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1 ¦¨§
©Nª$«]¬V­N®H¯H°N±$²$³H´]µ$¶H·H¸N¹Nº¼»$½q¾H´N¿NÀHÁHÂ

, Ã9ÄNÅ$Æ «]ÇHÈ$ÉHÊË½*ÌÍHÎÐÏDÑÓÒ
[1]. ÔHÕ ´¼ÖD×NÉNÊ]ØHÙÛÚÐÜF¿NÀ , Ý ®H´]·N¸]¹]ºË» [2], Þ ÙÛßVà]áÐâVã]ä$åæ

. çHè ´êé9ë$ìV·$¸Ë» [3,4],
©HªV«$íHÀHîVïÛðF¸]ñÛ½ Þ$òVóNô , õFöR÷$øVùNú ½qû$ü ô¼ý .þDÿ����]·N¸����¨½���	�
��
,
©]ªH«Û¬$­]®N¯N°¨½�
��V©]ªN°]±��NáNå æ�� ë

,
´������

�
[5]( ��� �����������$±! #" ) $�%�& »#'�(�)���� ý�*$Þ�+ �Ë½-,�. ./

Slepian
´

1965 0�1Hú ©HªV«NÇ$È�2�3 [6] 4#5 , 6�7 à$©HªV«Ë½ Î Ï *�8�9�: ,
®Ë»

;�< Ñ�= ,�>
[7] ?A@�B�C�D 7�E�F [8]

³ @�B ,�> [9] G�H�I ÎÛÏKJ�L .
Í�M�N «Ë½�O�P � ë

,QKRH®�S�T�UWV-X�Y�Z Þ ��[ ;
Í óNô�\ ÖR¸Ûñ , ] QF´�^ ú «�_���S�T�UWV-X�YË½�`�a D ,RH«ê»�b�c¨½q«�d B�e Z Þ � Ö [1]. f M(n, d) Å ($×�_ Å n g S�T�U�V�X�Y Å d

½q©]ª
«¨½P«�d B�e ,

;�< (V×
M(n, d)

½qÂ 4 ³ d
½qÂ�Z Þ ��[ ½P©Nª$« I Æ «]ÇHÈ¼½N»ihj k"

[10]. l îHÙ!mFÊ C ½q©]ªÐÖ�n�o�pHÙ�q�r]°]± , sNÞ À]î�t Ä ©]ªH«N«�d . Chu $�u [11] vÀHÙjm*Ê C ½-w�xD©Nª Ö�n�o (
x B T$î $ î 5),

;�<Wy ©Nª$«�z�^ ý ©Nª$«¨½P«�{ e�D 7 .|�} ®�2�3Ë½�~�hR´Ûî���x B E ¶�����w�xV©]ªÐÖ�n�o (
x B T$î $ î 5),

z��]î������ ;
� ©HªV« 4#��� «�{ e�D 7 , � �K� à���(D¶$° ú�� o ( è ��� @�B >¼½RÖKn�oK� )

½RÖKn�o
9�: ÎÛÏ ©HªV«Ë½ @�B .

�Nî��
, ����� � ��� [12]

^ ý ½��V¶V©Hª ÖKn�o�� ,
;�<!y �V¶V©

ªV«
, ������� ®V«�_ ? «�d B�e ��S�T�UWVkX�Y ,

zRàH® @�B ��� E�F .
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��ø ½ � ; è D�ùûú (�ü E�ý�þ ��ÿ���� ( ú�� ? 
��R³�~�h��qÇ ),
®Ë»��qÇ

2− 4 ý�þy �V¶V©HªÛÖKn�oK�
, I ��� ;�< ©HªV«Ë½qÇ$È���� . ú�	 ü E����Ðý �V¶V©HªV«Ë½�«�_ ? «d B�e M(n, d)

��S�T�U�V�X�Y
d. ú�
 ü E�E�F y
��;�< ©]ªH«Ó½ @�B . ��� à ��ø '��� � .

2 �������
�

p Å���� B , n Å���� B , q = pn , Fq  �! pVÙ q
×�� � ½PÙ mqÊ , Fq∗ = Fq \ {0}  �!Ù mqÊ

Fq "�#�$ � ����%�& ½(' =�) .*�+
2.1

[13]
� ���

Nn = 1, 2, · · · , n!,
($×H©]ª�, I (H×�- Nn & Nn

½�q�r
σi, i =

1, 2, · · · , n!.
©Hª Þ�.�/�0�1  �2 Å

σi =

(

1 2 · · · n

σi(1) σi(2) · · · σi(n)

)

,

À
Sn
5  �! Nn

C ½ � Ù$©Nª�3 Ä ½���� .
(V×�_ Å n

½P©Nª$«�, I Sn

½i(V×�4��
,
©Nª

« Þ 4  �! Å C = {σ|σ ∈ Sn},
©HªV«¨»V½�©Hª�5 Å ©HªV«Ë½P«�d .*�+

2.2
[13]
àNî

Sn

»V½(6�7�8V×V©Hª
σ1, σ2 ∈ Sn,

�
σ1 = (σ1(1), σ1(2), · · · , σ1(n)),σ2 =

(σ2(1), σ2(2), · · · , σ2(n)), ]�9 B δ(σ1, σ2) = |x ∈ Nn|σ1(x) 6= σ2(x)|, (σ1, σ2 ∈ Sn) ú��$Å ©ª
σ1

�
σ2 :<; ½�UWV-X�Y .

(V×$©Nª$«Ó»(6=7�8$×$©NªË½�UWV-X�Y¼½ � TVÂ ú��HÅ�> ×$©ªV«Ë½�S�T�U!VkX�Y
, fHÅ d. ? «�_ Å n,

«�d B�e Å M(n, d),
S�T�U!VkX�Y Å d

½�©HªV«
fHÅ (n,M, d)-

©HªV«
.*�+

2.3
[14] @ Ö�n�o f ∈ Fq[x] A�B ½�Cir x −→ f(x) I Fq

C ½i(V×$©Nª , ] 5ÐÖn�o
f Å Fq

C ½�(D×V©HªÛÖKn�o .
©HªÛÖKn�o

f I (D×�-VÙ mqÊ Fq &VÔ /ED ½-q�r . F (Ñ�G
,
Ùjm*Ê

Fq
C ½
H�(V×$©NªNØ Þ 4  �! Ä Ù!mFÊ Fq

C ½i(V×$©Nª Ö�n�o [15] .
} ©Nª

ÖKn�oK� ] I�I�J ( ú�K�L ½P©Hª ÖKn�o ½���� .*�+
2.4

[16] @ � � ω ∈ F
∗
q , ] ω Å m

x ��M ��N�OQP g�R P ωk 6= 1, 1 ≤ k < m g
ωm = 1. S m I�I�J ωk = 1

½ � T ��� B .T(U
2.1

[17]
àNî�6�7 �=V q − 1

½ ��� B m,
Ù mqÊ

Fq

»#�$´
φ(m)

×
m
x ��M ��NO

.

