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, «¨¬'­%®%¯b°¨±³² Cahn-Hilliard ´'µ [1] ²?¶!·'¸:¹

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

ut = M∆W, (x, t) ∈ Ω × (0, T ],

W = −∆u +
1

ε2
f(u), (x, t) ∈ Ω × (0, T ],

u(x, 0) = u0, x ∈ Ω,

∂u

∂n
=

∂W

∂n
= 0, x ∈ ∂Ω,

(1.1)

º:»
∂u
∂n

= ∇u · n, ¼ ª n ½¾²¨¿ÁÀÃÂ:ÄÃÅÇÆ!È , F (u) = 1
4
(u2 − 1)2 ¿ÃÉËÊÍÌ:Î , Ï%¶

f(u) = F ′(u) = u3 − u, Ω ¿!Ð�Ñ³ÒEÓ , ε ¿%Ñ'Ô¨Õ¨¶ , M Ö!×!Ø¨Ù%Ú%Û , T Ü%Ý¨Þ%ßÍà�á , u

½Ã²Z¿'×'Ø ª6â¨ã!ä ²?å'æ . ¼ ª Î�È³ÏE¶¨Ö
E(u) =

∫

Ω

(
1

2
|∇u|2 +

1

ε2
F (u)

)
dx. (1.2)
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¶%·����%´%Å�¿ " ¸ CH ´¨µï²�����y%ô�������� . ���¨í�� ,
" ¸ CH ´¨µï²E¶%·%´

Å!Ð�7!� , �A®'Ð�|+�¨û'Å [2,3], �!´!Å [4,5], Ð�|Zø [6,7] � . ��� º �'´!Å ¦�" ¸ CH ´'µ��
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ü�¨¨´'µ�ª�%b¶!·�~�±�à , .�ô'¶!·'¸�«�%�¬�©�­�� , ¥�¦%Î�È�§�¨�©�w ,
º�® Îbô�7�¯Ã²�à

'5(�) [8,9]. °�±�� [8] û�²�/ Allen-Cahn ´'µ¨ð Cahn-Hilliard ´'µ �� ¶!·¨ü�¨�ª�%b¶!·
~�± , ÿ�/�4¨¶¨·�~�± �� �³�´ , ª�%�¬�©Ã²Z¶¨·�~�± . ;!Ä , }�<���µ!¶'ú¨´¨Å�ª�%�·¨°%±
²�}�¸��¨û�²�¹ ò�º+»�¼ ´¨µ¥²5¬!©��%û�:%ð�½���¾�¿ . À�Á¨í�� [10] 	�Â »&Ã �¨´¨Å�/&1
' �� ü�¨ , Ä�Å�±b´!Å�/³à�' �� ü�¨ÇÆÉÈ�à , ¹ ò ����ð¨÷���Ä�Å5~%±³²�Ê�Ë��!û�:!ð�¬
©��!û�: , ÿ�Ì�£!¶!·�Í�Î�Î�Ï º�Ð ¯Íà�'5(�)¨´!Å:²ZÐ�Ñ�� . Ò�Ó�ÔÃ² Cahn-Hilliard ��ÕÖ È , ×�Ø�� [11] ñÁò�º ��Ù�Ú Cahn-Hilliard ��Õ , Û5Ü'Ð���Ù�Ú�Ý�¨�Þ�ß:² Cahn-Hilliard

´!µ .
¦%©�à:ª ñ % »�¼ Ö È!²Z¶¨·�~�±Ã¹á����Ä!Å�~�±!ð%÷!��Ä!Å�~�±%ÿ�Ïãâ º Î'È�¬!©

� , Þ�ä�¹ ò ¶!·�Í�Î�Î�Ï�ª�%Ã²�å��¨¿���æ:² . ç�è�� [5,12] 	�Ä�Å�±�Â »!Ã ´¨Å%ü�¨�÷�é
CH ´!µ�ª�%!÷���Ä!Ås¶¨·�~Í± , ÿ ñ:ò � ¼�ê ²+¬�©!´¨Å���Ïãâ ³�´ ä:²bÎ'ÈÁÏs¶¥²5¬!©
� , ÿ � ��(�Ý�ë�% º=ì é�1�' .

