@�Ý Ë)Ì ® V

ȳ∆(t) =

∞
∑

k=0

Y∆(tk)I[tk ,tk+1)(t), t > 0.

� L �3Ø�u
v �)� , ¢ ü��
w�x�¦ B�C . �)��q�¢�y�®�B�C ��c��)� Õ�¡
!E# EM É . /+�4s
@�Ý Ë)Ì ® V

y∆(t) = y0 +

∫ t

0

F∆ (ȳ∆(s)) ds +

∫ t

0

G∆ (ȳ∆(s)) dB(s), t > 0.

����q=¢�yX®�B7C �Ec B7C ü=� Õ=¡�!M# EM É . Õ Í ¬�� k > 0, z�� y∆(tk) = ȳ∆(tk) =

Y∆(tk)
Y
Z .

¹ 0 , y∆(tk) L �3Ø Itô
�)�

, ¢
{�*
|�Ý)®
dy∆(t) = F∆ (ȳ∆(t)) dt + G∆ (ȳ∆(t)) dB(t).

} ` , j � -
.
x̄∆(t) =

(

eȳ∆,1(t), . . . , eȳ∆,d(t)
)T

, eȳ∆(t), x∆(t) =
(

ey∆,1(t), . . . , ey∆,d(t)
)T

, ey∆(t)

�)� Å�2
~��H� {�* Æ)� Ï&¡�¥)É x̄∆(t) ³ x∆(t).
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�>�
3.1

­
Z1, . . . , Zm

i.i.d.∼ N (0, 1), Sm ,
∑m

i=1 Z2
i ∼ χ2

m ®�� µ�� m ÏS� Æ -
+ .
´

Õ
� Ö β > 0 � ,

E exp(β‖∆Bk‖) 6 2
m
2 exp

(

β2∆
)

.

� � Û
Young

¦)õ Ý3³�� Æ���� D�¡+�
E exp(β‖∆Bk‖) =E exp

(

β
√

∆
√

Sm

)

6E exp

(

β2∆ +
1

4
Sm

)

= exp(β2∆)(1 − 1

2
)−

m
2

=2
m
2 exp

(

β2∆
)

.

®
u
����� , �)�
��þ T Ë)Ì V

diag

(

x∆,1(t)

x̄∆,1(t)
, . . . ,

x∆,d(t)

x̄∆,d(t)

)

, diag

(

x∆(t)

x̄∆(t)

)

.

�>�
3.2 Õ Í � Ö�� ¡ p̄, Ç ������Í p̄ Ï� 3¡ C1(p̄) × Å

sup
∆∈(0,1]

sup
t∈[0,T ]

E

(

‖x∆(t)‖
‖x̄∆(t)‖

)p̄

6 C1(p̄). (3.4)

û p̄ > 2 Ð+º�» ÷)ø
��� � , Ç ������Í p̄ Ï� 3¡ C2(p̄) º�»3Õ ∆ ∈ (0, 1] �

sup
t∈[0,T ]

E

∥

∥

∥

∥

diag

(

x∆(t)

x̄∆(t)

)

− E

∥

∥

∥

∥

p̄

6 C2(p̄)∆
p̄
2 h(∆)

p̄
2 . (3.5)

¢ � E ����v ¨��W� .� ���&�+���
,
R�Ë Û

C1(p̄) ³ C2(p̄) ���
� �
�=Í p̄ Ï�� � ¡ , ���� )¡ 6 ∆ ³ k� : , Ð ��¦�§S¨)©�ª�«E� Ê ¦�§ ÏSg+¥ . ��� x∆(t) ³ y∆(t), Ï Ë)Ì ,
ª)Å V

‖x∆(t)‖ =

∥

∥

∥

∥

∥

∥

∥







x̄∆,1(t) exp (F∆,1(ȳ∆(t))(t− tk) + G∆,1(ȳ∆(t))(B(t) − B(tk)))
...

x̄∆,d(t) exp (F∆,d(ȳ∆(t))(t − tk) + G∆,d(ȳ∆(t))(B(t) − B(tk)))







∥

∥

∥

∥

∥

∥

∥

,

µ ¹ ª)Å ±�T ù)ú Ý V

‖x∆(t)‖ =

(

d
∑

1=1

x̄2
∆,i(t) exp (2F∆,i(ȳ∆(t))(t − tk) + 2G∆,i(ȳ∆(t))(B(t) − B(tk)))

)
1
2

6

(

d
∑

1=1

x̄2
∆,i(t)

)
1
2

exp (max (F∆,i(ȳ∆(t))(t − tk) + G∆,i(ȳ∆(t))(B(t) − B(tk))))

6‖x̄∆(t)‖ exp (‖F∆(ȳ∆(t))(t − tk) + G∆(ȳ∆(t))(B(t) − B(tk))‖) ,
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±\²

‖x∆(t)‖ >

(

d
∑

1=1

x̄2
∆,i(t)

)
1
2

exp (min (F∆,i(ȳ∆(t))(t− tk) + G∆,i(ȳ∆(t))(B(t) − B(tk))))

> ‖x̄∆(t)‖ exp (−‖F∆(ȳ∆(t))(t − tk) + G∆(ȳ∆(t))(B(t) − B(tk))‖) ,

¢ � t ∈ [tk, tk+1).
ó3ô ; ö 3.1

ª)Å Õ t ∈ [tk, tk+1) �
E

(

‖x∆(t)‖
‖x̄∆(t)‖

)p̄

6 E (exp ‖F∆(ȳ∆(t))(t− tk) + G∆(ȳ∆(t))(B(t) − B(tk))‖)|p̄|

6 E exp (|p̄| · ‖F∆(ȳ∆(t))(t − tk)‖ + |p̄| · ‖G∆(ȳ∆(t))(B(t) − B(tk))‖)

6 E exp
(

|p̄|h(∆)∆ + |p̄|h(∆)
1
2 ‖B(t) − B(tk)‖

)

6 2
m
2 E exp

(

|p̄|h(∆)∆ + p̄2h(∆)∆
)

,

µÎÍ
∆

1
3 h(∆) 6 4C0 ∨ ϕ(‖ lnx0‖),

¸�¹ Ç � � ����Í p̄ Ï� 3¡ C1(p̄), × Å Õ�¬+� ∆ ∈ (0, 1]

z)� E

(

‖x∆(t)‖
‖x̄∆(t)‖

)p̄

6 C1(p̄),
��� ý

, Õ Í�) Ø�*�+ i = 1, . . . , d, �)� ª k Å

E

(

x∆,i(t)

x̄∆,i(t)

)p̄

6E exp (|p̄| · |F∆,i(ȳ∆(t))(t − tk)| + |p̄| · ‖G∆,i(ȳ∆(t))(B(t) − B(tk))‖)

6E exp
(

|p̄|h(∆)∆ + |p̄|h(∆)
1
2 ‖B(t) − B(tk)‖

)

6C1(p̄).