Å y-;�< ©HªV« , W�X )�Y I�Z & ©Hª Ö�n�oK� . [ D�5�
 ×Q�qÇ ý�þ y �$¶V©Nª Ö�noK�
, >�? I ��\ ;�< ©HªV«Ë½qÇHÈ���ÿ .T(U

2.2
[12,Corollary 5.11] @ α ∈ F

∗
q2 , β ∈ Fq, ] ÖKn�o P (x) = αxq+2 + βx I (D×V´HÙ mÊ

Fq2
C ½�©HªÛÖKn�o�P g�R P D�] 6�( K�L I�Jjù

(1) q ≡ 5 (mod 6) g αq−1
½_^ Å 6;

(2) q ≡ 2 (mod 6) g αq−1
½_^ Å 3;

(3) q ≡ 0 (mod 3) g αq−1 = −1.T`U
2.3

[12,Corollary 5.12] @ α ∈ F
∗
q3 , β ∈ Fq, ] Ö�n�o P (x) = αxq2+q+2 + βx I ´NÙjmÊ

Fq3
C ½�(D×V©HªÛÖKn�o�P g�R P q ≡ 0 (mod 2) g αq2

+ αq2−q+1 + α = 0.T(U
2.4

[12,Theorem3.5] @ α ∈ F
∗
q2 , β ∈ Fq , ] ÖKn�o P (x) = αx2q+3 + βx I (D×V´HÙ mÊ

Fq3
C ½�©HªÛÖKn�o�P g�R P q = 5n g αq−1 = −1.
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3 dfehg�i�jlknm
D�5�o Õ�? v Àp�*Ç 2.2 ? �*Ç 2.3

�p�*Ç
2.4
»-^ ý ½P©Nª Ö�n�o�� 5 ;�< ©Nª$« ,

z
q ú ��;�< ©Nª$«¨½P«�_ ? «�d B�e ��S�T�UWV�X�Y .

à]îV©Nª$«¨½�S�T�UWV-X�Y¼½sr �  "
, o Õ�t�u ^ ýqè D ½*º�( E�F Ñ�= .�

θ I Ù mqÊ F
∗
q
C ½�(D× ��M � , ] Ù mqÊ F

∗
q = {θ0, θ1, · · · , θq−2} = {x1, x2, · · · , xq−1}.�

A ⊆ Fq × Fq, |A| = l,
P

(α, β) ∈ A ö , fα,β(x) = αxm + βx Å Ù!mFÊ Fq
C ½q©]ªÐÖ�no

.

l î
f(0) = 0, ] o ÕHÞ 4 ? fα,β(x) = αxm + βx vNÅ�w ÀV´HÙ mqÊ F

∗
q
C ½�©Hª .

f «�d cα,β Å ©HªÛÖKn�o fα,β(x) = αxm + βx A�B ý ½�©Hª , Ô$Þ 4`x w
cα,β =

(

x1 x2 · · · xq−1

fα,β(x1) fα,β(x2) · · · fα,β(xq−1)

)

.

f C = {cα,β | (α, β) ∈ A}, ] C I (V×$«�_ Å q − 1,
«�d B�e Å l

½P©Nª$«
.
à]î�6=7�8$×

Ö�n�o
fαi,βi

(x) = αix
m + βix, fαj ,βj

(x) = αjx
m + βjx (i 6= j, i, j ∈ [1, 2, · · · , l]), ?]Ô$Õ�Ey w ÀV´���� {x1, x2, · · · , xq−1}

C , Þ 4 %�& 8V×V«�d ù

cαi,βi
=

(

x1 x2 · · · xq−1

fαi,βi
(x1) fαi,βi

(x2) · · · fαi,βi
(xq−1)

)

�
cαj ,βj

=

(

x1 x2 · · · xq−1

fαj ,βj
(x1) fαj ,βj

(x2) · · · fαj ,βj
(xq−1)

)

.

� E y{z .f> 8Ó×Ó« d ½ q − 1
× E e I�|~} $ , S�� � àf6�7!^ ú ½ xt (t ∈

[1, 2, · · · , q − 1]), fαi,βi
(xt)

I�| $ î fαj ,βj
(xt). > 8Ë×Ë« d :h; ½�U V�X Y $ îWR %

fαi,βi
(xt) 6= fαj ,βj

(xt)
½

xt (t ∈ [1, 2, · · · , q − 1])
½$× B . @ fαi,βi

(xt) = fαj ,βj
(xt), ]

αix
m + βix = αjx

m + βjx. �¼ý x %
(αix

m−1 + βi)x = (αjx
m−1 + βj)x.

P
x 6= 0 ö ,

Ù
αix

m−1 + βi = αjx
m−1 + βj . (2.1)

f Ñ�� (2.1)
½ � B Å χ(i,j). �FÅ ©Nª$«¨½�S�T�UWV-X�Y�, $ î � Ù *Ëõ ½s8H×$«�d :Q; ½U!VkX�YÐ½ � TDÂ ,

� 4 ©HªV«Ë½�S�T�U!VkX�Y
d = q − 1 − max

i6=j, i,j∈[1,2,··· ,l]
χ(i,j).

�Nî C�� 2�3 , ����?�� x ��� �V¶V©HªV«Ë½�«�_ ? «�d B�e ��S�T�U!V-X�Y .* U
3.1

�
q ≡ 0 (mod 2), α ∈ F

∗
q3 , g α I�J αq2

+ αq2−q+1 + α = 0, β ∈ Fq. f �îHÙ!mFÊ
F
∗
q3

C ½q©]ªÐÖ�n�o�� P (x) = αxq2+q+2 + βx
;�< ½q©]ªH« Å C1 , ] C1

I ($×
(q3 − 1, q3 − q, q3 − 1)-

©HªV«
.� �$©ÛªN«ê½*«�_ Å q2 − 1.