�%´%Å�¿�� ¼ 0�ÑÁ²s¶�·%´�Å , í¨¼�¿�îã�5ï�ð��%´�Å [13−17], ñ%¿ " ¸�����û¨´¨µ ²
����y¨ô�������� . /�<�7&����¡�ò����=� , ��	�Â »&Ã �¨´¨Å [17]

�� �" ¸�� § � Ð 0 , ó
î���ï�ð��!´!Å " ¸ º�ô �=��õ�ö%û!Ð�÷ÍÌ�ÆEÌ�£ ³&ø }ÁÏs¶�ù�ú 2 Ïs¶ã-Zû���ü ¼ ��¡�ò
s�Ñ�t�u . ×��=<'¼�ý��!´!Å ,

¦�þ�ÿ ¸:²�����¯ , î���ï�ð���Ü'Ð¨½'¶�Ê�Ë�� [13], Û ¦ 0��
æ�¿!Þ ª ö�û¨Ð!Ñ , ��²�¿�/���<�0��Ã²5����û¨´¨µ , ��	�îã�5ï�ð���û��
	 �! ×��¥²+¿
Þ�0�� 2 ¶ ,

º�® -���
bÐ�|+�¨û ª /�<�0�� 2 ¶�¿�Þ����Ã²������ .§%© ó�ô���	�îã�5ï�ð��%´%Å¥²+÷³Ì�� " ¸ CH ´¨µ . ó�ô����%®Í¯Í¹��Í÷�� , ����î
�+ï�ð��¨´¨Å:²�©� , ¹ ò *�, Ö È!² ô Õ�ª!% Ö È!²5îã�5ï�ð��%û��
	 ô Õ . � ì �"! ò
CH ´!µ¥²�Ä!Å�~�± , ÿ���	��%û��#	 �� ü�¨ " ¸ . �r��� ,

¦ � ì �:²�}�¸�� , $�%�¬�©&
, ÿ���	�îr�+ï�ð��¨´¨Å�/&1&' �� ü�¨ , à�'5���%¿�Ä!Åb±'´¨Å�ü�¨ , ª�%'¶¨·!¸ . ��'( å'ù�� ì") ��� , ¹ ò ÷���¬�©'þ�Ä!Å�~Í± , Ò ì ����È+w , ü�¨%´!µ�ª�%'¶¨·�~Í± . ��*
� , ¹ ò ¶!·�Þ�+ , � Ð�ì�¼ ~%±³² Ö È�$¨¼�¬�©������ .

2 ,.-0/"1024365
îr�+ï�ð��¨´¨Å%¿��¨´¨Å ª ²�� ¼ 0�Ñ'¶¨·�Þ¨Å , ¼�©� ¨¿�*�,�7�8�� & ±!Ö�îr�+ï�ð

� & ±³²��!´!Å�ÛEÖ�î���ï�ð��!´¨Å .º¨»
, >�?�*�,Ã²Z¿���� ô î���ï�ð�� & ± ,

® Ü¨Ý¨Ö
Tn(x) = cos(n arccosx), n ≥ 0, x ∈ Ω, (2.1)

Ì�� , 9 x = cos θ, : θ = arccosx, ;
<!î ��ï!ðÇ� & ± ® è
=�Ö Tn(x) = cos(nθ), n ≥
0, x ∈ Ω. >�� & ±�¥�¦������ ä , ®Ã¹

(1) ?�@��
Tn+1(x) = 2xTn(x) − Tn−1(x), n ≥ 0,

T0(x) = 1, T1(x) = x,
(2.2)
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Ò�ñÃ² 2 ¶Á²�?�@�\�]!Ö
2Tn(x) =

1

n + 1
T ′

n+1(x) − 1

n − 1
T ′

n−1(x), n ≥ 2, (2.3)

î_^�`�ÏE¶Á²?ð�a!þ���� ä ® ª�%
2Tm(x)Tn(x) = Tm+n(x) − Tm−n(x), n ≥ 2. (2.4)

(2) 7�8��
∫ 1

−1

Tn(x)Tm(x)
1√

1 − x2
dx =

cnπ

2
δmn c0 = 2, cn = 1(n ≥ 1), (2.5)

¼ ª
δmn =

{
0, m 6= n,

1, m = n,
(2.6)

b yÍÏE¶¨Ö
w =

1√
1 − x2

. (2.7)

ó�/�<!ü�¨dc�²=*�,'Ð ì�¼ *�eÁ¹
(1) Chebyshev-Guass (CG) c

xj = cos(
(2j + 1)π

2N + 2
), wj =

π

N + 1
, 0 ≤ j ≤ N.

