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, Ì­Í¼Î&Ï­ÐGÑ¬Ò­Ó¿Ô¿Î ¾¼ÕÁÖ¿½­×¿ØÙÆ¬Ú&ÛÜ¿Ý
.Anderson Þ May[1]

Æ~ß&à¼á&â­À¼ã¿ä·å$æ­ç¼èÙÆ$é¼ê­ë&ì
, í&î ¸­¹&º¼»­½¿¾­ï&ðñ Â&òÅóÅÆ ÐGÑ ç&è . ô&õ¼ö , ÷­ø ¾Áù¼ú­ßÙådû­üÙÆ ÐGÑ .Venturino[2] ý¼þ Ê­ÿÙå_Ö¼½��

Lotka-Volterra ý­þ Æ�����Ü&Ý . ����	�

�
��� [3] ��� ���­Ã���½ÇÆd¸�¹Áº­»Á½��������å����� ÅÆ Ð¼Ñ .

÷Áø"!�#&ÐÅÑ�$&% ,
Ö&½�'�(�)¬½��&Ã·Æ~»­Â�*­¸"+�,

, -�."/�Í�0�1 ù�2�354 0�1�6)�½GÆ7�ÁÃ
. 8�9 Lafferty[4] ��� *�:�;�<¬¸�=?>��ÅÆ�@�'�A ô�B�C , 0�1 ù�D�2�3�4 0�E�6��½ÇÆF@

; Williams[5] G�H @�I7J�K 6�L�M :"N . 2001 õ Chattopadhyay[6] ��� *�: Salton

B IO)$½ÇÆF@�2�3P4 ñ Â�DGÆ 0�1RQTS , U�6�V�W :"N Þ ��X [4−5]
ÆFY�*

, Z�[ å]\ 0�1 ù^ 0�E )�½��ÁÃ�_�Æ_¸¬¹�º­»¬½����

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







St = rS
(

1 − S+I
K

)

− β1SI,

It = β1SI − mIP
α+I

− µI,

Pt = ωIP
α+I

− dP.

(1.1)

2014 õP`�aPb [7] �"�"c �5� (1.1)
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õ�Æ � ¸ [8] Ç �­å y¬# Beddington p DeAngelis
��d�e?f�gPh~ÄÇÆd¸�¹Áº­»�½��"�

, |�}È�~ L�M ÆÉ��� Ð¼Ñ å7���¼ó¼Æ������&ä¬á Þ�� ���&ä¬á , Ê�Ð¼Ñ?Ë�Ì?Í�Î å ` ��� Æ ñ Ì .G : ! Æ~¸Á¹ ý&þ I , 0�1 ù¼Õ��&Ã ÒÁÓ 'vÏ?Ð�Ñ U ×"�Á½ , #�Ò�Ó Æ�¾�ù ÐÅÑ å V �ç­è
. 1989 õ Hadeler[9] ��� ÐÅÑ åO� W�0�1 ù Þ �&Ã�Ô��Á½·Æ~¸Á¹­º&»Á½���� , |�} (�~

Perron-Frobenius
ä�éÁÊ�ÿ·åÉÕ�Ö�×�Ø ÆOÙ�Ú­ávÛÉÜ

,
q�Ý��­åVº­»�½·Æ�ÞOß

. 2013 õ�à�áâ
[10] ��� Ð¿Ñ åF� W�0�1 ù Þ �­Ã�Ô���½ÇÆd¸�¹Áº­»�½��"� , Ê IO)$½ 0�1 ù Ò�ã�ä �­Ã ,

Ê ��å&Â Wt = −m2W + β2PW , à ����æ�ç ë�è�é­¸�Ä ö�ê ê����¿ó¼Æ��&ä�á�q�ë��&»ÇåÄ�ß���ì
. 2024 õ Mekonen[11] Ð¿Ñ åF� W�0�1 ù Þ �&Ã�Ô��Á½·Æd¸Á¹­º&»Á½��"� , Ê IO)½ 0�1 ù�í Ò�î Õ 0�1�ï�Ò�ã�ä �­Ã ,

���PIF)�½ 0�1 ùGÆÉ��å�Ï ��X [10]
� Í , |�}�Ð¼Ñ å���Åó¿ÆF�¼äÁá Þ ë�è�é&¸ÁÄ ,

q�ð�~�ñ�ò��&Ý­é­ê�ó�ôÙåF�Á½ Ó�õ ÆFñ�ò�ö�÷�ø�ù . ú­Ï
0�1 ù Þ �ÁÃ�Ô��¬½GÆ_¸¬¹�º­»¬½����ÅÆ�2"û Ð¿Ñ�üvýþî r ��X [12-16].