Õ ey∆(t) Ï
�#Ø<*W+ Ú�Û Itô Ü�Ý , �#� Å�2 þ T *W+��<��Ý V Õ Í i = 1, . . . , d Ð t ∈
[tk, tk+1),

x∆,i(t) =x̄∆,i(t) +

∫ t

tk

x∆,i(s)

(

F∆,i(ȳ∆(s)) +
1

2
‖G∆,i(ȳ∆(s))‖2

)

ds +

∫ t

tk

x∆,i(s)G∆,i(ȳ∆(s))dB(s),

Ê��
� p̄ > 2 ÏS �| .
µSÍ

x∆(t), x̄∆(t) ∈ R
d
+,
¶#Ö
2 û t ∈ [tk, tk+1)

�
x̄∆,i(t) = x̄∆,i(tk),ó3ô Ý (3.2) Þ (3.3) Þ Hölder

¦)õ Ý ±\² ��¡ [19]
� Ï Ë)ö 7.1,

ª k�¢ Å

E

∣

∣

∣

∣

x∆,i(t)

x̄∆,i(t)
− 1

∣

∣

∣

∣

p̄

=E

∣

∣

∣

∣

∫ t

tk

x∆,i(s)

x̄∆,i(s)

(

F∆,i(ȳ∆(s)) +
1

2
‖G∆,i(ȳ∆(s))‖2

)

ds +

∫ t

tk

x∆,i(s)

x̄∆,i(s)
G∆,i(ȳ∆(s))dB(s)

∣

∣

∣

∣

p̄

6C2(p̄)(t − tk)
p̄−1

E

∫ t

tk

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

p̄ ∣
∣

∣

∣

F∆,i(ȳ∆(s)) +
1

2
‖G∆,i(ȳ∆(s))‖2

∣

∣

∣

∣

p̄

ds

+ C2(p̄)(t − tk)
p̄
2−1

E

∫ t

tk

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

p̄

‖G∆,i(ȳ∆(s))‖p̄
ds

6C2(p̄)∆
p̄
2−1(∆

p̄
2 h(∆)p̄ + h(∆)

p̄
2 )E

∫ t

tk

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

p̄

ds

6C2(p̄)∆
p̄
2 h(∆)

p̄
2 ,
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¢ � t ∈ [tk, tk+1).
µ\¶+·

2.1 £ ª)Å ¬E¤ ó � (3.5).T � q
¥ Û ±�T F
¦
1

x∆(t)
=

(

1

x∆,1(t)
, . . . ,

1

x∆,d(t)

)T

,
1

x̄∆(t)
=

(

1

x̄∆,1(t)
, . . . ,

1

x̄∆,d(t)

)T

±\² *�+
§ Æ
¨�© +
x∆(t)2 − x̄∆(t)2 =

(

x∆,1(t)
2 − x̄∆,1(t)

2, . . . , x∆,d(t)
2 − x̄∆,d(t)

2
)T

.

�>�
3.3

��ª ­ ���
(A1) Þ (A2) Þ (A3)

Y
Z Ð+º�» (α + 2)∨ (β +2) < p∧ q
±\²

p > 4

Ï ��� T , Õ Í � ÖH�X� θ , Ç �  3¡ C × Å T4« � ù)ú �4U Y
Z
sup

∆∈(0,1]

sup
t∈[0,T ]

E‖x∆(t ∧ θ)‖p < C ³ sup
∆∈(0,1]

sup
t∈[0,T ]

E

∥

∥

∥

∥

1

x∆(t ∧ θ)

∥

∥

∥

∥

q

< C.

� � T ø ���S�)���
, �)� R+Ë Û C ��� 6 � Á ∆

� :�Ï�j Û �+ 3¡ , ¢�£3¤�¥ ��¦§&¨+©=ª=«)¦�§
. g�� Á ∆ ∈ (0, 1] ° Ë+Ì+�#� τn = inf{t ∈ [0, T ]|x∆(t) /∈ ( 1

n
, n)d}

Ú�Û
Itô

Ü+Ý+°�g)¡�¬4­�® ,
ª)Å

E ‖x∆(t ∧ τn ∧ θ)‖p
6 ‖x0‖p

+ E

∫ t∧τn∧θ

0

p ‖x∆(s)‖p−2 (

x∆,1(s)
2, . . . , x∆,d(s)

2
)

×
(

F∆(ȳ∆(s)) +
1

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
)

ds

+ E

∫ t∧τn∧θ

0

1

2
p(p − 1) ‖x∆(s)‖p−2 ‖diag (x∆,1(s), . . . , x∆,d(s)) G∆(ȳ∆(s))‖2

ds

6 ‖x0‖p
+ E

∫ t∧τn∧θ

0

p ‖x∆(s)‖p−2 (

x∆,1(s)
2, . . . , x∆,d(s)

2
)

×
(

F∆(ȳ∆(s)) +
p

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
)

ds

= ‖x0‖p
+ E

∫ t∧τn∧θ

0

p ‖x∆(s)‖p−2 (

x∆(s)2 − x̄∆(s)2
)T

×
(

F∆(ȳ∆(s)) +
p

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
)

ds

+ E

∫ t∧τn∧θ

0

p ‖x∆(s)‖p−2 (

x̄∆,1(s)
2, . . . , x̄∆,d(s)

2
)

×
(

F∆(ȳ∆(s)) +
p

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
)

ds

, ‖x0‖p
+ A + B.

µ
Itô Ü+Ý ª)Å V

x∆,i(t)
2 − x̄∆,i(t)

2 =

∫ t

tk

2x∆,i(s)
2
(

F∆,i(ȳ∆(s)) + ‖G∆,i(ȳ∆(s))‖2
)

ds

+

∫ t

tk

2x∆,i(s)
2G∆,i(ȳ∆(s))dB(s).
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Í L ,

x∆(t)2 − x̄∆(t)2

=2

∫ t

tk

diag(x∆,1(s)
2, . . . , x∆,d(s)

2)
(

F∆(ȳ∆(s)) +
(

‖G∆,1(ȳ∆(s))‖2, . . . , ‖G∆,d(ȳ∆(s))‖2
)T
)

ds

+ 2

∫ t

tk

diag(x∆,1(s)
2, . . . , x∆,d(s)

2)G∆(ȳ∆(s))dB(s).