Í r � ©ÛªN« C1

½*«�d B�e , ] Q�r ý àÛ¿]ÙWmRÊ C½*©Ûª¼Ö�n�o��ê½F× B . o Õ�t�u r ý I�J K�L αq2

+ αq2−q+1 + α = 0
½

α
½F× B . �DÅ
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αq2

+αq2−q+1+α = 0, ] Ù αq+1(αq2−1+αq2−q+1) = 0,
- }

αq2+q+αq2+1+αq+1 = 0.

l��
9B ½ ú�� � , >�$ ÁHî TrF

q3/Fq
(αq+1) = 0. � 7 & TrF

q3/Fq
(x) = 0

½
� $ � Ù q3

q
−1 = q2−1×

. �Q�FÅ P q ≡ 0 (mod 2) ö ,
Ù

(q + 1, q3 − 1) = 1,
� 4�I�J TrF

q3/Fq
(αq+1) = 0

½
α ��

q2 − 1 � . ��������� αq2

+ αq2−q+1 + α = 0 � α �
����� q2 − 1. �(� β ��� Fq , � β�
q �� �¡ . ¢�£�¤�¥�¦�§�¨ C1 �(¨�©���ª�� q3 − q.«=¬�­�®�¯�° ¦�§�¨~�s±�²�³~´`µ�¶ , ¦�§�¨~�s±�²�³~´`µ�¶�·�¸���¹ ��ºp» �s¼���¨

©�½Q¾��s³�´
µ�¶p�s¿�²�À . Á� �¦�§�¨ C1 Â �_¼���¨�© cα1,β1 Ã cα2,β2
, �(Ä�Å�Æ�Ç�È~É

�ËÊ�Ì�Í�Î�Ï�¡�Ð , cα1,β1 Ã cα2,β2 Ñ ¼���¨�©Q¾��s³�´
µ�¶�¤fÒ(Ó�Ô���Õ�Ö�× ¬ Ï�Ø�Ù�����
α1x

q2+q+2 + β1x = α2x
q2+q+2 + β2x. (2.2)

¬ËÚ Í�Û���Ü�Ý�Þ�ß ° Ï�Ø�Ù~�`���Qàá�â
1 : ã α1 = α2, β1 6= β2 ä , Ï�Ø (2.2) ¤�Ô�å�� β1x = β2x, æ�ç Ñ ��Ï�Ø�è�Ù . �é ä ¦�§�¨ Â Á�ê�¼���¨�©�½<¾��
³p´`µ�¶�� q3 − 1 − 0 = q3 − 1.á�â
2 : ã α1 6= α2, β1 = β2 ä , Ï�Ø (2.2) ¤�Ô�å�� α1x

q2+q+2 = α2x
q2+q+2, æ�ç Ñ �Ï�Ø�è�Ù . � é ä ¦�§�¨ Â Á�ê�¼���¨�©�½=¾��`³~´(µ�¶�� q3 − 1 − 0 = q3 − 1.á�â

3 : ã α1 6= α2, β1 6= β2 ä , Ï�Ø (2.2) ¤�Ô=å�� xq2+q+1 = β2−β1

α1−α2

, ¸<ë�¼�ì » ä
q − 1 í�Ï<¤�¥ xq3−1 = (β2−β1)

q−1

(α1−α2)q−1 . î~ê�ï β1, β2 ∈ F
∗
q , x ∈ F

∗
q3 , ð � (β2 − β1)

q−1 = 1,

xq3−1 = 1, �<£Që=¤=ÔQå<� (α1 − α2)
q−1 = 1. ÑQñ ´�Ï=Ø (2.2)

�Qò=ó Ùh��ô<õ=�=�pö
α1 − α2 ∈ F

∗
q ,
º�÷�ø�ù

α1 − α2 ∈ F
∗
q , ú (α1 − α2)

q−1 = 1, ¸�ë�¼�ì » äsû Ò α1 − α2 ¤�¥
(α1 − α2)

q = αq
1 − αq

2 = α1 − α2. üs� α1 Ã α2 �������
αq2

1 + αq2−q+1
1 + α1 = 0, (2.3)

αq2

2 + αq2−q+1
2 + α2 = 0, (2.4)

(2.3) ëËý�þ (2.4) ë�¤�¥
αq2

1 − αq2

2 + αq2−q+1
1 − αq2−q+1

2 + α1 − α2 = 0.

ÿ ��� α1 Ã α2 �~�Q¸�ë (α1 − α2)
q−1 = 1, ðp£~ëQ¤QÔ~� αq2−q+1

1 − αq2−q+1
2 = 0, ú

αq2−q+1
1 = αq2−q+1

2 , �Q¸pë=¼�ì » ä   q − 1 í�ÏQ¤=¥ αq3+1
1 = αq3+1

2 . î�ê=ï α1 ∈ Fq3 ,

α2 ∈ Fq3 , ð � α2
1 = α2

2, � α1 = α2, ��� . ¹�Ò ø�ù�º���� , Ï�Ø (2.2) è�Ù , � é ä ¦�§�¨
Â Á�ê�¼���¨�©�½=¾��`³p´(µ�¶�� q3 − 1 − 0 = q3 − 1.