U ��X [6−8]
\ 0�1 ù 0�E )�½��ÁÃ�_ Æ7����ÿ�� Þ ��X [11]

Æ�Y�*
;
è � Ç �F� L�y$#�z

{ Æ 0�1 ù Þ �ÁÃ�Ô��¬½GÆ_¸�¹�º­»¬½����





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




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
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

























St = ∆S + rS

(

1 −
S

K

)

− β1SI, x ∈ Ω, t > 0,

It = ∆I − bI + β1SI − lIP, x ∈ Ω, t > 0,

Pt = ∆P − m1P − β2PW + θlIP, x ∈ Ω, t > 0,

Wt = ∆W − m2W + β2PW, x ∈ Ω, t > 0,

∂S

∂ν
=

∂I

∂ν
=

∂P

∂ν
=

∂W

∂ν
= 0, x ∈ ∂Ω, t > 0,

(1.2)

���
(1.2) ����� ß��	�

S(x, 0) = S0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, P (x, 0) = P0(x) ≥ 0, W (x, 0) = W0(x) ≥ 0.

Ê I S, I, P, W
Ê�
�� $�
�� �¼Ã ;

)�½��¼Ã
; 
��"0�1 ù ;

)�½ 0�1 ù Æ Ò­Ó���� . b, m1,

m2

Ê	
	� $ )�½��ÁÃ ; 
���0�1 ù ;
)�½ 0�1 ùGÆ�����m .

)�½ 0�1 ù U ÖÁ½GÆ���� ,
����m

� à , �&ý m2 > m1. r
� $�
�� �­Ã Ò�Ó Æ���������m , β1, β2

Ê�
�� $ �­Ã Ò�Ó­Þ�0�1 ù
Ò�Ó ÆVÖ­½�*Á¸�m , l

� $�0�1 ý Ä , θ
� $�- �­Ã 6�0�1 ùÇÆ�e ø� � ý Ä (0 < θ ≤ 1). K� $�!�" 3�# ø .

�"�
(1.2) $�% ô·ÆF���	& G Þ�' ��á üvý ~ Amann

éÁê
[17] ( � ,

(�~
��)�ô���� Þ k�*�+�é [18] üvýþ#v% ô·Æ � �	& G ÞÁ#�, á .

è � Æ Ð¿Ñ.- G�æ�ç �&ä�áÁÊÿ ö	/�0 ÖÁ½GÆ<×ÁØ��­¸¬¹ ý­þ Æ1��� , 2 É�ê	3�4�5	6?ß����¼ó&ÆÉ�&ä¬á�Û�Ü .è � Æ Ë�7�9 )�8:9 2 ; Ê�ÿ�4�5�6�ß����¿ó¼Æ�& G á Þ�<�= ë�è�é­¸ÁÄ ;
9

3 ; È�~>�?�ß���@ ê ���¿ó¼ÆF�����&ä�á ;
9

4 ; æ�ç 7�A Lyapunov
h~Ä #v% ���¿ó¼Æ � �¬ð ô�­ä¬á

;
9

5 ; �­»¬Ä�ß���ì ;
9

6 ;�B�Ë q ê ê�¸¬¹­¾�C�D .

2 EGFIHKJMLONQPKRGSUTWVWXIY
æ�ç ����� (1.2)

ÆF�­¹���å��¼»�ó�ô
, ü � Ê 4�5�6�ß����Gó�Z Ê & G ��� 9 )�8 �[�\ ���Gó

L0 = (0, 0, 0, 0) Þ �¼Ã�]&½����Gó L1 = (s1, 0, 0, 0) ^ & G ; Ê I s1 = K. _
Kβ1 − b > 0

Ð
,
�ÁÃ¬ÖÁ½����¼ó

L2 = (s2, i2, 0, 0)
& G ; Ê I

s2 =
b

β1

, i2 =
r(Kβ1 − b)

Kβ2
1

, (2.1)



No.1 `badcde : fbgihbjdkilnmioqpsrutivdwdxdy 41

_ β1K(rlθ − β1m1) − rlθb > 0
Ð

, 0�1 ù�]�½����¼ó L3 = (s3, i3, p3, 0)
& G ; Ê I

s3 =
K(rlθ − β1m1)

rlθ
, i3 =

m1

lθ
, p3 =

β1K(rlθ − β1m1) − rlθb

rl2θ
, (2.2)

_ θlr(Kβ1β2 − bβ2 − lm2)−m1Kβ2
1β2 > 0

Ð
, ��z &����¼ó L4 = (s4, i4, p4, w4)

& G ; Ê I

s4 =
bβ2 + lm2

β1β2

, i4 =
r(Kβ1β2 − bβ2 − lm2)

Kβ2
1β2

, p4 =
m2

β2

, (2.3)

w4 =
θlr(Kβ1β2 − bβ2 − lm2) − m1Kβ2

1β2

Kβ2
1β

2
2

. (2.4)