(2) Chebyshev-Guass-Radau (GCR) c
x0 = 1, w0 =

π

2N + 1
, xj = cos(

(2πj + 1)π

2N + 1
), wj =

2π

2N + 1
, 1 ≤ j ≤ N.

(3) Chebyshev-Guass-Lobatto (CGL) c
x0 = 1, xN = −1, w0 = wN =

π

2N
, xj = cos(

(πj)π

N
), wj =

π

N
, 1 ≤ j ≤ N − 1.

�gf�����¯ , /�< Ö È'²=s�Ñ�t�uã�=� , ü�¨dc�²=*�,�Ì�� Ö È . +¨® " ¸�h"i?ð�j ã ô
��� , ��*�, CGL c , ��ó�/�<�����Élk�������*�	 CG csð CGR c .¦ 	�îr�+ï�ð��%´%Å " ¸Áà , ��.bô�m�n�îr�5ï�ð���û��
	 . +%® , *�, CG Õ!ü�¨#c ,

ÿ�o!ü�¨dc�Ö {x}N
j=0.

Ö�p o u ∈ PN , ¼ ª PN Ö N q������ & ± , {Lj(x)}N
j=0 Ö�r�~
s"t

}&� & ± , :
u(m) = Dmu, m ≥ 1, (2.8)

¼ ª D ÛEÖ�î���ï�ð��¨û��d	 , Ü�«�±'®%¯Í¹
D = (dkj = L′

j(xk))0≤k,j≤N ,

u(m) = (u(m)(x0), . . . , u
(m)(xN)),

u = u0.

(2.9)
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/!<�*!, Ö È¨²sü�¨
c , ��û��
	³²�m�n Ö È ,
º�»#u ¬¨­ CGL(x0 = −1, xN = 1) Õ .

¯�Ô¨¿��¨û��d	�²�v��!ø�wÃ²?Ü�«Í±³¹

dkj =





− 2N2+1
6

, k = j = 0,
c̃k

c̃j

(−1)k+j

xk−xj
, k 6= j, 0 ≤ k, j ≤ N,

− xk

2(1−x2
k
)
, 1 ≤ k = j ≤ N − 1,

2N2+1
6

, k = j = N.

(2.10)

x ¹ c̃0 = c̃N = 2, c̃j = 1, 1 ≤ j ≤ N − 1.

3 y{zl|~}
Ä&Å�~Í±¨¿¨¶%· " ¸�´%Å ª ��	¥²�� ¼ ,

¦ ����û¨´¨µ�/Áà!' �! ü�¨Áà , /��Í±���s
����Ú%û���	�Å'±�v�w , ������Ú%û���	��!Ý!v�w ,

º���� ²+÷³Ì!×ã����������~Í±���� ®
-�����������¿�Þ¨È , ����� § .

§ �¨¬!­���	�Ä!Å�~Í± " ¸!Ü¨Ð���������sÍÑ�t�u�ð�������������������"�
Cahn-Hilliard ��� .

{
un+1−un

δt
= M∆

[
−∆un+1 + f(un)

ε2

]
,

u(x, 0) = u0,
(3.1)

������� ���� 
u(x, 0) = cos2(πx), (3.2)

¡�¢ ��£���� ��� , ��� ���������������

u(−1) = u(1) = 0,

u′(−1) = u′(1) = 0,
(3.3)

��¤
un+1 ¥�¦�§"¨d© t = tn+1

¨�ª u(x, tn+1)
� �

, t = tn+1 «�¬ ¨d©�­�®   N ¯�°�±
n + 1 ¨�ª � �
² 0 = t0 < t1 < t2 < · · · < tN ,

�"¤
δt := tN

N
¥�¦�¨�©´³�µ , u0

¥�¦�§d¨�©  
0 ¨�ª � ��¶�� .·�¸

, ¹�º�»�¼¾½�¿�À�Á���Â�Ã�ÄdÅ ©´Æ�Ç ²

un+1 − un

δt
= −MD4un+1 + MD2 f(un)