¯�ô�Ú�Û
Itô Ü�Ý�ÞjÝ (3.2) Þ (3.3) Þ Hölder

¦�õ Ý ±Î² �7¡ [19]
��Ë�ö

7.1,
ª k Å ±HT ùú V Õ Í t ∈ [tk, tk+1),

E

∥

∥x∆(t)2 − x̄∆(t)2
∥

∥

p
2

6CE

∥

∥

∥

∫ t

tk

diag(x∆,1(s)
2, . . . , x∆,d(s)

2)

×
(

F∆(ȳ∆(s)) +
(

‖G∆,1(ȳ∆(s))‖2, . . . , ‖G∆,d(ȳ∆(s))‖2
)T
)

ds
∥

∥

∥

p
2

+ CE

∥

∥

∥

∥

∫ t

tk

diag(x∆,1(s)
2, . . . , x∆,d(s)

2)G∆(ȳ∆(s))dB(s)

∥

∥

∥

∥

p
2

6C(t − tk)
p
2−1

E

∫ t

tk

‖x∆(s)‖p
∥

∥

∥
F∆(ȳ∆(s)) +

(

‖G∆,1(ȳ∆(s))‖2, . . . , ‖G∆,d(ȳ∆(s))‖2
)T
∥

∥

∥

p
2

ds

+ C(t − tk)
p
4−1

E

∫ t

tk

‖x∆(s)‖p ‖G∆(ȳ∆(s))‖
p
2 ds

6C∆
p
4−1(∆

p
4 h(∆)

p
2 + h(∆)

p
4 )E

∫ t

tk

‖x∆(s)‖pds

6C∆
p
4−1h(∆)

p
4 E

∫ t

tk

‖x∆(s)‖pds,

[ Í
Young

¦)õ Ý , �)�)�=�)� Å�2

A 6E

∫ t∧τn∧θ

0

p‖x∆(s)‖p−2
∥

∥x∆(s)2 − x̄∆(s)2
∥

∥

×
∥

∥

∥

∥

F∆(ȳ∆(s)) +
p

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
∥

∥

∥

∥

ds

6E

∫ t∧τn∧θ

0

(p − 2)‖x∆(s)‖pds + E

∫ t∧τn∧θ

0

2

p

∥

∥x∆(s)2 − x̄∆(s)2
∥

∥

p
2

×
∥

∥

∥

∥

F∆(ȳ∆(s)) +
p

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
∥

∥

∥

∥

p
2

ds

6CE

∫ t∧τn∧θ

0

‖x∆(s)‖pds + CE

∫ t∧τn∧θ

0

∥

∥x∆(s)2 − x̄∆(s)2
∥

∥

p
2 h(∆)

p
2 ds

6CE

∫ t∧τn∧θ

0

‖x∆(s)‖pds + C

∫ t∧τn∧θ

0

∆
p
4−1h(∆)

p
2 h(∆)

p
4

∫ s

tk

E‖x∆(u)‖pduds
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6CE

∫ t∧τn∧θ

0

‖x∆(s)‖pds + C

∫ t∧τn∧θ

0

∆
p
4 h(∆)

3p
4 sup

r∈[0,s]

E‖x∆(r)‖pds

6C

∫ t∧τn∧θ

0

sup
r∈[0,s]

E‖x∆(r)‖pds,

¢ � s ∈ [tk, tk+1). ��� ª ­ ��� (A2) ³<; ö 3.2, �)� ª)Å�2 ±�T ù)ú Ý
B =E

∫ t∧τn∧θ

0

p ‖x∆(s)‖p−2 (
x̄∆,1(s)

2, . . . , x̄∆,d(s)
2
)

×
(

F∆(ȳ∆(s)) +
p

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
)

ds

=E

∫ t∧τn∧θ

0

p ‖x∆(s)‖p−2

(

x̄∆(s)T f∆(x̄∆(s)) +
p − 1

2
‖g∆(x̄∆(s))‖2

)

ds

6CE

∫ t∧τn∧θ

0

‖x∆(s)‖p−2(1 + ‖x̄∆(s)‖2)ds

6C + CE

∫ t∧τn∧θ

0

‖x∆(s)‖pds + CE

∫ t∧τn∧θ

0

‖x̄∆(s)‖pds

6C + C

∫ t∧τn∧θ

0

(

sup
r∈[0,s]

E‖x∆(r)‖p

)

ds.

µ ¹ ª)Å Ç �  3¡ C × Å Õ�¬+� r ∈ [0, T ] Y
Z V

sup
t∈[0,r]

E‖x∆(t ∧ τn ∧ θ)‖p 6 C + C

∫ r

0

sup
t∈[0,s]

E‖x∆(t ∧ τn ∧ θ)‖pds,

Ú+Û
Gronwall

¦)õ Ý ª
° Ç �  3¡ C º�» V

sup
t∈[0,T ]

E‖x∆(t ∧ τn ∧ θ)‖p < C.

��� ý
,
ó3ô ¶+·

2.1 Þ±; ö 3.2 ³ ��� (α + 2)∨ (β + 2) < p∧ q,
ª4² g
³
*�´#Ï ε > 0 × Å

((α ∨ β) + 2)(1 + ε) < p ∧ q, ���)Õ ) Ø�*�+ i = 1, . . . , d �
E(x∆,i(t ∧ τn ∧ θ))−q

=x∆,i(0)−q − qE

∫ t∧τn∧θ

0

x∆,i(s)
−q
(

F∆,i(ȳ∆(s)) − q

2
‖G∆,i(ȳ∆(s))‖2

)

ds

=x∆,i(0)−q − qE

∫ t∧τn∧θ

0

x∆,i(s)
−q

(

x̄∆,i(s)f∆,i(x̄∆(s)) − q+1
2
‖g∆,i(x̄∆(s))‖2

x̄∆,i(s)2

)

ds

6C + CE

∫ t∧τn∧θ

0

x∆,i(s)
−q

(

|x̄∆,i(s)||f∆,i(x̄∆(s))| + ‖g∆,i(x̄∆(s))‖2

x̄∆,i(s)2

)

I{x̄∆,i(s)>x∗}ds

6C + CE

∫ t∧τn∧θ

0

(

x∆,i(s)

x̄∆,i(s)

)−q

x̄∆,i(s)
−q−2

× (1 + ‖x̄∆(s)‖(α+2)∨(β+2) +
∥

∥x̄∆(s)−1
∥

∥

β+2
)I{x̄∆,i(s)>x∗}ds
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6C + CE

∫ t∧τn∧θ

0

(

x∆,i(s)

x̄∆,i(s)

)−q

(1 + ‖x̄∆(s)‖(α+2)∨(β+2) +
∥

∥x̄∆(s)−1
∥

∥

β+2
)ds

6C + CE

∫ t∧τn∧θ

0

(

x∆,i(s)

x̄∆,i(s)

)−q

ds + CE

∫ t∧τn∧θ

0

(

x∆,i(s)

x̄∆,i(s)

)−q(1+ε−1)

+ ‖x̄∆(s)‖((α∨β)+2)(1+ε) +
∥

∥x̄∆(s)−1
∥

∥

(β+2)(1+ε)
ds

6C + CE

∫ t∧τn∧θ

0

∥

∥x̄∆(s)−1
∥

∥

(β+2)(1+ε)
ds

6C + CE

∫ t∧τn∧θ

0

d
∑

i=1

x̄∆,i(s)
−(β+2)(1+ε)ds,

¸�¹ �
sup

t∈[0,r]

E

d
∑

i=1

(x∆,i(t ∧ τn ∧ θ))−q 6 C + C

∫ r

0

sup
t∈[0,s]

E

d
∑

i=1

(x∆,i(t ∧ τn ∧ θ))−qds.