{�) ö , | ~�)��}��~��O��� [11] <�=�0�1 ù Ò¬ÓÁÞ �ÁÃ Ò¬Ó ÖÁ½ÇÆ<ë�è�é­¸¬Ä R0 Þ R1�
A = β1Krlθ − β2

1Km1 − rlθb, - ��� (1.2)
Æ�9M� W ��å ü�ý ( � , 0�1 ù���>����Â

Fl = β2PW , 0�1 ù����F>���������Â V1 = m2W ,
�

Fl, Vl

Ê	
 ú�Ï W
ó	� / Ä�q Ë�����¿ó

L3 � , F = ∂F1

∂W
(L3) = β2p3 = β2A

rl2θ
,V = ∂V1

∂W
(L3) = m2. ��� è�é���������� , ������������M��� ����� ���.�b  R0 = ρ(FV −1) = Aβ2

m2rl2θ
. ¡£¢ , ¤�¥�¦�§ (1.2)

�1¨�©�ª�«�¬
­�®�¯�°�±�²

L1 ³M´ ��µ}¶�·��	�����¸�U� ����� �	�M�:  R1 = β1K

b
.¹�º

, » °�±�² ��¼�½�¾	¿�À ����� �	�.�1Á�Â�Ã ®�Ä�Å ,
°�±�²

L2

��¼�½�¾	¿�Æ�Ç�È
R1 > 1;

°�±�²
L3

��¼�½�¾	¿ÊÉ£Ë.Ì
R1 > 1;

°�±�²
L4

��¼�½�¾	¿�Æ�Ç�È
R0 > 1,

­�Í�°
±�²

L4

��¼�½�¾	¿ÊÉ£ËMÌ
R1 > 1 Î:Ï�Ð Á�Â� �Ñ�Ò�Ó�Ô�Õ °�±�² �1Ö�×�Ø���Ù�Ú�ÛGÌ1Ü�ÝÞ	ß

.

3 àIáGâUãQä�åMæ
Å�ç

, »�è�é�ê ³Mëíì¸î	ï Ô�Õ °�±Ê² L0 ð L1

�£×�ñ�Ø���Ù
. ¦�§ (1.2)

½�ò�ó�Ò	ª
°�±�²

L(S, I, P, W ) ô � Jacobian ì�î  

J(L) =











r − 2r
K

S − β1I −β1S 0 0

β1I −b + β1S − lP −lI 0

0 θlP −m1 − β2W + θlI −β2P

0 0 β2W −m2 + β2P











õ�ö
1
°�±�²

L0 ð L1 ÷ ¼�½ Í�ø�ù�Å}ç � ®	ú
(1) ¦�§ (1.2)

� °�±�²
L0 û�ü Ø���� .

(2) ý b < Kβ1 þ , ¦�§ (1.2)
� °�±�²

L1 û�ü Ø���� ; ý b > Kβ1 þ , ¦�§ (1.2)
� °

±�²
L1 û ×�ñ�ÿ���Ø���� .� ½ °�±�²

L0 ô , � Jacobian ì�î �����	«	¬�  (λ− r)(λ + b)(λ + m1)(λ + m2) = 0.� �����
	� 
λ1 = r > 0, λ2 = −b, λ3 = −m1, λ4 = −m2, �   , λ1 û�� 	 , 
 °�±�² L0 û

ü Ø���� .� È °�±�²
L1, � Jacobian ì�î �����	«	¬�  (λ+r)(λ−β1K+b)(λ+m1)(λ+m2) = 0.� ������	� 

λ1 = −r, λ2 = −m1, λ3 = −m2, λ4 = β1K − b, �
� , λ1, λ2, λ3 û�� 	 , ý
b < Kβ1 þ , λ4 û�� 	 , � þ °�±�² L1 û�ü Ø��Ê� ; ý b > Kβ1 þ , λ4 û�� 	 , � þ °�±�²
L1 û ×�ñ�ÿ���Ø���� .
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4 �WàWâUãQä�åMæ
�
��è�é���� ¯
� � Lyapunov � � ,

­�®�¯
Lyapunov-LaSalle ü� �! ¢ ï#"%$ °�±�²

L1, L2, L3, L4

��Ö�×�ÿ���Ø��	Ù
.õ�ö

2 & °�±�² ø�ù ¼�½�¾	¿ , '�( Å}ç � ®	ú�)
*
(1) ý R1 < 1 þ , ¦�§ (1.2)

� °�±�²
L1 û Ö�×�ÿ���Ø���� ;

(2) ý A < 0 þ , ¦�§ (1.2)
� °�±�²

L2 û Ö�×�ÿ���Ø���� ;

(3) ý R0 < 1 þ , ¦�§ (1.2)
� °�±�²

L3 û Ö�×�ÿ���Ø���� ;

(4) ¦�§ (1.2)
� °�±�²

L4 û Ö�×�ÿ���Ø���� .�
(1) �
+ Ä�Å � Lyapunov � �

V1(t) = θ

∫

Ω

(

S − s1 − s1 ln
S

s1

)

dx + θ

∫

Ω

Idx +

∫

Ω

Pdx +

∫

Ω

Wdx .