��Ò`£�Û���Ü�Ý�¤�Ð , ¦�§�¨ C1 �_±�²�³�´
µ�¶�� q3 − 1 . � C1 ö�Ì�� (q3 − 1, q3 −

q, q3 − 1)- ¦�§�¨ . �	� .
��
3.2

ù
q ≡ 0 (mod 3), α ∈ F

∗
q2 , � α ��� αq−1 = −1, β ∈ Fq. 
���� ����� F

∗
q2£<�(¦�§�����ë�� P (x) = αxq+2+βx ���Q�(¦�§�¨�� C2, ð C2 ö�Ì�� (q2−1, q2−q, q2−1)-

¦�§�¨ .� ° ¦�§�¨p�(¨���� q2 − 1. õ���Ù�¦�§�¨ C2 �(¨�©���ª , �� 	!��<É`�������p�
αq−1 = −1 (2.5)
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�
��� .
ù

g ö ����� F
∗
q2 Â �_Ì���Ä	&�' , ð�(���)�*�� m, +�¥ α = gm. �(��� �����

Fq2 Â , −1 ¤�Ò-,�Ä	&�'�.�/�� −1 = g
q2

−1

2 . ð���� (2.5) ¤�Ò�Ó�Ô�� (gm)q−1 = g
q2

−1

2 , Ñ¸�0�����Ù�1�� m � »32 Ï�Ø
m(q − 1) ≡

q2 − 1

2
(mod q2 − 1). (2.6)

��� gcd(q − 1, q2 − 1) = q − 1, � q − 1 | q2−1
2

, ��Ï�Ø (2.6)
�

q − 1 ��Ù .
ÿ üs� β ��� Fq,� β

�
q �� �¡ . ¢�£�¤�¥�¦�§�¨ C2 �(¨�©���ª�� q2 − q.

��Õ�Ö54`¦�§�¨ C2 �
¨�©���ª�6 , 7�8�9�� ­�®�¯�: ±�²�³�´
µ�¶ . Á� �¦�§�¨ C2 Â�Ë¼���¨=© cα1,β1 Ã cα2,β2
, �`Ä�Å�Æ�Ç�È�É��ËÍ�Î�Ï�¡�¤�Ð , Ñ ¼���¨=©p¾��_³f´sµ�¶�¤Ò
Ó�Ô=��Þ=ß�Ï�Ø�Ù����=� . �_Ö	; 3.1 �<�l´<=�Ø<¤	>	?=¥<ï , ã α1 = α2, β1 6= β2 @

α1 6= α2, β1 = β2 ä , Ï�Ø
α1x

q+2 + β1x = α2x
q+2 + β2x (2.7)º (��QÙ , � é ä ° ¦p§<¨���Á�ê<¼<�Q¨�©p½l¾~��³�´�µ~¶p� q2 − 1 − 0 = q2 − 1. ã

α1 6= α2, β1 6= β2 ä , Ï�Ø (2.7) ¤�Ô<å=� xq+1 = β2−β1

α1−α2

, ¸Që�¼�ì » ä q − 1 í�Ï<¤�¥
xq2−1 = (β2−β1)

q−1

(α1−α2)q−1 . î=ê�ï β1 − β2 ∈ F
∗
q , x ∈ F

∗
q2 , ð � (β1 − β2)

q−1 = 1, xq2−1 = 1, ��£�ë
¤�Ô�å�� (α1 − α2)

q−1 = 1. Ñ�ñ ´`Ï�Ø (2.7)
��ò�ó Ù~�sô�õ�����ö α1 − α2 ∈ F

∗
q . 9

ø�ù
α1 − α2 ∈ F

∗
q , ú (α1 − α2)

q−1 = 1, ¸�ë�¼�ì » äsû Ò α1 − α2 ¤�¥
αq

1 − αq
2 = α1 − α2. (2.8)

ÿ üs� α1 Ã α2 ������� αq−1
1 = −1, αq−1

2 = −1, � �
αq

1 = −α1, αq
2 = −α2. (2.9)

A
(2.9) ë�B�C (2.8) ë�¤�¥ −α1 − (−α2) = α1 − α2, ú 2α1 = 2α2, D�E�¥�ï α1 = α2. Ñ�Fø�ù ��� , ú α1 − α2 /∈ F

∗
q , ¹fÒ�Ï�Ø (2.7) è�Ù , � é ä ° ¦�§�¨~�
Á<ê�¼���¨�©�½Q¾��s³´(µ�¶�� q2 − 1 − 0 = q2 − 1.

¢�£�Í�Î�¤�¥ , ¦�§�¨ C2 �s±�²�³~´`µ�¶�� q2 − 1. � C2 ö�Ì�� (q2 − 1, q2 − q, q2 −

1)- ¦�§�¨ . �	� .
��
3.3

ù
q ≡ 5 (mod 6), α ∈ F

∗
q2 , � αq−1 �<G�� 6 , β ∈ Fq , 
���� �H�I� F

∗
q2 £<�¦�§�����ë�� P (x) = αxq+2+βx ���Q�(¦�§�¨�� C3, ð C3 ö�Ì�� (q2−1, 2(q2−q), q2−q−2)

- ¦�§�¨ .� ° ¦�§�¨p�(¨���� q2 − 1. õ�� ° ¦�§�¨p�(¨�©���ª , ð	!��<É3J�K �H�I� £<�(¦�§
����ë��p�`��� . 7�8��� ��<É`¹ � ��� α6(q−1) = 1 � α �`��� . Ö�L�M�NQà

A =
{

α ∈ F
∗
q2 | αq = α

}

, B =
{

α ∈ F
∗
q2 | α2q = α2

}

,

C =
{

α ∈ F
∗
q2 | α3q = α3

}

, D =
{

α ∈ F
∗
q2 | α6q = α6

}

.

ù
g ö �H�I� F

∗
q2 Â �sÌ���Ä�&O' , ðO(��	)O*�� m, +�¥ α = gm. D�E α6(q−1) = 1 ¤

Ò�Ó�Ô�� (gm)6(q−1) = g0, Ñ ¸�0�����Ù�1�� m � »32 Ï�Ø
6m(q − 1) ≡ 0 (mod q2 − 1). (2.10)
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�
� q ≡ 5 (mod 6), gcd(6(q − 1), q2 − 1) = 6(q − 1), � 6(q − 1) *5m 0, � »�2 Ï�Ø
(2.10)

� Ù , ��Ù��Ë���=� 6(q − 1). �	M�N D Â<n�o 6(q − 1) ��'qp ,
» ;�¤lÒ���¥�M

N C, M	N B Ã M	N A Â�n	o �<'�p�����Í�r�� 3(q − 1), 2(q − 1) Ã q − 1.
ÿ �
��M	N

A, B, C ⊆ D, ð�¤~Ò-��¥�������� α6(q−1) = 1 � α �`����¸��
|D − (A ∪ B ∪ C)| = |D| − |A ∪ B ∪ C| = |D| − |B ∪ C| = |D| − |B| − |C| + |B ∩ C|

= 6(q − 1) − 3(q − 1) − 2(q − 1) + (q − 1) = 2(q − 1).