µ�¶ Ú+Û
Gronwall

¦)õ ÝE£ Å

sup
t∈[0,T ]

E

d
∑

i=1

(x∆,i(t ∧ τn ∧ θ))−q < C.

�=�)�)�
sup

t∈[0,T ]

E

∥

∥

∥
x∆(t ∧ τn ∧ θ)

−1
∥

∥

∥

q

< C.

}�· � n → ∞ £ Å ¬E¤ ó � .� T ���
, �)� F e∆(t) = x(t) − x∆(t) °�g � ¡ R > ‖ lnx0‖.

Ë)Ì r)Ø �X�
τR = inf {t ∈ [0, T ] | ‖y(t)‖ > R} ³ τ∆

R = inf {t ∈ [0, T ] | ‖y∆(t)‖ > R} , (3.6)

¢ � y(t) = ln(x(t)). �X�+� ­ τ = τR ∧ τ∆
R .
� `�C
k7¢ � , �+� Û C ��� �
�=Í x0, T

õ
8 ¡ , ¸ 6 � Á ∆ ³ R

� :�Ï�j Û �+ 3¡ , ¢�£3¤�¥ ��¦�§S¨)©�ª�«3¦�§ .�4�
3.4

�<ª ­ �W�
(A1) Þ (A2) ³ (A3)

YMZ Ð�º�» 8 ¡ RE¹ pr∗

p−r∗ < p∧q
(α+2)∨(β+2)Ï�º<» T ,

O�Ë�¼ ¥ R > ‖ lnx0‖,
­

τ ®�Ý (3.6)
Ë�Ì Ï ��� . ûX� Á ∆ ³�*"´�× Å

ϕ−1(h(∆)) > R
�

, Õ
� Ö 2 6 r < r∗ , Ç � 6 � Á ∆
� :�Ï� 3¡ C × Å

sup
t∈[0,T ]

E‖e∆(t ∧ τ)‖r < C∆
r
2 h(∆)

r
2 .

� %
'4½�¾ 2 , Õ Í ¬+� s ∈ [0, T ∧τ ], � ‖y∆(s)‖ < R. ��� ª ­ ��� ϕ−1(h(∆)) > R,ª ± k Å)� s ∈ [0, T ∧ τ ] ¿MÀ7Á , F∆(ȳ∆(s)) = F (ȳ∆(s)) ³ G∆(ȳ∆(s)) = G(ȳ∆(s)) Y
Z .

Õ ey∆(t)
Ú+Û

Itô Ü+Ý ,
Å�2

x∆(t ∧ τ)

=x0 +

∫ t∧τ

0

diag (x∆,1(s), . . . , x∆,d(s))

(

F∆(ȳ∆(s)) +
1

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
)

ds

+

∫ t∧τ

0

diag (x∆,1(s), . . . , x∆,d(s)) G∆(ȳ∆(s))dB(s).
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�=�)� ý

e∆(t ∧ τ)

=

∫ t∧τ

0

f(x(s))

− diag (x∆,1(s), . . . , x∆,d(s))
(

F∆(ȳ∆(s)) +
1

2

(

‖G∆,1(ȳ∆(s))‖2, . . . , ‖G∆,d(ȳ∆(s))‖2
)T
)

ds

+

∫ t∧τ

0

g(x(s)) − diag (x∆,1(s), . . . , x∆,d(s)) G∆(ȳ∆(s))dB(s)

=

∫ t∧τ

0

f(x(s)) − diag

(

x∆,1(s)

x̄∆,1(s)
, . . . ,

x∆,d(s)

x̄∆,d(s)

)

f(x̄∆(s))ds

+

∫ t∧τ

0

g(x(s)) − diag

(

x∆,1(s)

x̄∆,1(s)
, . . . ,

x∆,d(s)

x̄∆,d(s)

)

g(x̄∆(s))dB(s).

µ
Young

¦)õ Ý
2ab 6

2ε

2
a2 +

2

2ε
b2 = εa2 +

1

ε
b2, a, b > 0,

g ε = r∗−r
r−1

, Õ ‖x(t) − x∆(t)‖r
Ú+Û

Itô Ü+Ý ,
´+ª)Å�2 ±�T ù)ú Ý V

E‖e∆(t ∧ τ)‖r 6E

∫ t∧τ

0

r‖e∆(s)‖r−2e∆(s)T

(

f(x(s)) − diag

(

x∆(s)

x̄∆(s)

)

f(x̄∆(s))

)

ds

+ E

∫ t∧τ

0

r(r − 1)

2
‖e∆(s)‖r−2

∥

∥

∥

∥

g(x(s)) − diag

(

x∆(s)

x̄∆(s)

)

g(x̄(s))

∥

∥

∥

∥

2

ds

6J1 + J2,

¢ �

J1 =rE

∫ t∧τ

0

‖e∆(s)‖r−2

(

e∆(s)T (f(x(s)) − f(x∆(s))) +
r∗ − 1

2
‖g(x(s)) − g(x∆(s))‖2

)

ds

±\²

J2 =rE

∫ t∧τ

0

‖e∆(s)‖r−2e∆(s)T

(

f(x∆(s)) − diag

(

x∆(s)

x̄∆(s)

)

f(x̄∆(s))

)

ds

+
r(r − 1)(r∗ − 1)

2(r∗ − r)
E

∫ t∧τ

0

‖e∆(s)‖r−2

∥

∥

∥

∥

g(x∆(s)) − diag

(

x∆(s)

x̄∆(s)

)

g(x̄∆(s))

∥

∥

∥

∥

2

ds.