�-, t > 0, V1(t) ≥ 0.
�

Lyapunov � ��.�/ ,
­�®�¯ ¦�§ (1.2) 0�1

θ
d

dt

∫

Ω

(

S − s1 − s1 ln
S

s1

)

dx = θ

∫

Ω

(

1 −
s1

S

)

Stdx

= θ

∫

Ω

(

1 −
s1

S

)(

∆S + rS(1 −
S

K
) − β1SI

)

dx.

(4.1)

θ
d

dt

∫

Ω

Idx = θ

∫

Ω

(

∆I − bI + β1SI − lIP
)

dx. (4.2)

d

dt

∫

Ω

Pdx =

∫

Ω

(∆P − m1P − β2PW + θlIP )dx. (4.3)

d

dt

∫

Ω

Wdx =

∫

Ω

(

∆W − m2W + β2PW
)

dx. (4.4)

2 *
(4.1)-(4.4)

­43
5
s1 = K ³ �

dV1

dt
= − θK

∫

Ω

|∇S|
2

S2
dx + θr

∫

Ω

(−
1

K
S2 + 2S − K)dx + θ (β1K − b)

∫

Ω

Idx

− m1

∫

Ω

Pdx − m2

∫

Ω

Wdx.

ý R1 < 1 þ , 1 β1K − b < 0
)
*

. �76�8 ³ � , − 1
K

S2 + 2S −K ≤ − 1
K

K2 + 2K − K = 0,9 ´ dV1

dt
≤ 0. � Lyapunov-LaSalle ü� �! ¢ , ý R1 < 1 þ ,

°�±�²
L1 û Ö�×�ÿ���Ø���� .

(2) �
+ Ä�Å � Lyapunov � �

V2(t) = θ

∫

Ω

(

S − s2 − s2 ln
S

s2

)

dx + θ

∫

Ω

(

I − i2 − i2 ln
I

i2

)

dx +

∫

Ω

Pdx +

∫

Ω

Wdx,

�-, t > 0, V2(t) ≥ 0.
�

Lyapunov � ��.�/ ,
­�®�¯ ¦�§ (1.2) 0�1

θ
d

dt

∫

Ω

(

S − s2 − s2 ln
S

s2

)

dx = θ

∫

Ω

(

1 −
s2

S

)(

∆S + rS(1 −
S

K
) − β1SI

)

dx. (4.5)
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θ
d

dt

∫

Ω

(

I − i2 − i2 ln
I

i2

)

dx = θ

∫

Ω

(

1 −
i2

I

)

(

∆I − bI + β1SI − lIP
)

dx. (4.6)

d

dt

∫

Ω

Pdx =

∫

Ω

(∆P − m1P − β2PW + θlIP )dx. (4.7)

d

dt

∫

Ω

Wdx =

∫

Ω

(

∆W − m2W + β2PW
)

dx. (4.8)

2 *
(4.5)-(4.8)

­#T�U�V ¢ �
dV2

dt
= −s2θ

∫

Ω

|∇S|
2

S2
dx − i2θ

∫

Ω

|∇I|
2

I2
dx −

θr

K

∫

Ω

S2dx + θ
(

r +
s2r

K
− i2β1

)

∫

Ω

Sdx

+(θs2β1 − θb)

∫

Ω

Idx + (i2θl − m1)

∫

Ω

Pdx − m2

∫

Ω

Wdx + (i2bθ − s2rθ)

∫

Ω

1dx.

W
(2.1)

3
5�Å}ç�X#Y�­ 6�8 � ,

θ(r +
s2r

K
− i2β1) =

2θrb

Kβ1

, θs2β1 − θb = 0 , i2bθ − s2rθ = −
rb2θ

β2
1K

,

i2θl − m1 =
rθlKβ1 − rθlb − m1β

2
1K

β2
1K

.

ý A < 0 þ 1 i2θl − m1 < 0
)
*

,
9 ´í³M´ ��µ

dV2

dt
= − s2θ

∫

Ω

|∇S|
2

S2
dx − i2θ

∫

Ω

|∇I|
2

I2
dx −

θr

K

∫

Ω

S2dx +
2θrb

Kβ1

∫

Ω

Sdx

+ (i2θl − m1)

∫

Ω

Pdx − m2

∫

Ω

Wdx −
rb2θ

β2
1K

∫

Ω

1dx.