¹�Òs� �H�I� Fq2 Â , (�� 2(q − 1) � α ��� ord(α) = 6.
ÿ üs� β ��� Fq, � β

�
q � º» �
 �¡ . ¢�£�¹�t , ¦�§�¨ C3 �(¨�©���ª�� 2(q2 − q).«=¬�­�®�¯�° ¦�§�¨��s±�²�³�´`µ�¶ . Á� �¦�§�¨ C3 Â �s¼���¨�© cα1,β1 Ã cα2,β2

, u
8~�s³�´
µ�¶�¤fÒ(Ó�Ô���Þ�ß�Ï�Ø�Ù��s��� . ã α1 = α2, β1 6= β2 @ α1 6= α2, β1 = β2 ä ,

Ï�Ø
α1x

q+2 + β1x = α2x
q+2 + β2x (2.11)º (��QÙ , � é ä ° ¦p§<¨���Á�ê<¼<�Q¨�©p½l¾~��³�´�µ~¶p� q2 − 1 − 0 = q2 − 1. ã

α1 6= α2, β1 6= β2 ä , Ï�Ø (2.11) ¤�Ô=å�� xq+1 = β2−β1

α1−α2

, ¸<ë�¼�ì » ä q − 1 í�Ï=¤�¥
xq2−1 = (β2−β1)

q−1

(α1−α2)q−1 . î=ê�ï β1 − β2 ∈ F
∗
q , x ∈ F

∗
q2 , ð � (β1 − β2)

q−1 = 1, xq2−1 = 1, ��£�ë
¤�Ô�å�� (α1 − α2)

q−1 = 1. Ñ�ñ ´`Ï�Ø (2.11)
��ò�ó Ù~�sô�õ�����ö α1 − α2 ∈ F

∗
q .
«=¬

­ 7�8��~´3v α1 − α2 ∈ F
∗
q , ð�Ï�Ø (2.11)

�
q + 1 ��Ù , D�E Ñ ¼���¨�©�½=¾��`³p´`µ�¶��

(q2 − 1) − q − 1 = q2 − q − 2.

ã α1 − α2 ∈ F
∗
q ä ,

�
β2−β1

α1−α2

∈ F
∗
q . �_� x ∈ F

∗
q2 , ð	(q�5)	*=� i, i0 +=¥ x = gi,

β2−β1

α1−α2

= (gq−1)i0 , ð�Ï�Ø xq+1 = β2−β1

α1−α2

¤~Ò�Ó�Ô���1�� i � »32 Ï�Ø
i(q + 1) ≡ i0(q − 1) (mod q2 − 1).

��� (q + 1, q2 − 1) = q + 1, ð °<»32 Ï�Ø � Ù , ��Ù���� q + 1. ��v�(�� α1, α2 ∈ F
∗
q2 ���Ö�;�¹�tQ�`������+�¥ α1 − α2 ∈ F

∗
q , ð�Ï�Ø (2.11)

�
q + 1 ��Ù .«=¬�­ 7�8���´3(�� α1, α2 ∈ F

∗
q2 ,
: Â ord(αq−1

1 ) = ord(αq−1
2 ) = 6, +�¥ α1 − α2 ∈ F

∗
q���

. ú��f´w(�� α1, α2 ∈ D, α1, α2 /∈ A ∪ B ∪ C, +�¥ α1 − α2 ∈ F
∗
q ,
: Â M�N A, B, C, D

Ö�L »wx .A
Fq2 yHz Fq £���{H|~}�ª��~¾ , 
�u���Ìq���p� {1, a},

: Â a ∈ Fq2 \ Fq, � ù
b = aq. �
� q ≡ 5 (mod 6), ð 6 | q2 − 1. ����; 2.1 ¤�Ð , F

∗
q2 Â (	�=¼��	�=í�Äq&�����

,
º�÷�ù u�8�Í�r�� c Ã c5. J F

∗
q2 Â �
Á<ê�'	p z, (�� x, y ∈ Fq , +�¥ z = x + ay, ð

zq = (x + ay)q = x + by, � zq−1 = zq

z
= x+by

x+ay
. 
 r = zq−1, ð

z ∈ A ⇔ r = 1, z ∈ B ⇔ r2 = 1, z ∈ C ⇔ r3 = 1, z ∈ D ⇔ r6 = 1.

v z ��� z ∈ D, z /∈ A ∪ B ∪ C, ð � r6 = 1, � r 6= 1, r2 6= 1, r3 6= 1. Ñ�ñ ´ r

ö F
∗
q2 Â ���fíQÄ�&5�5� � , ú r = c @ r = c5. ��� r = zq−1 = x+by

x+ay
,
¬<Ú�� Ö

y ∈ F
∗
q , 7�85�5, c È�É z ��.�/ . v r = c, ú x+by

x+ay
= c, ð � x + by = c(x + ay),

DqE x(1 − c) = y(ac − b), � x
y

= ac−b
1−c

.
A

x
y

= ac−b
1−c


 z u, ð x = yu, �<ö<¤�ÒsÙQ¥
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zc = x + ay = y
(

x
y

+ a
)

= y(u + a) = y
(

ac−b
1−c

+ a
)

. v r = c5, >�?Q£�tH���<¤hÒ
ÙhÉ
zc5 = y

(

ac5−b
1−c5 + a

)

.
é ä<� α1 = zc, α2 = zc5 ,

¬ËÚ�� � α1, α2 ��� ¬O� ���pà
1. α1, α2 ∈ D, α1, α2 /∈ A ∪ B ∪ C;

2. α1 − α2 ∈ F
∗
q .

��� c ∈ F
∗
q2 , q ≡ 5 (mod 6) � c6 = 1, ð cq = c5+6k = c5 · c6k = c5. D�E

αq
1 =

[

y

(

ac − b

1 − c
+ a

)]q

= yq ·

(

ac − b

1 − c
+ a

)q

= y ·

(

aqcq − bq

1 − cq
+ aq

)

= y ·

(

bc5 − a

1 − c5
+ b

)

=
y(b − a)

1 − c5
,

� Ì���¤�¥
αq−1

1 =
αq

1

α1

=

y(b−a)
1−c5

y(a−b)
1−c

=
y(b − a)

1 − c5
·

1 − c

y(a − b)
=

c − 1

1 − c5
=

c − 1

1 − c4
= c.