ε2
, (3.4)

È�É�Ê
un+1 − un = −MδtD4un+1 + MδtD2 f(un)

ε2
, (3.5)

Ë�Ì#ÍÏÎ�Ð Ê
(I + MδtD4)un+1 = (I − MδtD2

ε2
)un +

MδtD2

ε2
(un)3. (3.6)
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 �å�æ�ç�è
, é 




A = I + MδtD4,

B1 = I − MδtD2

ε2
,

B2 =
MδtD2

ε2
,

b = B1u
n + B2(u

n)3,

(3.7)

�"¤
, I ¥�¦�ê Å ©ìë Í´í �´î�ï�ð#ñ , D « ¼¾½�¿�À�ò ® ðdñ . ó�¹�º � Ã�Ä�����ô�õ�ö�÷å� 

Aun+1 = b. (3.8)

ø�ù
, ú�ûgü�ý�þ�ÿ���������� , ��� Ê�	�
���
�� ��� � ý .

4 �����������������
�� �!�"

Cahn-Hilliard ��� �$# í&%(' ÷ 
)� � � 
(� . * 
(� § «�+�,  (
 %(' 
� �.-���/�0 %('�Ð ∆S(un+1−un)
ε2

,
�¾¤

S « %�' ÷�1 � , 2�3 Ê�	 # í4%�' ÷ 
)�$
(� [18]5 é  �# í SSI1 6 .·�¸
, § #&7)8 © [−1, 1] þ !&"�9�:$
�� � Cahn-Hilliard ��� ²





un+1−un

δt
= M∆Wn+1,

Wn+1 = −∆un+1 + S
ε2

(un+1 − un) + 1
ε2

f(un),

u(x, 0) = cos2(πx),

u′(−1) = u′(1) = 0,

u(−1) = u(1) = 0,

(4.1)

�"¤
, f(un) = (un)3 − un. þ�ÿ�¯ � ¯�;   ²

un+1 − un

δt
= M∆[−∆un+1 +

S

ε2
(un+1 − un) +

1

ε2
f(un)]. (4.2)

·�¸4< Å © Ã�Ä Ê ²
un+1 − un

δt
= MD2[−D2un+1 +

S

ε2
(un+1 − un) +

1

ε2
f(un)], (4.3)

= # ³ ÷ å Ê

[1 + MD4δt − MD2Sδt

ε2
]un+1 = [I − MD2Sδt

ε2
] +

δtMD2

ε2
f(un), (4.4)

Ì ¬ f(un) >$? , ô�õ�÷ å Ê

[I + MD4δt − MD2Sδt

ε2
]un+1 = [I − MD2Sδt

ε2
− δtMD2

ε2
]un +

δtMD2

ε2
(un)3, (4.5)
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�"¤
I
  í î�ï�ðdñ

,
 EDGF�H4I�è � æ , é





U = I − MD2Sδt

ε2
,

A = U + MδtD4,

b = (U − MδtD2

ε2
)un +

MδtD2

ε2
(un)3,

(4.6)

ó�þ�ÿ ��# í 
�� ö�÷ å�  ���������
Aun+1 = b. (4.7)

§�J�K [5]
¤GL 	

, M S N�O ¡ : ���

S ≥ max
x∈Ω

{1

2
|un(x)|2 +

1

4
|un+1(x) + un(x)|2} − 1

2
, (4.8)

P Ç « %�' � .

5 Q����������������
ê # í&%(' ÷ 
)�4
)� �$R�SUT�V « Î�W � , §(X í ��� 
)�$
)� 5 é   SSI2 6 [13] þ/�0 %)'�Ð

, Y(Z ��[E\�]�^ í   , 2�3 Ê)	 X í SSI

)�

. * 
)� «`_ [10] § ü�ý X 7¾�
MBE ��� ¨ LEa � .�� �b » X íUc F ò ®�d � (BDF2)[19] e�f�g � � 
�� . § 1952 h , BDF ��Â�ô � _
C. F. Curtiss i J. O. Hirschfelder

Lja
[20], »�k�ü�ý(l�mUn&� � ò ® ��� , �´ý)o(n&��pq

.
Ì § 1971 h , _ Gear[21] § ��r�s�t&u"¤Gv(w D BDF( x�y BDF1

	
BDF6

��z m d �¢ �&{ )
����| ®&} i %�' � , ~�����Â « 9&� � � ü�ý)n$��p q �.������# .� §��&� BDF