�
� ª ­ �
� (A3), �+��%�' Å72 V J1 6 rHE
∫ t∧τ

0
‖e∆(s)‖rds. �X�+� Ú�Û Young

¦+õ Ý ,ª k�¢ � ±�T ù)ú V

J2 6CE

∫ t∧τ

0

‖e∆(s)‖r−1

∥

∥

∥

∥

f(x∆(s)) − f(x̄∆(s)) + f(x̄∆(s)) − diag

(

x∆(s)

x̄∆(s)

)

f(x̄∆(s))

∥

∥

∥

∥

ds

+ CE

∫ t∧τ

0

‖e∆(s)‖r−2

∥

∥

∥

∥

g(x∆(s)) − g(x̄∆(s)) + g(x̄∆(s)) − diag

(

x∆(s)

x̄∆(s)

)

g(x̄∆(s))

∥

∥

∥

∥

2

ds
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6CE

∫ t∧τ

0

‖e∆(s)‖r +

∥

∥

∥

∥

f(x∆(s)) − f(x̄∆(s)) + f(x̄∆(s)) − diag

(

x∆(s)

x̄∆(s)

)

f(x̄∆(s))

∥

∥

∥

∥

r

ds

+ CE

∫ t∧τ

0

‖e∆(s)‖r +

∥

∥

∥

∥

g(x∆(s)) − g(x̄∆(s)) + g(x̄∆(s)) − diag

(

x∆(s)

x̄∆(s)

)

g(x̄∆(s))

∥

∥

∥

∥

r

ds

6CE

∫ t∧τ

0

‖e∆(s)‖rds

+ CE

∫ t∧τ

0

‖f(x∆(s)) − f(x̄∆(s))‖r
ds + CE

∫ t∧τ

0

∥

∥

∥

∥

E − diag

(

x∆(s)

x̄∆(s)

)∥

∥

∥

∥

r

‖f(x̄∆(s))‖rds

+ CE

∫ t∧τ

0

‖g(x∆(s)) − g(x̄∆(s))‖r
ds + CE

∫ t∧τ

0

∥

∥

∥

∥

E − diag

(

x∆(s)

x̄∆(s)

)∥

∥

∥

∥

r

‖g(x̄∆(s))‖rds.

[ Í�ª ­ ���
(A1) Þ ¶+· 2.1

±\²
Hölder

¦)õ Ý ,
ª)Å ±�T ù)ú Ý V

J2 6CE

∫ t∧τ

0

‖e∆(s)‖rds + CE

∫ t∧τ

0

(

E

(

1 + ‖x∆(s)‖(1+ε)αr +
∥

∥x∆(s)−1
∥

∥

(1+ε)βr
+ ‖x̄∆(s)‖(1+ε)αr

+
∥

∥x̄∆(s)−1
∥

∥

(1+ε)βr
))

1
1+ε
(

E‖x∆(s) − x̄∆(s)‖ (1+ε)r
ε

)
ε

1+ε

ds

+ CE

∫ t∧τ

0

(

E

(

1 + ‖x∆(s)‖(1+ε)αr/2 +
∥

∥x∆(s)−1
∥

∥

(1+ε)βr/2
+ ‖x̄∆(s)‖(1+ε)αr/2

+
∥

∥x̄∆(s)−1
∥

∥

(1+ε)βr/2
))

1
1+ε
(

E‖x∆(s) − x̄∆(s)‖ (1+ε)r
ε

)
ε

1+ε

ds

+ CE

∫ t∧τ

0

(

E

∥

∥

∥

∥

E − diag

(

x∆(s)

x̄∆(s)

)∥

∥

∥

∥

(1+ε)r
ε

)

ε
1+ε

×
(

E

(

1 + ‖x̄∆(s)‖(1+ε)((α∨β)+1)r +
∥

∥x̄∆(s)−1
∥

∥

(1+ε)(β+1)r
))

1
1+ε

ds.

+ CE

∫ t∧τ

0

(

E

∥

∥

∥

∥

E − diag

(

x∆(s)

x̄∆(s)

)∥

∥

∥

∥

(1+ε)r
ε

)

ε
1+ε

×
(

E

(

1 + ‖x̄∆(s)‖(1+ε)((α∨β)+2)r/2 +
∥

∥x̄∆(s)−1
∥

∥

(1+ε)(β+2)r/2
))

1
1+ε

ds.

�
pr∗

p−r∗ < p
(α+2)∨(β+2)

∧ q
(α+2)∨(β+2)

Y
Z Ï ��� T , Ç � ε > 0 × Å

p

(α + 2) ∨ (β + 2)
∧ q

(α + 2) ∨ (β + 2)
> (1 + ε)r∗ >

pr∗

p − r∗
.

µ ¹ ª)Å ±�TÂ8 ¡ R4¹ :
Ã V

(1 + ε)((α ∨ β) + 2)r∗

2
< (1 + ε)((α ∨ β) + 2)r∗ < p ∧ q,

µÎÍ
r∗ > r > 2,

ª)Å
p > 4,

ó3ô
(1 + ε)(p− r∗) > p, � 2 < (1+ε)r

ε
< (1+ε)r∗

ε
< p.

¯)ô+Ú+Û
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Ý (3.2) Þ (3.3) ÞÄ; ö 3.2 Þ Hölder
¦)õ Ý ±\² ��¡ [19]

� Ï Ë)ö 7.1, �)� }�·)Å�2

E ‖x∆(t) − x̄∆(t)‖
(1+ε)r

ε

6CE

∥

∥

∥

∥

∫ t

tk

diag (x∆,1(s), . . . , x∆,d(s))

×
(

F∆(ȳ∆(s)) +
1

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
)

ds

∥

∥

∥

∥

(1+ε)r
ε

+ CE

∥

∥

∥

∥

∫ t

tk

diag (x∆,1(s), . . . , x∆,d(s))G∆(ȳ∆(s))dB(s)

∥

∥

∥

∥

(1+ε)r
ε

6C(t− tk)
(1+ε)r

ε
−1

× E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε

∥

∥

∥

∥

F∆(ȳ∆(s)) +
1

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
∥

∥

∥

∥

(1+ε)r
ε

ds

+ C(t − tk)
(1+ε)r

2ε
−1

E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε ‖G∆(ȳ∆(s))‖

(1+ε)r
ε ds

6C∆
(1+ε)r

2ε
−1
(

∆
(1+ε)r

2ε h(∆)
(1+ε)r

ε + h(∆)
(1+ε)r

2ε

)

E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε ds

6C∆
(1+ε)r

2ε h(∆)
(1+ε)r

2ε .

¯)ô ; ö 3.2 ³ 3.3 Ï ó � , �)� Å�2 ±�T ù)ú V J2 6 C
∫ t∧τ

0
E‖e∆(s)‖r + C∆

r
2 h(∆)

r
2 .
Ú+Û

Gronwall
¦)õ Ý ª)Å supt∈[0,T ] E‖e∆(t ∧ τ)‖r < C∆

r
2 h(∆)

r
2 .