(4.9)

�76�8 � ,

θr

K

∫

Ω

(−S2 +
2b

β1
S)dx −

rb2θ

β2
1K

∫

Ω

1dx ≤
rb2θ

β2
1K

∫

Ω

1dx −
rb2θ

β2
1K

∫

Ω

1dx = 0. (4.10)

W
(4.10)

3
5
(4.9)

�
dV2

dt
= −s2θ

∫

Ω

|∇S|
2

S2
dx − i2θ

∫

Ω

|∇I|
2

I2
dx + (i2θl − m1)

∫

Ω

Pdx − m2

∫

Ω

Wdx ≤ 0. (4.11)

� Lyapunov-LaSalle ü� �! ¢ , ý A < 0 þ ,
°�±�²

L2 û Ö�×�ÿ���Ø���� .

(3) �
+ Ä�Å � Lyapunov � �

V3(t) = θ

∫

Ω

(

S−s3−s3 ln
S

s3

)

dx+θ

∫

Ω

(

I−i3−i3 ln
I

i3

)

dx+

∫

Ω

(

P−p3−p3 ln
P

p3

)

dx+

∫

Ω

Wdx.

�-, t > 0, V3(t) ≥ 0.
�

Lyapunov � ��.�/ ,
­�®�¯ ¦�§ (1.2) 0�1

θ
d

dt

∫

Ω

(

S − s3 − s3 ln
S

s3

)

dx = θ

∫

Ω

(

1 −
s3

S

)(

∆S + rS(1 −
S

K
) − β1SI

)

dx. (4.12)
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θ
d

dt

∫

Ω

(

I − i3 − i3 ln
I

i3

)

dx = θ

∫

Ω

(

1 −
i3

I

)

(

∆I − bI + β1SI − lIP
)

dx. (4.13)

d

dt

∫

Ω

(

P − p3 − p3 ln
P

p3

)

dx =

∫

Ω

(

1 −
p3

P

)

(∆P − m1P − β2PW + θlIP )dx. (4.14)

d

dt

∫

Ω

Wdx =

∫

Ω

(

∆W − m2W + β2PW
)

dx. (4.15)

2 *
(4.12)–(4.15)

­#T�U�V ¢ �

dV3

dt
= −s3θ

∫

Ω

|∇S|2

S2
dx − i3θ

∫

Ω

|∇I|2

I2
dx − p3

∫

Ω

|∇P |2

P 2
dx −

θr

K

∫

Ω

S2dx

+ θ
(

r +
s3r

K
− i3β1

)

∫

Ω

Sdx + θ (s3β1 − b − p3l)

∫

Ω

Idx + (i3θl − m1)

∫

Ω

Pdx

+ (p3β2 − m2)

∫

Ω

Wdx + (i3bθ − s3rθ + p3m1)

∫

Ω

1dx.

W
(2.2)

3
5�Å}ç�X#Y�­ 6�8 � ,

θ(r +
s3r

K
− i3β1) =

2(rlθ − β1m1)

l
, θ(s3β1 − b − p3l) = 0 , i3θl − m1 = 0 ,

p3β2−m2 =
θlr(Kβ1β2 − bβ2 − lm2) − m1Kβ2

1β2

rl2θ
, i3bθ−s3rθ+p3m1 = −

K (rlθ − β1m1)
2

rl2θ
,

ý R0 < 1 þ 1 p3β2 − m2 < 0
)
* Î 9 ´ 1

dV3

dt
= − s3θ

∫

Ω

|∇S|
2

S2
dx − i3θ

∫

Ω

|∇I|
2

I2
dx − p3

∫

Ω

|∇P |
2

P 2
dx −

θr

K

∫

Ω

S2dx

+
2(rlθ − β1m1)

l

∫

Ω

Sdx + (p3β2 − m2)

∫

Ω

Wdx −
K (rlθ − β1m1)

2

rl2θ

∫

Ω

1dx.

(4.16)

�76�8 �
∫

Ω

(

−
θr

K
S2 +

2(rlθ − β1m1)

l
S

)

dx −
K(rlθ − β1m1)

2

rl2θ

∫

Ω

1dx

≤
K(rlθ − β1m1)

2

rl2θ

∫

Ω

1dx −
K(rlθ − β1m1)

2

rl2θ

∫

Ω

1dx = 0.

(4.17)

W
(4.17)

3
5
(4.16)

�

dV3

dt
= −s3θ

∫

Ω

|∇S|
2

S2
dx − i3θ

∫

Ω

|∇I|
2

I2
dx − p3

∫

Ω

|∇P |
2

P 2
dx + (p3β2 − m2)

∫

Ω

Wdx ≤ 0 .