� d � ,
!&"

ODE ���
dy

dt
= f(t, y), (5.1)

ó ç » BDF d � =�� �$� Ã�Ä F
yn+1 − yn

δt
= f(tn, yn+1), (5.2)

ø�ù § *&����þ ç » BDF2 d � , ó�Ã�Ä�� �   ²
3yn+2 − 4yn+1 + yn

2δt
= f(tn+2, yn+2), (5.3)

�l¤
, δt ¥�¦#¨�©g³�µ ,

I�è
BDF2 ¨ , y0, y1 û&����� BDF d � I�è Ê � , �(>&? BDF2d � =��&�&� ç�è .b » BDF2 d � ü�ý � Cahn-Hilliard ��� � X í SSI


��
[15]
 





3un+1 − 4un + un−1

2δt
= M∆Wn+1,

Wn+1 = −∆un+1 +
2f(un) − f(un−1)

ε2
+

S(un+1 − 2un + un−1)

ε2
,

(5.4)
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Í�� ����¶��  
u(x, 0) = cos2(πx), (5.5)

i Dirichlet, Neumann
���

u(−1) = u(1) = 0,

u′(−1) = u′(1) = 0,
(5.6)

�l¤ ê # í SSI
# �

, f(u) = u3 − u, S « %(' ÷(1 � , δt « ¨�©g³�µ . þ�ÿ X í SSI

(�

(5.4)
� ¯�;  

3un+1 − 4un + un−1

2δt
= M∆[−∆un+1 +

2f(un) − f(un−1)

ε2
+

S(un+1 − 2un + un−1)

ε2
]. (5.7)

� »�¼¾½�¿�À�Á���Â�ü�ý g&X í 
�� (5.4),
< Å © =�� Ã�Ä Ê�	

3un+1 − 4un + un−1

2δt
= MD2[−D2un+1 +

2f(un) − f(un−1)

ε2
+

S(un+1 − 2un + un−1)

ε2
],

(5.8)= # ³ ÷ å Ê

3un+1 − 4un + un−1 = − 2δtMD4un+1 +
2δtMD2S

ε2
un+1

+ 2δtMD2 2(un)3 − (un−1)3 − 2(1 + S)un + (1 + S)un−1

ε2
,

(5.9)

ô F Ê�	

(3I + 2δtMD4 − 2δtMSD2

ε2
)un+1

=(4I − 4δtM(1 + S)D2

ε2
)un + (

2δtM(1 + S)D2

ε2
− I)un−1 + 2δtMD2 2(un)3 − (un−1)3

ε2
.

(5.10) ED�å�æ�ç�è
, é 




U1 =
2δtMD2

ε2
,

U2 = I − 2δtM(1 + S)D2

ε2
,

A = 3I + 2δtMD4 − U1,

B1 = 2I + 2U2,

B2 = −U2,

B3 =
U1

S
,

b = B1u
n + B2u

n−1 + B3(2(un)3 − (un−1)3),

(5.11)

� * , � ¬ X í SSI

�� é   9�:

Aun+1 = b. (5.12)

§ =��&�&� ç�è ü�ý ¨ , u0, u1
� � û$�&��� # í SSI


�� I�è Ê a
, ��>$? X í 
�� =� ç�è

, � 	$��	 ô F�ç�è ¨�©�¨ , ��� Ê a f W ý .
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5.1 �������$�
  � æ�� : � ��I�è ��� , § *���? #������ ² δtu

n+1 := un+1 − un, δttu
n+1 := un+1 −

2un + un−1, Dδtu
n+1 := 3un+1−4un−un−1

2δt
.
< k�  #  L 	 � X í$%�' ÷ � � 
�� ��÷   9�:

(5.13)
� ²





Dδtu
n+1 = M∆Wn+1,

Wn+1 = −∆un+1 +
1

ε2
(2f(un) − f(un−1)) +

S

ε2
δttu

n+1.
(5.13)

< k&¡)¢ u ∈ L2
0(Ω), £ −∆−1u := u1 ∈ H1(Ω)