4 ������� EM ÅÇÆ�È�É$Ê
Ê � , �)� O<� : Í�ËÂÌ�Í�Î Ï�Ï�Ð ó ÿ .Ñ �

4.1
��ª ­ ���

(A1) Þ (A2) ³ (A3)
Y
Z , Ð 8 ¡+º�» pr∗

p−r∗ < p∧q
(α+2)∨(β+2)

ÏSº�»T
, Õ Í � Ö 2 6 r < r∗ ³�� Á ∆ ∈ (0, 1], Ç �  3¡ C × Å ±�T � ËÂÌ ù)ú Y
Z V

sup
t∈[0,T ]

E‖e∆(t)‖r < C∆
(p−r)(p∧q)r

3
√

d(2(p−r)(p∧q)+C(α,β)pr) ,

¢ � h(∆) = (3.5C0 ∨ ϕ(‖ ln x0‖)) ∆− C(α,β)pr

3(2(p−r)(p∧q)+C(α,β)pr) .� ­
R = ϕ−1(h(∆)). û 8 ¡+º�» pr∗

p−r∗ < p∧q
(α+2)∨(β+2)

�
,
ª k Å (α ∨ β) + 2 < p ∧ q.¯)ô+Ú+Û

Young
¦)õ Ý�Þ Markov

¦)õ Ý ² ; ö 3.3, �)� Å�2 V
sup

t∈[0,T ]

E(‖e∆(t)‖rI{τ6T}) = sup
t∈[0,T ]

E(‖e∆(t)‖rδ
r
p I{τ6T}δ

− r
p )

6
r

p
sup

t∈[0,T ]

E‖e∆(t)‖pδ +
p − r

p
E(I

p
p−r

{τ6T})δ
− r

p−r

=
r

p
sup

t∈[0,T ]

E‖e∆(t)‖pδ +
p − r

p
P(τ 6 T )δ−

r
p−r
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6Cδ + C

(

∑d

i=1 E[xp
i (T ∧ τ) + xp

∆,i(T ∧ τ)]

epR/
√

d
+

∑d

i=1 E[x−q
i (T ∧ τ) + x−q

∆,i(T ∧ τ)]

eqR/
√

d

)

δ−
r

p−r

6Cδ + Ce−(p∧q)ϕ−1(h(∆))/
√

dδ−
r

p−r .

g δ = e−((p−r)(p∧q)ϕ−1(h(∆)))/
√

dp,
´+ª k Å ±�T ù)ú Ý V

sup
t∈[0,T ]

E(‖e∆(t)‖rI{τ6T}) 6Ce−((p−r)(p∧q)ϕ−1(h(∆)))/
√

dp + Ce−(p∧q)ϕ−1(h(∆))/
√

de(r(p∧q)ϕ−1(h(∆)))/
√

dp

6Ce−((p−r)(p∧q)ϕ−1(h(∆)))/
√

dp.

¯)ô�÷)ø�ó ÿ 6 ; ö 3.4, �)� }�·)Å�2 ±�T ËÂÌ ¿ ù)ú V

sup
t∈[0,T ]

E(‖e∆(t)‖r) = sup
t∈[0,T ]

E(‖e∆(t)‖rI{τ>T}) + sup
t∈[0,T ]

E(‖e∆(t)‖rI{τ6T})

= sup
t∈[0,T ]

E‖e∆(t ∧ τ)‖r + sup
t∈[0,T ]

E(‖e∆(t)‖rI{τ6T})

6C∆
r
2 h(∆)

r
2 + Ce−((p−r)(p∧q)ϕ−1(h(∆)))/

√
dp.

µÎÍ
h(∆) > h(1) > 3C0 Ð ϕ(r) = C0(2 + eC(α,β)r) �

e−((p−r)(p∧q)ϕ−1(h(∆)))/
√

dp =

(

h(∆)

C0

− 2

)− (p−r)(p∧q)√
dpC(α,β)

6

(

h(∆)

3C0

)− (p−r)(p∧q)√
dpC(α,β)

.

ÊEg h(∆) = (3.5C0 ∨ ϕ(‖ ln x0‖))∆− C(α,β)pr

3(2(p−r)(p∧q)+C(α,β)pr) ,
´ Ç �  �¡ C × Å7}E· � Ë
Ì ùú Y
Z V

sup
t∈[0,T ]

E‖e∆(t)‖r < C∆
(p−r)(p∧q)r

3
√

d(2(p−r)(p∧q)+C(α,β)pr) .

Ò4Ó
4.1

� ; ö 3.4
� g Ë ε = 1/2. Ô)�=�)� ª ­�8 ¡+º�» 1.5r∗ < p∧q

(α+6)∨(β+6)
,
´+ª

k Å p∧q
(α∨β)+6

> (1 + ε)r∗ = (1+ε)r∗

2ε
.
¸�¹

,

(1 + ε)((α ∨ β) + 6)r∗ < p ∧ q,
((α ∨ β) + 6)(1 + ε)r∗

2ε
< p ∧ q.

[ Í Ý (3.2) Þ (3.3) Þ ¶+· 2.1 ÞÕ; ö 3.2 ³ 3.3,
ó3ô

Hölder
¦)õ Ý ² ��¡ [19]

��Ë)ö
7.1, �

� ª ^ Z þ T ù)ú V

E

∣

∣

∣

∣

x∆,i(t)

x̄∆,i(t)
− 1

∣

∣

∣

∣

(1+ε)r
ε

6C(t − tk)
(1+ε)r

ε
−1

E

∫ t

tk

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

(1+ε)r
ε
∣

∣

∣

∣

F∆,i(ȳ∆(s)) +
1

2
‖G∆,i(ȳ∆(s))‖2

∣

∣

∣

∣

(1+ε)r
ε

ds

+ C(t − tk)
(1+ε)r

2ε
−1

E

∫ t

tk

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

(1+ε)r
ε

‖G∆(ȳ∆(s))‖
(1+ε)r

ε ds

6C∆
(1+ε)r

ε
−1h(∆)

(1+ε)r
2ε E

∫ t

tk

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

(1+ε)r
ε (

‖F∆(ȳ∆(s))‖
(1+ε)r

2ε + ‖G∆(ȳ∆(s))‖
(1+ε)r

ε

)

ds
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+ C∆
(1+ε)r

2ε
−1

E

∫ t

tk

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

(1+ε)r
ε

‖G∆(ȳ∆(s))‖
(1+ε)r

ε ds

6C∆
5(1+ε)r

6ε
−1

∫ t

tk

(

E

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

(1+ε)(1+η)r
εη

)

η
1+η

×
(

E

(

1 + ‖x̄∆(s)‖ ((α∨β)+4)(1+ε)(1+η)r
2ε +

∥

∥x̄∆(s)−1
∥

∥

((α∨β)+4)(1+ε)(1+η)r
2ε

))
1

1+η

ds

+ C∆
(1+ε)r

2ε
−1

∫ t

tk

(

E

∣

∣

∣

∣

x∆,i(s)

x̄∆,i(s)

∣

∣

∣

∣

(1+ε)(1+η)r
εη

)

η
1+η

×
(

E

(

1 + ‖x̄∆(s)‖ ((α∨β)+4)(1+ε)(1+η)r
2ε +

∥

∥x̄∆(s)−1
∥

∥

((α∨β)+4)(1+ε)(1+η)r
2ε

))
1

1+η

ds

6C∆
(1+ε)r

2ε .