� Lyapunov-LaSalle ü� �! ¢ , ý R0 < 1 þ ,
°�±�²

L3 û Ö�×�ÿ���Ø���� .
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(4) �
+ Ä�Å � Lyapunov � �

V4(t) =θ

∫

Ω

(

S − s4 − s4 ln
S

s4

)

dx + θ

∫

Ω

(

I − i4 − i4 ln
I

i4

)

dx

+

∫

Ω

(

P − p4 − p4 ln
P

p4

)

dx +

∫

Ω

(

W − w4 − w4 ln
W

w4

)

dx.

�-, t > 0, V4(t) ≥ 0.
�

Lyapunov � ��.�/ ,
­�®�¯ ¦�§ (1.2) 0�1

θ
d

dt

∫

Ω

(

S − s4 − s4 ln
S

s4

)

dx = θ

∫

Ω

(

1 −
s4

S

)(

∆S + rS(1 −
S

K
) − β1SI

)

dx. (4.18)

θ
d

dt

∫

Ω

(

I − i4 − i4 ln
I

i4

)

dx = θ

∫

Ω

(

1 −
i4

I

)

(

∆I − bI + β1SI − lIP
)

dx. (4.19)

d

dt

∫

Ω

(

P − p4 − p4 ln
P

p4

)

dx =

∫

Ω

(

1 −
p4

P

)

(∆P − m1P − β2PW + θlIP )dx. (4.20)

d

dt

∫

Ω

(

W − w4 − w4 ln
W

w4

)

dx =

∫

Ω

(

1 −
w4

W

)(

∆W − m2W + β2PW

)

dx. (4.21)

2 *
(4. 18)–(4. 21)

­#T�U�V ¢ �
dV4

dt
= − s4θ

∫

Ω

|∇S|
2

S2
dx − i4θ

∫

Ω

|∇I|
2

I2
dx − p4

∫

Ω

|∇P |
2

P 2
dx − w4

∫

Ω

|∇W |
2

W 2
dx −

θr

K

∫

Ω

S2dx

+ θ

(

r +
s4r

K
− i4β1

)

∫

Ω

Sdx + θ
(

s4β1 − b − p4l
)

∫

Ω

Idx + (p4β2 − m2)

∫

Ω

Wdx

+ (i4θl − m1 − w4β2)

∫

Ω

Pdx + (i4bθ − s4rθ + p4m1 + w4m2)

∫

Ω

1dx.

(4.22)W
(2.3) ð (2.4)

3
5�Å}ç�X#Y�­ 6�8 � ,

θ(s4β1 − b − p4l) = 0 , p4β2 − m2 = 0 , i4θl − m1 − w4β2 = 0. (4.23)

θ(r+
s4r

K
−i4β1) =

2θr(β2b + lm2)

Kβ1β2

, i4bθ−s4rθ+p4m1+w4m2 = −
rθ (bβ2 + lm2)

2

Kβ2
1β

2
2

. (4.24)

W
(4.23) ð (4.24)

3
5
(4.22)

�
,

dV4

dt
= −s4θ

∫

Ω

|∇S|
2

S2
dx − i4θ

∫

Ω

|∇I|
2

I2
dx − p4

∫

Ω

|∇P |
2

P 2
dx − w4

∫

Ω

|∇W |
2

W 2
dx

−
θr

K

∫

Ω

S2dx +
2θr(β2b + lm2)

Kβ1β2

∫

Ω

Sdx−
rθ (bβ2 + lm2)

2

Kβ2
1β2

2

∫

Ω

1dx.

(4.25)

�76�8 �
θr

K

∫

Ω

(

−S2 +
2(β2b + lm2)

β1β2

S

)

dx −
rθ (bβ2 + lm2)

2

Kβ2
1β2

2

∫

Ω

1dx

≤
rθ (bβ2 + lm2)

2

Kβ2
1β2

2

∫

Ω

1dx −
rθ (bβ2 + lm2)

2

Kβ2
1β2

2

∫

Ω

1dx = 0.

(4.26)
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W
(4.26)

3
5
(4.25)

�
dV4

dt
= −s4θ

∫

Ω

|∇S|
2

S2
dx − i4θ

∫

Ω

|∇I|
2

I2
dx − p4

∫

Ω

|∇P |
2

P 2
dx − w4

∫

Ω

|∇W |
2

W 2
dx ≤ 0 .

� Lyapunov-LaSalle ü� Z! ¢ , ý °�±¸² L4

ø�ù ¼�½�¾�¿ þ ,
°�±¸²

L4 û Ö�×�ÿ���Ø���
.

5 []\]^`_
½ �
� , a
b
1dcfe Ô�g ð Matallb h ¿ � ¦�§ (1.2)

Ñ�i	�
	 ¦�j , è�é	¦�j � ®�k ïl " � ¢ 2
�1Ø���Ù ®�ú În����m Ý�n
o °�±�² L4

� þ
p#q T%r ð�s ����t
udv þ�wx T��y{z r
, |�¦�§ (1.2) , ��}�� Ä�Å ,

r = 1.5, K = 12, β1 = 0.25, β2 = 0.18, b = 0.35, l = 0.3, m1 = 0.15,m2 = 0.4, θ = 0.7 .