⋂
L2

0(Ω),
�¾¤

u1 « :4¤ l�m ��������������"� ��� � ý ² 



−∆u1 = u,

∂u1

∂n
= 0,

�"¤ '&¥�¦ �
‖u‖−1 :=

√
(u,−∆−1u). &§�¨�� � 
�� � P Ç %�' � ,

¡_¢ § F�H&§�¨ ¤ < k f(u)
=��

Taylor ©�ª Ì ÷ å ¨
û$� < Z ��«4� =���¬ É ,

z ¡®­�� ��� (1.1)
¤ �4¯��

f ′(u) « �&N�O #4° m �d� [22], � ²

max
u∈R

|f ′(u)| ≤ L, (5.14)

�"¤
L «�±�² 1 � .

Ì Y §�J�K [21]
¤ §j¨�D X í$%�' ÷ 
���
�� « N�O

1

|Ω|

∫
u0dx =

1

|Ω|

∫
u1dx = m0, (5.15)

2&3 _ ��|�³4´ Â Ê�	
1

|Ω|

∫
un+1dx = m0, n = 1, 2, . . . ,N, (5.16)

ó δtu
n+1 ∈ L2

0, n = 0, . . . , N.

��µ 5.1
§ N�O (5.15)

� ¡�¢
(5.16)

� ��¶�· :
, X í SSI

� � 
��
(5.13) N�O 9�:� P Ç %�' �

En+1
S ≤ En

S − 1

4Mδt
‖δttu

n+1‖2
−1 −

1

2
‖ ∇δtu

n+1‖2

− 1

Mδt
‖δtu

n+1‖2
−1 +

L

ε2
‖δtu

n+1‖2 − S

2ε2
‖δttu

n+1‖2,

(5.17)

�"¤
En+1

S = E(un+1) +
1

4Mδt
‖δtu

n+1‖2
−1 + (

L

2ε2
+

S

2ε2
)‖δtu

n+1‖2. (5.18)

¸ § (5.13)
�4¹ -�º�� ®&»�ê (−∆)−1δtun+1

M
i −δun+1 ¼�½®¾ , ��£�» ®&¿ ¾ ®�d � ,

Ä�À ' É , i ¡ :4Á�Â�� ²

(a, a − b) =
1

2
(‖a‖2 − ‖b‖2 + ‖a − b‖2),

(a, b) =
1

2
(‖a‖2 + ‖b‖2 − ‖a − b‖2),
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Ê�	

(
1

M
Dδtu

n+1, (−∆)−1δun+1) = −(∇un+1,∇δtu
n+1) − 1

ε2
(2f(un) − f(un−1), δtu

n+1)

− S

ε2
(δttu

n+1, δtu
n+1).

(5.19)

� ¼ å�î#� Æ�Ã Ê�	
I1 + I2 + I3 + I4 = 0, (5.20)

�"¤

I1 = −(
1

M
Dδtu

n+1, (−∆)−1δun+1)

= −(
1

Mδt
δtu

n+1 +
1

2Mδt
δttu

n+1, (−∆)−1δtu
n+1)

= − 1

Mδt
‖δtu

n+1‖2
−1 −

1

4Mδt
(‖δtu

n+1‖2
−1 − ‖δtu

n‖2
−1 + ‖δttu

n+1‖2
−1).

(5.21)

I2

� ¥ ���&9�: (5.22)
� ²

I2 = −(∇un+1,∇δtu
n+1)

= −1

2
(‖∇un+1‖2 − ‖∇un‖2 + ‖∇δtu

n+1‖2).
(5.22)

I3

  ²
I3 = − S

ε2
(δttu

n+1, δtu
n+1)

= − S

2ε2
‖δtu

n+1‖2‖ +
S

2ε2
‖δtu

n‖2‖ − S

2ε2
+ ‖δttu

n+1‖2.