§Îü�ý
,

E ‖x∆(t) − x̄∆(t)‖
(1+ε)r

ε

6C(t − tk)
(1+ε)r

ε
−1

× E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε

∥

∥

∥

∥

F∆(ȳ∆(s)) +
1

2

(

‖G∆,1(ȳ∆(s))‖2
, . . . , ‖G∆,d(ȳ∆(s))‖2

)T
∥

∥

∥

∥

(1+ε)r
ε

ds

+ C(t − tk)
(1+ε)r

2ε
−1

E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε ‖G∆(ȳ∆(s))‖

(1+ε)r
ε ds

6C∆
(1+ε)r

ε
−1h(∆)

(1+ε)r
2ε

× E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε

(

1 + ‖x̄∆(s)‖ ((α∨β)+4)(1+ε)r
2ε +

∥

∥x̄∆(s)−1
∥

∥

((α∨β)+4)(1+ε)r
2ε

)

ds

+ C∆
(1+ε)r

2ε
−1

E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε

(

1 + ‖x̄∆(s)‖ ((α∨β)+4)(1+ε)r
2ε +

∥

∥x̄∆(s)−1
∥

∥

((α∨β)+4)(1+ε)r
2ε

)

ds

6C∆
(1+ε)r

2ε
−1

E

∫ t

tk

‖x∆(s)‖ (1+ε)r
ε ds

+ C∆
(1+ε)r

2ε
−1

∫ t

tk

(

E‖x∆(s)‖ (1+ε)((α∨β)+6)r
2ε

)
2

(α∨β)+6
(

E ‖x̄∆(s)‖
((α∨β)+6)(1+ε)r

2ε

)

(α∨β)+4
(α∨β)+6

ds

+ C∆
(1+ε)r

2ε
−1

∫ t

tk

(

E‖x∆(s)‖ (1+ε)((α∨β)+6)r
2ε

)
2

(α∨β)+6

(

E

∥

∥x̄∆(s)−1
∥

∥

((α∨β)+6)(1+ε)r
2ε

)

(α∨β)+4
(α∨β)+6

ds

6C∆
(1+ε)r

2ε .

Ê ­ h(∆) = (4C0 ∨ ϕ(‖ lnx0‖)) ∆− 1
3 . j � ; ö 3.4 ³ Ë�ö 4.1 Ï ��� � �=Æ ¦ ,

ª�ÅE2 ±
T � ËÂÌ ù)ú V

sup
t∈[0,T ]

E‖e∆(t)‖r < C∆
r
2 + C∆

(p−r)(p∧q)

3
√

dC(α,β)p < C∆
r
2∧

(p−r)(p∧q)

3
√

dC(α,β)p .
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5 ��Ö�×�Ø
� t(Ù&Ä � , �+� ^ Z  SÕ�¡
!M# EM

Æ ¦ Ï��3� Ë4Ì ¿ ö � , ¬ ÅEË4Ì
Í7Î ���#Ý
Ú
®�Û�Ü .

� Ä�q�j � �3Ø�Ý�Þ f�ß £3¤7à)�7N Æ ¦ Ï ËÂÌ ¿ « . ¥ Å)¶XÖ Ï L , Õ Í T4« £3¤
Ï �H� {�* Æ)�
á Þ , N Æ ¦ �Eâ�ª
ã)Å7äæå�Í 1/2 çXÏ ËÂÌ�Í�Î .è

5.1 ����þ T4é
ê �H� {�* Æ)� V
{

dx1 = (a11x
−1
1 (t) + a12x2(t) − a13x

2
1(t))dt + σ1x1(t)dB1(t),

dx2 = (a21x
−1
2 (t) + a22x1(t) − a23x

2
2(t))dt + σ2x2(t)dB2(t).

(5.1)

¸�¹
, ¢�Ã)¡�®

f

([

x1

x2

])

=

[

a11x
−1
1 + a12x2 − a13x

2
1

a21x
−1
2 + a22x1 − a23x

2
2

]

³ g

([

x1

x2

])

=

[

σ1x1 0

0 σ2x2

]

.

/�0 ,

xT f(x) =
[

x1 x2

]

[

a11x
−1
1 + a12x2 − a13x

2
1

a21x
−1
2 + a22x1 − a23x

2
2

]

= a11 + a12x2x1 − a13x
3
1 + a21 + a22x1x2 − a23x

3
2,

‖g(x)‖2 = trace

([

σ1x1 0

0 σ2x2

][

σ1x1 0

0 σ2x2

])

= σ2
1x

2
1 + σ2

2x
2
2.

­
r > 2 ® O�Ë
� ¡ . Õ Í � Ö x, y ∈ R

2
+ , Ç �  3¡ M , × Å

‖f(x) − f(y)‖ =

∥

∥

∥

∥

∥

(

a11(x
−1
1 − y−1

1 ) + a12(x2 − y2) − a13(x
2
1 − y2

1)

a21(x
−1
2 − y−1

2 ) + a22(x1 − y1) − a23(x
2
2 − y2

2)

)∥

∥

∥

∥

∥

=
(

(a11(x
−1
1 − y−1

1 ) + a12(x2 − y2) − a13(x
2
1 − y2

1))
2

+ (a21(x
−1
2 − y−1

2 ) + a22(x1 − y1) − a23(x
2
2 − y2

2))
2
)

1
2

6a11|y1 − x1|(x−1
1 · y−1

1 ) + a12|x2 − y2| + a13|x1 − y1|(x1 + y1)

+ a21|y2 − x2|(x−1
2 · y−1

2 ) + a22|x1 − y1| + a23|x2 − y2|(x2 + y2)

6
1

2
a11|y1 − x1|(x−2

1 + y−2
1 ) + a12|x2 − y2| + a13|x1 − y1|(x1 + y1)

+
1

2
a21|y2 − x2|(x−2

2 + y−2
2 ) + a22|x1 − y1| + a23|x2 − y2|(x2 + y2)

6M
(

1 + ‖x‖ + ‖y‖ +
∥

∥x−1
∥

∥

2
+
∥

∥y−1
∥

∥

2
)

‖x − y‖,

µ ¹ ª ­
(A1)

Y
Z ,
8 ¡�g)¥�® α = 1 ³ β = 2.
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Õ Í p = 13r∗, r∗ = 2r ³ x ∈ R
2
+,
� Û

Young
¦)õ Ý ª3� Ç �  3¡ K × Å

xT f(x) +
p − 1

2
‖g(x)‖2

=a11 + a12x1x2 − a13x
3
1 + a12 + a22x1x2 − a23x

3
1 +

p − 1

2
(σ2

1x
2
1 + σ2

2x
2
2)

6a11 + a12 +
1

2
a12x

2
1 +

1

2
a12x

2
2 +

1

2
a22x

2
1 +

1

2
a22x

2
2 +

p − 1

2
(σ2

1 + σ2
2)(x

2
1 + x2

2)

6K(1 + ‖x‖2).

g q = p, �)��ë «Âì�2 �3Ø�»3Ñ7´#Ï x∗ > 0 × Å

x1f1(x) − q + 1

2
‖g1(x)‖2 = a11 + a12x1x2 − a13x

3
1 −

q + 1

2
σ2

1x
2
1 > 0, x1 ∈ (0, x∗), x2 ∈ R+

x2f2(x) − q + 1

2
‖g2(x)‖2 = a12 + a22x1x2 − a23x

3
2 −

q + 1

2
σ2

2x
2
2 > 0, x2 ∈ (0, x∗), x1 ∈ R+.