� α
6(q−1)
1 = (αq−1

1 )6 = c6 = 1, Ñ�ñ ´ α1 ∈ D. üs� c ö F
∗
q2 Â �sÌ�����í�Ä�&���� � , ¹�Ò

c 6= 1, c2 6= 1, c3 6= 1, � α1 /∈ A ∪ B ∪ C.
» ;�¤O� , α2 ∈ D � α2 /∈ A ∪ B ∪ C. ����� 1 �

� . ���
α1 − α2 = y

(

ac − b

1 − c
−

ac5 − b

1 − c5

)

=
y(a − b)(c − c5)

2 − c − c5
,

¤�Ð α1 6= α2.
¬ËÚ �~´ α1 − α2 ∈ F

∗
q . üs�

(α1 − α2)
q =

yq(a − b)q(c − c5)q

(2 − c − c5)q
=

y(b − a)(cq − c5q)

2 − cq − c5q
,

cq = c5, c5q = (c5)5 = c, �
(α1 − α2)

q =
y(b − a)(c5 − c)

2 − c5 − c
= α1 − α2,

ú α1 − α2 ∈ F
∗
q , ¹�Ò���� 2 ����� .

¢�£ , 7�8��~´�4-(�� α1, α2 ∈ F
∗
q2 +�¥ ord(αq−1

1 ) = ord(αq−1
2 ) = 6 � α1 − α2 ∈ F

∗
q

�
�

. ¹�Ò , ¦�§�¨ C3 �
±�²�³p´(µ�¶�� q2 − q − 2, � C3 ö�Ì�� (q2 − 1, 2(q2 − q), q2 − q − 2)-

¦�§�¨ . �	� .
��
3.4

ù
q ≡ 2 (mod 6), α ∈ F

∗
q2 , � αq−1 �<G�� 3, β ∈ Fq, 
���� �H�I� F

∗
q2 £<�¦�§�����ë�� P (x) = αxq+2+βx ���Q�(¦�§�¨�� C4, ð C4 ö�Ì�� (q2−1, 2(q2−q), q2−q−2)-

¦�§�¨ .� ° ¦�§�¨~�`¨���� q2 − 1. õ�� ° ¦�§�¨~�`¨�©���ª , ð�!O�QÉwJ�K ����� £Q�`¦�§
����ë��p�`��� . 7�8��� ��<É`¹ � ��� α3(q−1) = 1 � α �`��� . Ö�L�M�NQà

E =
{

α ∈ F
∗
q2 | αq = α

}

, F =
{

α ∈ F
∗
q2 | α3q = α3

}

.
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ù
g ö �H�I� F

∗
q2 Â �sÌ���Ä�&O' , ðO(��	)O*�� m, +�¥ α = gm. D�E α3(q−1) = 1 ¤~Ò�Ó

Ô�� (gm)3(q−1) = g0, Ñ ¸�0�����Ù�1�� m � »32 Ï�Ø
3m(q − 1) ≡ 0 (mod q2 − 1). (2.12)

��� q ≡ 2 (mod 6), gcd(3(q − 1), q2 − 1) = 3(q − 1), � »32 Ï�Ø (2.12)
� Ù , ��Ùp�`�����

3(q − 1). ��M�N F Â3n�o 3(q − 1) ��'�p ,
» ;�¤~Ò-��¥�M�N E Â3n�o �w'�p������ q − 1.ÿ ����M�N E ⊆ F , ð�¤~Ò-��¥�������� α3(q−1) = 1 � α �`����¸��

|F − E| = 3(q − 1) − (q − 1) = 2(q − 1).

¹�Òs� �H�I� Fq2 Â , (�� 2(q − 1) � α ��� ord(αq−1) = 3.
ÿ üs� β ��� Fq, � β

�
q �ºQ» �
 �¡ . ¢�£�¹�t , ¦�§�¨ C4 �(¨�©���ª�� 2(q2 − q).«<¬�­�®�¯�° ¦�§�¨��_±�²�³�´
µ�¶ , Á� �¦�§�¨ C4 Â �_¼���¨�© cα1,β1 Ã cα2,β2
, u

8�½=¾��`³p´(µ�¶�¤~Ò�Ó�Ô���Õ�Ö�× ¬ Ï�Ø�Ùp�
���
α1x

q+2 + β1x = α2x
q+2 + β2x, (2.13)

: Â x ∈ F
∗
q . ã α1 = α2, β1 6= β2 @ α1 6= α2, β1 = β2 ä , Ï�Ø (2.13) è�Ù . ã α1 6= α2 �

β1 6= β2, >�?�Ö�; 3.3 �w��´w=�Ø�¤���¥Qà Ï�Ø (2.13)
��ò�ó Ù (

é ä � (q + 1) � ò�ó Ù )

�I��õ�����ö α1 − α2 ∈ F
∗
q .«�¬�­ 7�8��~´-(�� α1, α2 ∈ F

∗
q2 ��� ord(αq−1

1 ) = ord(αq−1
2 ) = 3, ��+�¥ α1 −α2 ∈ F

∗
q���

.
ù

{1, a} � Fq2 � Fq £Q�_Ì���� ,
: Â a ∈ Fq2\Fq, � ù b = aq. �(� q ≡ 2 (mod 6),

ð 3 | q2 − 1. ����; 2.1 ¤=Ð , F
∗
q2 Â (q�Q¼��=ÛQí�Ä�&q��� � ,

º�÷Qù u�8<Í�r<� c F
c2. J F

∗
q2 Â �ËÁ~ê�'Hp z, (q� x, y ∈ Fq , +=¥ z = x + ay, � � zq−1 = zq

z
= x+by

x+ay
. 


r = zq−1. v r ∈ F \ E, ð r ö F
∗
q2 Â ��ÛQí�Ä�&��q� � , ú r = c @ r = c2. 9 � Ö

y ∈ F
∗
q , ��, r = zq−1 = x+by

x+ay
= c( @ c2) ÙpÉ z. v x+by

x+ay
= c, ð � x + by = c(x + ay), D�E

x(1 − c) = y(ac − b), � x
y

= ac−b
1−c

.
A

x
y

= ac−b
1−c


 z u,
�

x = yu, ��ö�¤~Ò Ù�¥
zc = x + ay = y

(

x

y
+ a

)

= y(u + a) = y

(

ac − b

1 − c
+ a

)

.