(5.23)

ü�ý I4 = (2f(un) − f(un−1), δtu
n+1), £�» Taylor ©&ª d � § un

¬ ©&ª Ê�	

F (un+1) = F (un) + f(un)(un+1 − un) +
f ′(ξn)

2
(un+1 − un)2, (5.24)

ó�� Ê�	

(un+1 − un, f(un)) = (1, F (un+1) − F (un)) − f ′(ξn)

2
(un+1 − un)2, (5.25)

2&3�Ä&Å�þ (5.25)
� � Ê�	

(un+1 − un, f(un) − f(un−1)) = (un+1 − un, f ′(ξn−1)(un − un−1)), (5.26)

ó I4

 
I4 = (f(un), δtu

n+1) + (f(un) − f(un−1), δtu
n+1)

= (f(un), un+1 − un) + (f(un) − f(un−1), un+1 − un).
(5.27)
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�¾¤
ξn «&Æ k un ê un+1

� © , ξn−1 «&Æ k un−1 ê un
� © . � < (5.26), (5.27)

º�� ®�»Í ¨�Ç ¡ 1
ε2

,
Ì�È�Ë

(5.20)-(5.27)
��Ê�	

1

ε2
(F (un+1) − F (un), 1) +

1

2
(‖∇un+1‖2 − ‖∇un‖2)

+
1

4Mδt
(‖δtun+1‖2

−1 − ‖δtun‖2
−1) + (

L

2ε2
+

S

2ε2
)(‖δtu

n+1‖2 − ‖δtu
n‖2)

≤− 1

4Mδt
‖δttu

n+1‖2
−1 −

1

Mδt
‖δtu

n+1‖2
−1 −

1

2
‖∇δtu

n+1‖2

+
3L

2ε2
‖δtu

n+1‖2 + (
L

2ε2
− S

2ε2
)‖δttu

n+1‖2.

(5.28)

§�É
.

6 Ê`Ë�Ì�Í
§ �� , ¬ ����� � � è�Î ±�ü�ý ,�Ï � � 
(� ��� � ý � %(' � . § :4¤ �.Î�Ð ¤ !" � Å ©�Ñ « #&7 Å © Ω = [−1, 1] , N « Å © Ã�ÄEÒ 
 � , xi = cos( (i−1)θ

N−1
) « Ò 
(Ó .

< ¨
© 8 © [0, T ]

=���Ô ® ² 0 = t0 < t1 < t2 < · · · < tN1
= T ,

�¾¤ ¨�©�³�µ δt = T/N1, Ä�Å
(4.8)

� i ' É 5.1, ¹�º��&Õ�± %�' ÷�1 � S
 

S = 0, 1, 2, S = 0 �   
(�Ö
�� , ×)� ± %' 
��
.

(1).

���
��
�4Ø�Ù&Ú � ®&»   , N = 128, M = 0.01, ε = 0.1, δt = 10−4. M ¨�© 	$� T = 2 ¨ ,

� �
ý � %�' � ¶�· 9EÛ 1

z ¦ .Û
1
¤ �

(a), (b)
ÛÖÜ ¦ � ��¶�� « T = 0 ¨ � , Ý&Þ�ý « T = 0.06 ¨ � ,

% Þ�ý «
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(b) ß�àâá®ã®ñêì�òæóíô.äâõêöíé (c) ß�àâá®ãGäâ÷®øúù.û

ü
1 ý&þ�ÿ��$ÿ�����������	�
���
�������������� ü

T = 0.2 ¨ � , (c)
Û.Ü ¦ � « T = 0.2 ¨ � ¯��&� Û . 2 Û 1

¤ � ¡ � 	 , M T = 2 ¨ , (3.1)� ��� � ý ��	 %�' , CPU � ¨ 47.69
5�� ² Ú � b » � «�� Ç�� ÷ Ú � 6 .

(2).
# í$%�' ÷ 
��®&» !&" Ú � N = 150, M = 0.01, ε = 0.02, S = 2, δ = 2 × 10−5.

b » # í$%�' ÷ 
���! 
�� �!" ¨�© 	 T = 0.2,
� � ý � %�' ¶�· 9EÛ 2

z ¦ ²
2 Û 2

¤ P � 	 , M ¨�© 	$� T = 0.2 ¨ , (4.1)
� ��� � ý ��	 %�'$# Þ .
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ü

2 %�������	�
���
������!& SSI1 �$ÿ ü

� § � v(w %�' � Ú � S ' � � ý�(&À�> � �*),+ , £ N = 200,
Ì.-�' Ú �

M = 0.01,

ε = 0.1, ô F , / a T = 0.04 i T = 5 ¨ ,
<�0�1
Í ¨�©´³�µ � Û .243 Û

3 � ÊU	 ² < k ¹ �6� Ý�Þ�ý , ��M�± ¨#© T = 0.04 ¨ , ± ¨#©�³�µ #�°d 
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(b) t = 5 ì SSI1 äâï ð é.äèû
ü