� þ , R0 ≈ 3.44 > 1, R1 ≈ 8.57 > 1, L4 = (4.067, 3.967, 2.222, 3.794), ~ � ¢ 2 � , ¦¸§
(1.2)

� °�±�²
L4 û Ö�×	ÿ���Ø��Ê� Î ��	 ¦�j ®�k
l " Ìf����Ø���Ù ®�ú , ¦�j ®
k�Ä�År�9 o

�
a: �x���4�
�x�x�
����� �

b �������4�
�x�x�
�����

�
c: �x���4���
�x�x�
����� �

d �������4���
�x�x�
�����
Å}ç
��� �	��t
udv þ�w �  T , � r e ð r f � , ~ È�¶�·��	�����	��� , �
� ¶�·
tu����
 �¡ Å�¢

, £ �¸��¶�·�����¤#¡�¥
¦ .
½����¸��§ b Å , �
� ¶�·��	�.��t�u�¦
��Ø��½

4 ¨ � ; �	�����	��£ �	¶�· ,
9 ´ £ �	¶�·¸��t�u�¥
¦�µ�©#	 6 ¨ � þ  �¡ Å�¢ ,

½����
ð �	� ��ª ¡ § b Å , £ �	¶�·��	�.��t�u�¦
��Ø���½ 4 ¨ � . � r g ð r h � , «�¬
­ þ �
���	��� �	�.��t�u�®�ÿ�¥�¯ ,

¥
¯�µ�©4	�° º
, ±Zc È���� ð`²´³ �fµ�¶
· Å�¢ ,

¹�º Ø��
µ

2.2 ¨ � . £ � �	��� �	�.��t�u�¸�¥
¦�µ�©#	 � º v4¹ þ�w �fº�»�Ø���µ 3.7 ¨ � .
y{z

r�¼Z½#¾
¿ $ ,
½���� ð ��� �fª ¡ § b Å ,

9 1 ����t
u�À�½�Á�Â�Ã�Ä�Å 12 ´ Å#Æ�Ç ,
­

¹�È
É#Ê È	Ø��
.

6 ËÍÌ
��Î�è�é�¢ ú Ô�Õ ð ��	 ¦�j�Ï�Ð Ì}Ò�ÑZÒ 1�Ó�Ô � ����� ð ¶�·�À�Õ��G�}��Ö�×�i� ¦�§ �1Ø���Ù%Ø�Ù . Ú
Û � ÏZÐ ®
k�¿ $ :

Â�ÜÊ�1Ø���Ù�À�����Ý�Þ-ß�	
( à���� ��� R0



No.1 :<;>=>? : @<ACB<D>ECFHGCIKJMLONCP>Q>R>S 47

�
e: �x���4�
�x��á��7â4� �

f �������4�
�x��á��7â4�

�
g: �x���4���
�x��á��7â4� �

h �������4���
�x��á��7â4�

ð R1)
t�ã�ä�Á

, ý R1 < 1 þ ,
¶�·�å�� °�±�²

L1

Ö�×	ÿ���Ø��
, � þ ¶�·����M�1��� ²

��æ ¶ ; ý R1 > 1 ð A < 0 þ ¶�·���� °�±�² L2

Ö�×	ÿ���Ø��
, � þ ¶�·����M������ç�è¼�½

; ý R0 < 1 ð R1 > 1 þ ����� å�� °�±Ê² L3

Ö�×�ÿ���Ø��
, � þ ����� ������� æé

,
¶�·��	�.������ç�è	¼�½

; ý R0 > 1 ð R1 > 1 þ Ö
ª	¼ °�±�² L4

Ö�×�ÿ���Ø��
, � þ

�	��� �	����� ð ¶�·����M����� É ç�è	¼�½ .
�
	 ¦�j � ®�k�l " Ì�Ö�ª�¼ °�±�² �1Ø��Ù

, ý R0 > 1 ð R1 > 1 þ , s �	��t�u�À	½�Á
Â�Ã
Ä�Å�êdë�ì Æ�Ç�­	¹�È�Ê È�Ø���í
Ö (
Ä

r
e-
r

h), Ó�Ô�î �
ï 5 1�ð Å T Ì p�w�ñ�ò Ù � Ø
Ö�ó4ô.��õ�Ñ�§ b (
Ä�r

a-
r

d).