J�� x+by
x+ay

= c2, >�?�£�t�����¤~Ò ÙpÉ zc2 = y
(

ac2−b
1−c2 + a

)

. � α1 = zc, α2 = zc2 . >�?�Ö�;
3.3 �3�~´ , 7�8�¤~Ò � � α1, α2 ��� ¬O� ���pà

1. α1, α2 ∈ E \ F ;

2. α1 − α2 ∈ F
∗
q .

ü é 7�8��~´�4-(�� α1, α2 ∈ F
∗
q2 ��� ord(αq−1

1 ) = ord(αq−1
2 ) = 3 ��+�¥ α1 − α2 ∈ F

∗
q���

. �pã α1 6= α2 � β1 6= β2 ä Ï�Ø (13)
�

q + 1 ��Ù ,
é ä Ñ ¼���¨<©�½~¾=�Ë³�´_µ¶=� q2 − 1 − q − 1 = q2 − q − 2. ��¦<§�¨ C4 ��±<²�³l´Ëµ<¶=� q2 − q − 2, C4 ö<Ì��

(q2 − 1, 2(q2 − q), q2 − q − 2)- ¦�§�¨ .
° Ö�;�¥�� .
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��
3.5

ù
q = 5n, α ∈ F

∗
q2 , � α ��� αq−1 = −1, β ∈ Fq, 
���� ����� F

∗
q2 £Q�`¦§�����ë�� P (x) = αx2q+3 + βx ���Q�(¦�§�¨�� C5, ð C5 ö�Ì�� (q2 − 1, q2 − q, q2 − 1)- ¦

§�¨ .� ° ¦�§�¨~�`¨���� q2 − 1, ¦�§�¨ C5 Â ¨�©���ªQú_��������� αq−1 = −1 � α �
��� .

ù
g ö ����� F

∗
q2 Â �_Ì���Ä	&�' , ð�(���)�*�� m, +�¥ α = gm. �(��� ����� Fq2

Â , −1 ¤~Ò�,�Ä�&O'�.�/�� −1 = g
q2

−1

2 . ð���� αq−1 = −1 ¤~Ò�Ó�Ô�� (gm)q−1 = g
q2

−1

2 , Ñ¸�0�����Ù�1�� m � »32 Ï�Ø
m(q − 1) ≡

q2 − 1

2
(mod q2 − 1). (2.14)

�`� gcd(q − 1, q2 − 1) = q − 1, � q − 1 | q2−1
2

, � »I2 Ï�Ø (2.14)
�

q − 1 ��Ù .
ÿ üË� β

��� Fq,
:��

q � ºQ» �
 �¡ . D�E�¦�§�¨ C5 �(¨�©���ª�� (q − 1) × q = q2 − q.¬�Ú 7�8�9�� ­ Õ�Ö C5 �s±�²�³~´`µ�¶ . Á� �¦�§�¨ C5 Â �s¼���¨�© cα1,β1 Ã cα2,β2
,

ã α1 = α2, β1 6= β2 @ α1 6= α2, β1 = β2 ä , Ï�Ø
α1x

2q+3 + β1x = α2x
2q+3 + β2x (2.15)º (���Ù , � é ä ° ¦�§�¨ Â Á�ê�¼���¨�©�½<¾��
³p´`µ�¶�� q2−1−0 = q2−1. ã α1 6= α2,

β1 6= β2 ä , Ï�Ø (2.15) ¤�Ô�å�� x2(q+1) = β2−β1

α1−α2

, ¸�ë�¼�ì » ä q − 1 í�Ï�¤�¥
x2(q2−1) =

(β2 − β1)
q−1

(α1 − α2)q−1
.

îfê<ï β1 − β2 ∈ F
∗
q , x ∈ F

∗
q2 , ð � (β1 − β2)

q−1 = 1, x2(q2−1) = 1, �Q£pë<¤<ÔpåQ�
(α1 − α2)

q−1 = 1. Ñ�ñ ´`Ï�Ø (2.15)
� Ù~�sô�õ�����ö α1 − α2 ∈ F

∗
q .
¬�Ú ñ ´3��� ù ���¬

, α1 − α2 /∈ F
∗
q .
ø�ù

α1 − α2 ∈ F
∗
q , ¤�¥ αq

1 − αq
2 = α1 − α2.

ÿ ü�� α1 Ã α2 �������
αq−1

1 = −1, αq−1
2 = −1, B��`£�ë�¤�¥ α2 −α1 = α1 −α2, D�E�¥�ï α1 = α2. F

ø�ù ��� . �
α1 − α2 /∈ F

∗
q , D�E�Ï�Ø (2.15) è�Ù .

¢�£�¹�t , ¦�§�¨ C5 �
±�²�³p´(µ�¶�� q2 − 1. � C5 ö�Ì�� (q2 − 1, q2 − q, q2 − 1)- ¦
§�¨ . �	� .

4 �������
Ä��������54w��>�¦�§�¨ , À�¥� O¡Q�
ö , Ñ�¢ ����£�����¦�§�����ë�Ï�¡ ( ×O¤ 3 Å�¹

t ). ¥�¦�����§ [11] Â3¨ ,p��©Iª	«�¬Y­�® ¯ ¡�¸�����Ï�¡ , ¦�§q�O��ë�����¡p��¯	°�±�²
���<à :�³�� �`¦�§�¨�©�´ � ¤��
Ê�ÌQ��µË�	¶�ë�æ�ë�.	/ , D�E�å�Ô�4 ®�¯ ¦�§�¨��<1�·¸ �Q�w=�Ø . Ä������Q�I��>�¦�§�¨p�I¹Oº ¸ ��»�¼O½�. 1 (

: Â Z+ .�/�)O*�� ).