3 CH 5�6��87$9;:�<�=�>$?;<�=�>��$ÿ���������@��BA4C ü

δt = 10−4,
%(' ÷ S = 0, 1, 2

Ú � m ë W ��� � ý , 3EM ¨�© ± T = 5 ¨ , ,�Ï %(' ÷ Ú �<�0 ��� � ý��$À %�Ë , D « ¨�©´³�µ�E$F�§�ë M�G ��^�H ,
%�' ÷ Ú � (S = 1, 2)

<�0 � %
' 
�� «�± %�' 
�� (S = 0)

�
1000 I .

J,K�L,M N4O�P,L,M
S δtmax

M = 0.1, ε = 0.1 0 δtmax ≈ 0.011

1 δtmax > 1

2 δtmax > 1

M = 0.01, ε = 0.1 0 δtmax ≈ 0.12

1 δtmax > 1

2 δtmax > 1

Q
1 SSI1 �$ÿ�R�S�TBU�� M, ε V , δtmax ��R��$W�X

 jD vUw � � ý � %(' � , ¹�º�Õ�± � � ý %(' ¨ � ô�G ¨�©g³�µ δtmax

=(��Y \
, �

* ¨�Zd¨�©�³�µ δt > δtmax
¨ ,
� � ý ¬�[ a ��\!] � �,^ .

Î 9
,
!�" M n = 256, ε = 0.1,

M = 0.1, 0.01 ¨ ,
< k 1
Í � %�' ÷ Ú � S = 0, 1, 2, ��� ��_!`�a�F ,

<�0 � ô�G ¨�© 9 ¥
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1
z ¦ ²
2 ¥ 1

¤ ��b , M � � ý �(	 %�' ¨ ,
%�' ÷ 
�� S = 1, 2

� ô�G ¨�©�³�µ!c ½ ± %('
÷ 
�� S = 0 �!G .

(3). X í$%�' ÷ 
��d�< X í4%�' ÷ � � 
�� , ¹�º�± N = 150, M = 0.01, ε = 0.02, S = 2, δt = 2 × 10−5,b » (37)
� 
��

,
I�è � 	 ¨�©   T = 0.2 ¨ ,

Ê�	 � Û�9EÛ
4
z ¦ .
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5 ��b , §#¨�© t = 0.04 ¨ z Ê � Ý ¨ ý Û ¤ , M ,�Ï 1"Í�%�' ÷ Ú � <�0 � %' ÷ � � ý,p ®�ë W , q�r 1 P »ts!u ¼ 8 ®#¨ , v � ¨d©�³�µ � � � #�° . §"¨d© T = 5¨ z Ê � % Þ#ý Û ¤ , M ,EÏ 1~Í&%j' ÷j1 � <w0 ��� � ýx�(Àzy Ë ¨ , v � %j' 
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� ¨�©´³�µ «�± %�' 
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1000 I .%(' � ² ê # í 
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1 δtmax ≈ 2

2 δtmax ≈ 2

Q
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THE STABILIZED SEMI-IMPLICIT CHEBYSHEV SPECTRAL

METHOD FOR THE CAHN-HILLIARD EQUATION

TANG Shu-juan, LUO Xian-bing

(School of Mathematics and Statistics, Guizhou University, Guiyang 550025, China)

Abstract: This study investigates three distinct numerical schemes for the Cahn-Hilliard

equation: the semi-implicit scheme, the first-order stabilized semi-implicit scheme, and the second-

order stabilized semi-implicit scheme. A hybrid approach combining the Chebyshev spectral

method (for space) and finite differences (for time) is proposed to discretize the Cahn-Hilliard

equation. Numerical experiments demonstrate that when the numerical solution reaches a

steady state, the stabilized schemes allow time steps up to 1000 times larger than those of the

non-stabilized scheme for different stabilization constants S. This study validates the effectiveness

of the Chebyshev spectral method for solving all three numerical schemes.

Keywords: Cahn-Hilliard equation � first-order stabilized semi-implicit scheme � second-

order stabilized semi-implicit scheme � semi-implicit scheme � Chebyshev spectral method
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