µ ¹ ª ­
(A2)

Y
Z .­
x, y ∈ R

2
+,
´

(x − y)T (f(x) − f(y))

=(x − y)T

[

a11(x
−1
1 − y−1

1 ) + a12(x2 − y2) − a13(x
2
1 − y2

1)

a21(x
−1
2 − y−1

2 ) + a22(x1 − y1) − a23(x
2
2 − y2

2)

]

=a11(x1 − y1)(x
−1
1 − y−1

1 ) + a12(x1 − y1)(x2 − y2) − a13(x1 − y1)(x
2
1 − y2

1)

+ a21(x2 − y2)(x
−1
2 − y−1

2 ) + a22(x1 − y1)(x2 − y2) − a23(x2 − y2)(x
2
2 − y2

2)

6(a12 + a22)(x1 − y1)(x2 − y2)

6
1

2
(a12 + a22)

(

(x1 − y1)
2 + (x2 − y2)

2
)

.

±\²

‖g(x) − g(y)‖2 =trace

([

σ1(x1 − y1) 0

0 σ2(x2 − y2)

][

σ1(x1 − y1) 0

0 σ2(x2 − y2)

])

6(σ2
1 + σ2

2)((x1 − y1)
2 + (x2 − y2)

2).

¸�¹
, Ç �  3¡ H × Å

(x − y)T (f(x) − f(y)) +
r∗ − 1

2
‖g(x) − g(y)‖2 6 H‖x − y‖2.

¸�¹
,
ª ­

(A3) º�» .µ
1.5r∗ < p∧q

(α+6)∨(β+6)
. í ¶+· 4.1 Ï ��� K º�» . �=�)�

(p − r)(p ∧ q)

3
√

2C(α ∨ β)p
>

(p − r)(p ∧ q)

3
√

2((α ∨ β) + 6)p
=

(26r − r)

24
√

2
>

r

2
.
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¸�¹
, Õ Í � Ö ∆ ∈ (0, 1] �

sup
t∈[0,T ]

E‖x(t) − x∆(t)‖r < C∆
r
2 .

6 ��Ö�î$ï
��� Ä � , �)��q+Õ
t 5 Ä � Ï á ÞH��,)¡+¥ á�ð ,

±òñ�ó �)��Ï ö � ó ÿ . �)�+Ê � Û
100 Ø�� Á ® ∆ = 2−19, 2−18, . . . , 2−12 Ï ü��
w�x ��,)¡+¥ á�ð . �)�+× Û � Á ® ∆ = 2−20

Ï&¡+¥)É���®�ô
õ)É�Ï<öø÷�ù � ¥ .

��� ß 5.1
� 8 ¡�g)¥�® a11 = 1, a12 = 2, a13 = 3, a21 = 1, a22 = 1, a23 = 4, σ1 = 2, σ2 =

1 Ï� �| , �
F (y) =

[

e−y1 0

0 e−y2

][

e−y1 + 2ey2 − 3e2y1

e−y2 + ey1 − 4e2y2

]

− 1

2

[

e−2y1 0

0 e−2y2

][

4e2y1

e2y2

]

=

[

e−2y1 + 2ey2−y1 − 3ey1 − 2

e−2y2 + ey1−y2 − 4ey2 − 1
2

]

±\²

G(y) =

[

e−y1 0

0 e−y2

][

2ey1 0

0 ey2

]

=

[

2 0

0 1

]

.

�=�)�+�)� K �
‖F (y)‖ =

(

F1(y)2 + F2(y)2
)

1
2

=

(

(e−2y1 + 2ey2−y1 − 3ey1 − 2)2 + (e−2y2 + ey1−y2 − 4ey2 − 1

2
)2
)

1
2

62.5 + 5e2‖y‖ + 7e‖y‖

68.5(1 + e2‖y‖)±\²

‖G(y)‖2 =

2
∑

i=1

2
∑

j=1

G2
i,j(y) = 4 + 1 = 5.

­ Ë�·�úX��c
T = 1 Ð�h�i+¥ x0 = (2, 1)T , J
` ­ © C(α, β) = 2, ³

ϕ(r) = 8.5(2 + e2r), h(∆) = 51∆− 1
3 .

¡+¥ �Âû ó ÿ ( �<ü (6.1)) I3� ,
é ç � ÏH� ËÂÌ�ý�¨ ç3¡ ä
þ)Í 1 ç , � 6 ¶+· 4.1 Ïö � ��� ��U . ü (6.2) ³ (6.3) j �W�æ��² g�Ï�¡�¥ ü���w�x , ÿ�½7à+�" HN Æ ¦�� Y Ï�¡

¥)É�i ·�� ó ?
@�� ¿ .�+� Õ+Õ�¡�!E# EM
Æ ¦ ��,< ���=��	� , j ��
 � R4¹ �
� ×�N Æ ¦ ª
� Û Í�� ê �� {�* Æ)� . �)� ¦ � ���  SN Æ ¦ � Lp � c Ï�£3¤ ËÂÌ
Í7Î ,

§����)� ¡+¥)É�Ï�� ¿ . ��+ý
, Õ Í45 ��� Ë��H� {�* Æ)��á Þ , ¢ ËÂÌ çH¡ ª � 1/2 ç���� ä�þ)Í 1/2 ç .
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6.1 ��� (5.1) íuî_ïdðfñ EM ë_òsí L

2 ����� .
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�
6.2 ��� (5.1) � x1 íuï! !"!#!$!%!& .
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LOGARITHMIC TRUNCATED EM METHOD FOR A CLASS OF

MULTI-DIMENSIONAL STOCHASTIC DIFFERENTIAL

EQUATIONS

HUANG Yong-jie, ZHAO Jun-yilang

(School of Mathematics, Southwest Jiaotong University, Sichuan 611756, China)

Abstract: This paper studies the problem of preserving positivity in the numerical

solution of a class of multi-dimensional stochastic differential equations (SDEs). By modifying the

assumptions in the original theory and combining the properties of logarithmic transformation,

a new method for constructing truncation functions is developed. The strong convergence result

of this numerical method is obtained, and it is proved that the Lp convergence of the numerical

solution holds under certain conditions, with the strong convergence rate reaching the 1/2 order.

The results of the original method are generalized, successfully expanding the application scope of

the logarithmic truncation EM method from scalar SDEs to multi-dimensional SDEs.

Keywords: multi-dimensional stochastic differential equations; positivity preserving; the

logarithmic truncated EM method; numerical simulation
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