¾
1 ¿�À�Á�Â�Ã�Ä<Å ¾

¦�§�¨ ¨�� n ¨�©���ª M(n, d) ±�²�³p´(µ�¶ d q � ��Æ ���
Ö�; 1 q3 − 1 q3 − q q3 − 1 q = 2m, m ∈ Z+

Ö�; 2 q2 − 1 q2 − q q2 − 1 q ≡ 0 (mod 3)

Ö�; 3 q2 − 1 2(q2 − q) q2 − q − 2 q ≡ 5 (mod 6)

Ö�; 4 q2 − 1 2(q2 − q) q2 − q − 2 q ≡ 2 (mod 6)

Ö�; 5 q2 − 1 q2 − q q2 − 1 q = 5n
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. 1 ¹ � �I��>�¦�§�¨�£�¹ ��«�Ç ¿�È�Àp�
±�²�³p´`µ�¶ (
: Â Ö�; 3.1 ¬�Ö�; 3.2 Ã Ö

; 3.5 ���p�`¦�§�¨~�s±�²�³~´
µ�¶�É=ï : ¿	È�À ). �54I¹�º�Í�Î�Ä������p�
¦�§�¨ , 7�8Ê  �Ö�; 3.1 ���p�`¦�§�¨ z ��B�.�Ë�Ì �	Í�Î�Ï�Ð�Ñ . Í�Î�=�Ø A�Ò�Ó ¦�§�¨�¨�©���ªp�
;�ß�£�Ô ( Ö�; 4.1) z � ¸�Õ .
��

4.1
[18,Theorem1] J���Ì���¨���� n �(¦�§�¨ , v : ¿�²�³p´(µ�¶�� d , ð ° ¦�§�¨

�(¨�©���ª M(n, d) ����£�Ô : M(n, d) ≤ n!
(d−1)!

.

Ä�����Ö�; 3.1 Â ���Q�(¦�§�¨�� (23m−1, 23m−2m, 23m−1)- ¦�§�¨ , �(Ö�; 3.6 Ð , v
Ì���¦�§�¨p�(¨���� 23m − 1, � : ±�²�³p´(µ�¶�� 23m − 1, ð ° ¦�§�¨p�(¨�©���ª M(n, d)

����£�Ô : M(n, d) ≤ (23m−1)!
(23m−2)!

= 23m −1. Ñ ��;�ß�£�Ô�È�� (23m −1, 23m −2m, 23m −1)− ¦
§�¨p�(¨�©���ª 23m − 2m, î�ê�ï�ã m Ö Ç è�×�È ä ,

�
lim

m→∞

23m−1
23m−2m = 1, Ñ�ñ ´(Ä������

�(¦�§�¨p�(¨�©���ª�Ø Ç�Ù É�ïH4I;�ß�£�Ô . Ú�Ì�Ï Ú ,
: ±�²�³p´(µ�¶ 23m − 1 ¸���¿�È�¤Û À 23m−1( ¨�� ). ����¦�§�¨p��ÜOÝ ÛOÞ t = (d−1)/2, Ñ�ñ ´ (23m−1, 23m−2m, 23m−1)-

¦�§�¨	¹�ß�àâá~��Ü�Ý Û�Þ . ã�ã�¦�§�¨~�`¨�©���ª F Ü�Ý Û�Þ�ä Ò3å�æ , 7�8����p����>
¦�§�¨ «�Ç ¿�È�¤ Û À~�_±�²�³�´`µ�¶ , E : ¨�©���ª�ç�(��	è	é���¾ . ×�ê���ë�ì�±�í	Ü
Ý Û�Þ � » ä ,

� Ì���è	é�¦�§�¨��
¨�©���ª , @�î�ï�ð ��¨�©���ª Ã µ�¶�½Q¾Ë �¥	ñ�á	òó �I����Ï�¡ , ô�ç�ö�±�¹Oõqö�÷<�wø�ù_Ï5} .

5 ú~û
Ä���øqùq4I��>�¦�§�¨��<��� , Õ�Ö�4`¹�����¦�§�¨~� ¸ ��ü�ü`¨	��¬ ¨�©���ª F ±�²³p´(µ�¶ . ¹����Q�(¦�§�¨�öO������>�¦�§�{���ëO�����Q� . ¹�ý�þ z �wÿ�õ���§O���<à
1 ¬���=�Í�Î���ÌO>�¦�§�{���ëO� Â ¦�§�{���ë<��������� , Õ�ÖH4�¦�§�{���ë�� Â ¹ n

o �(¦�§�{���ë=�`��� , D�E�Õ�ÖH4(¹�����¦�§�¨p�(¨�©���ª ;

2 ¬���=�ø�ù<ß �I� £
	�Ö�Ï�Ø�(���Ùp�
��� , D�E�Õ�ÖH4(¹�����¦�§�¨p�
±�²�µ�¶ ;

3 ¬ Ä��	���~�<��>�¦�§�¨q¹�ß	¦�áf�OÜ�Ý Û�Þ , ��Í�¦�§�¨��_±�²�µ�¶�É<ï�4s¿�È�À
( ¸���¨�©��
� ), ��¨�©���ª�Ø Ç�Ù É�ïH4`£�Ô ( Ö�; 3.1, 3.2, 3.5);

6�
�7�8 A ï�ð :�� ¦�§q�O��ëO� ­
� «�¦�§�¨~����� , Ò�� ù�® É�ñ��O÷ Û ±��Q�`¦
§�¨	�Oø�ù�u�8�����»���Ê Â �wK�, .
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CONSTRUCTION AND PARAMETER ANALYSIS OF FIVE

CLASSES OF PERMUTATION CODES FROM PERMUTATION

POLYNOMIAL CLUSTERS

YE Na, XIA Yong-bo

(College of Mathematics and Statistics, South-Central Minzu University, Wuhan 430074, China)

Abstract: This paper investigates the construction of permutation codes based on the

permutation polynomials over finite fields. By utilizing some permutation polynomials of the form

f(x) = αxm + βx(where m is a positive integer) over finite fields, five classes of permutation codes

are constructed. Employing some techniques of solving equations over finite fields, the parameters

of these codes are determined, including the code length, cardinality, and minimum Hamming

distance. The obtained results enrich the theory about the construction of permutation codes.

Keywords: permutation polynomial; permutation code; minimum Hamming distance;

cardinality; Finite field

2010 MR Subject Classification: 11T06; 94B60; 94A24