��ÏZÐ#��+ ��Ò 1�ö�÷�Ó
Ô �£�
Ö�×�i�� ¦�§ , ü�ø Å T Ì p�w�ñ
ò Ù � Â�Ü	Ø���Ù¸�ùZú
, û�ü oMÌ�����½��
Ö�Â�Ü , �xý�þ�§ b . ����� � £ ��¶�·.�fÿ���Ù ��� ¥�¯GÌ £ �¶�·¸��µ�¶��

, 1�� È�þ������¸��Ý�Þ ; ¡ þ , £ � �	��� ��¼�½�� c �¸Ì ����� ���M�få c¥
¦
, � ·��
ç¸Ì���Ö�Â�Ü���Ø���Ù .

	�

���

[1] Anderson R M, May R M. Regulation and stability of host-parasite population interactions[J].

Journal of Animal Ecology, 1978, 47(1): 219–247.

[2] Venturino E. The influence of diseases on Lotka-Volterra systems[J]. Rocky Mountain Journal of

Mathematics, 1993, 24(1): 381–402.

[3] Xiao Yanni, Chen Lansun. Analysis of a three species eco-epidemiological model[J]. Journal of

Mathematical Analysis and Applications, 2001, 258(2): 733–754.

[4] Lafferty K D, Morris A K. Altered behavior of parasitized killifish increases susceptibility to preda-

tion by bird final hosts[J]. Ecology, 1996, 77(5): 1390–1397.

[5] Williams H H. Helminth diseases of fish[J]. Helminth Abstr, 1967, 36: 261–295.

[6] Chattopadhyay J, Bairagi N. Pelicans at risk in Salton sea an eco-epidemiological model[J]. Ecolog-

ical Modelling, 2001, 136(2–3): 103–112.

[7] Zhang Xueli, Huang Yehui, Weng Peixuan. Permanence and stability of a diffusive predator–prey

model with disease in the prey[J]. Computers and Mathematics with Applications, 2014, 68(10):

1431–1445.

[8] Yang Wensheng. Dynamical behaviors of a diffusive predator–prey model with Beddington–

DeAngelis functional response and disease in the prey[J]. International Journal of Biomathematics,

2017, 10(08): 1750119.



48 � � � � Vol. 46

[9] Hadeler K P, Freedman H I. Predator–prey populations with parasitic infection[J]. Journal of Math-

ematical Biology, 1989, 27(6): 609–631.

[10] Gao Xubin, Pan Qiuhui, He Mingfeng, Kang Yibin. A predator–prey model with diseases in both

prey and predator[J]. Physica A: Statistical Mechanics and its Applications, 2013, 392(23): 5898–

5906.

[11] Mekonen K G, Bezabih A F, Rao K P. Mathematical modeling of infectious disease and predator–

prey interaction with optimal control[J]. International Journal of Mathematics and Mathematical

Sciences, 2024, 2024(1): 5444627.

[12] ����� , ����� , ����� . ����� ��!#"%$���&�'("%)+*�,+-/. [J]. 0+1/2+3 , 2015, 35(01): 85–94.

[13] ��4 , 576�8 . 9�:+$��7;+<�=(>�?A@/B(C+D+E+�+!F"G$�� - H�$���&(' [J]. 071+273 , 2010, 30(03):

449–457.

[14] Das K P. A study of harvesting in a predator–prey model with disease in both populations[J].

Mathematical Methods in the Applied Sciences, 2016, 39(11): 2853–2870.

[15] Hsieh Y H, Hsiao C K. Predator–prey model with disease infection in both populations[J]. Mathe-

matical Medicine and Biology: a Journal of the IMA, 2008, 25(3): 247–266.

[16] Pada D K, Kundu K, Chattopadhyay J. A predator–prey mathematical model with both the pop-

ulations affected by diseases[J]. Ecological Complexity, 2011, 8(1): 68–80.

[17] Amann H. Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value prob-

lems[J]. Function Spaces, Differential Operators and Nonlinear Analysis, 1993, 133: 9–126.

[18] I�J�K , �+L/M , 5#N%O . P/Q�R�S+T/U#VGW [M]. X+Y : Z�1A[]\+^ , 2011.

STABILITY ANALYSIS OF A CLASS OF ECOLOGICAL

EPIDEMIC MODELS

LUO Wen-jing1,2, WANG Hui1, SU You-hui2

(1.School of Mathematics and Statistics,Yili Normal University, Yining 835000, China)

(2.School of Mathematics and Statistics,Xuzhou Institute of Technology, Xuzhou 221018, China)

Abstract: In this paper, the stability of a class of ecoepidemiological model solutions with

diffusion terms is studied. The eigenvalue method was used to obtain the local stability of the

non-negative constant equilibrium point. By constructing a suitable Lyapunov function, the global

stability of the semi-coexistence equilibrium point and the full coexistence equilibrium point is

generalized, and finally, the global stability of the total coexistence equilibrium point is verified by

numerical simulation. This study provides mathematical support for understanding the regulatory

role of disease in the ecosystem.

Keywords: predatory system; ecological epidemic model; reaction diffusion equation;

stability; Lyapunov function
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