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Abstract: In this paper, we study A-biharmonic hypersurfaces M of 6-dimensional pseudo-
Riemannian space form Ng(c) with the indexs 0 < p < 6, r = p— 1 or p, and constant curvature
c. Tt was proved that if the shape operator of M? is diagonalizable, then the mean curvature is a
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1 Introduction

Let NJ""'(c) be the (n+ 1)-dimensional pseudo-Riemannian space form of constant sec-
tional curvature ¢ with index s (0 < s < n+1), and ¢ : M — N} (c) be an isometric
immersion from a pseudo-Riemannian mainfold M with index r into N;‘“(c). The hy-
persurface M is called A-biharmonic if the immersion ¢ is a critical point of the following
functional (cf. [1-3]),

Eax(p) = Ex(p) + AE(p), AER,

where E(p) and E(p) are the energy and bienergy functionals. The Euler-Lagrange equation
of E5 (p) gives the A-biharmonic equation (cf. [1])

() = AT(p),

where 7(¢) := trace(Vdy) and 7, (¢) := —A7(p) — traceR(dp, 7(¢))d¢p are the tension and
bitension fields of ¢, and R is the curvature tensor of N}**(c). Specially, when A = 0, the
hypersurface M is called biharmonic hypersurface (cf. [4, 5]).
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In 1988, Chen Bang-yen [6] initiated the study of A-biharmonic hypersurface M]" of
E?*!, and proved that the surface M? in E? (i.e. [E}) is minimal, or an open part of a
circular cylinder. And then, Ferrdndez A and Lucus P [7] classified such surfaces with s = 1.
For n = 3, it has been proved that the hypersurface M? has constant mean curvature (cf.
[8] with s =0, [9] with s = 1, and [10] with s = 2). Based on these results, Arvanitoyeorgos
A and Kaimakamis G [10] conjectured that any A-biharmonic hypersurface in E"*! has
constant mean curvature. For n = 4, Fu Yu and Zhan Xin [11] gave an affirmative answer
to this conjecture with s = 0. Afterwards, Yang Chao, Liu Jiancheng and Du Li [12] showed
this conjecture is also true for n = 4 and s > 0 and extended this result to hypersurfaces of
non-flat pseudo-Riemannian space forms.

In this paper, we investigate the 5-dimensional A-biharmonic hypersurface M of NY(c),
and prove that the mean curvature is a constant under the assumption that M has diag-
onalizable shape operator. Applying this result, we show that some types of biharmonic

hypersurfaces of N7 (c) are minimal.

2 Some Equations and Lemmas

Let M? be a A-biharmonic hypersurface of Npﬁ(c) with diagonalizable shape operator A.
In this section, we give some important equations and lemmas about the hypersurface M}
under the assumption that the mean curvature H is not a constant.

According to [13] and [14], the hypersurface M satisfies

AH +eHtrA% — (5¢ — \)H = 0,
(2.1)

2AVH +5¢HVH =0,

where AH = div(VH) and ¢ = (£,§), with £ a unit normal vector field on M3. The
assumption that H is not a constant tells us that VH # 0 on some open subset. Then, we
learn from the second equation of (2.1) that VH is an eigenvector of the shape operator A,
with corresponding eigenvalue —gaH . Considering that A is diagonalizable, we can choose
a local orthonormal frame {e;}>_, with (e;,e;) = &; = %1, such that VH is parallel to es
and A(e;) = puze; with i =1,2,--- 5. Here pu5 = —3eH.

For simplicity, we write fgeH as . And then, we have

4
S =trd? = Z uZ + (2.2)
i=1
and
4
> = —3u (23)
i=1

by trA = beH. Since e5 is parallel to VH, we get

es(p) #0and e;(u) =0, 1 <i<4. (2.4)
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5
Let V be the Levi-Civita connection of M7, and V.e; = > Te, with 1 < 4,5 < 5. By
k=1

compatibility and symmetry of the connection V, we obtain
wi=0, T1 =—eeT},, 1<i,j,k<5, (2.5)

and
) =TI% 1<ij<4 (2.6)

Combining (2.4), (2.5) and (2.6), we deduce from the Codazzi equation ((V.,A)e;,ex) =
(Ve,A)e;, er) that

sz‘ = F?j =0,

ei(py) = (i — p)T,, (2.7)

(i = 13)Th; = (o — )T,
for distinct ¢, j, k. From (2.4) and the second equation of (2.7), we find p1; # p, for 1 < j < 4.
By using (2.5) and the third equation of (2.7), we obtain that

ex(pj — NHF% = en(pi — ﬂk)ré‘ci = ¢&i(py — ﬂi)l—‘;cj? (2.8)
for distinct i, j, k and 1 < 4,7, k < 4, which together with (2.5) implies that
(i — Mk)(ﬂj — ) (i — Mj)(rfjrfi + P;‘kPZj + szrga) =0,

ie.
Tk 4+ T

e J

Wi + T4, =0, (2.9)

for distinct g, pij, i and 1 <4, j, k < 4. Applying Gauss equation for (R(e;, e;)ey, e5) with
distinct 4, j, k and 1 < 4,7,k < 4, combining (2.5) and (2.7), we get

€k(F§5 - sz))Ffj = 5k(Fi5 - Fﬁs)FQZ = Ei(r% - Pﬁs) ;c_] (2.10)

Let f be a smooth function on M?, and denote by f’, f” and f* (the index k > 3) the
first, second and k-th derivatives of f along es. It follows from the first equation of (2.1)
and the second equation of (2.7) that

7" ’ 4 i
{M = =1 (2isi Tis) + €sp(eS — e + ), (2.11)

pp = (p— )T, 1<i <4
By using the Gauss equation
R(es,e;)es = c((e;,e5)es — (es,e5)e;) +e(A(e;), es5)Ales) — e(Ales), es) Ale;),
combining (2.5), (2.6) and the first equation of (2.7), we derive that

(I%)" = —(I5)* — (i + c)es. (2.12)
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Applying (2.11) and (2.12), Z;(Fﬁg)k with the index 1 < k < 7 can be expressed
by w, Z?Zl I, and Z?:l p? and their derivatives (see Lemma 2.2). By substituting these
expressions into the Murnaghan-Nakayama type formula (c.f. [15]) and employing a complex
elimination process, we can demonstrate that 6;‘(2?:1 ') =0for j =1,2,3,4 (see Lemma
2.3). Furthermore, it can be proved that e;(p;) =0 for 1 <7 <5 and 1 < j <4 (see Lemma
2.4). This result will play a crucial role in the subsequent proof of our main theorems.

Let Frg = S0 pf, Foo = S (T and F, o = S0 pr(Th)® with 7,5 = 1,2, ---.
Differentiating F;. o, Fo s, and F,. s with respect to es, combining the second equation of (2.11)
and (2.12), we derive the recurrence formulas as Lemma 2.1.

Lemma 2.1 We have

/
Tk =—F o+rub._qq,
!
sFy 541 = _Fo,s — seespuFy s—1 — sescky s, (2.13)
/
(’I" + S)FT7S+1 = _Fr,s + TMFT—I,S-'rl - 5585ﬂFr+1,s—1 - SaSCFr,s—la

for positive integers r and s, where Fy o = 4.

Lemma 2.2 Denote T := Fp 1, then we have

Foo = =T+ 3eesu® — 4esc,

Fo5 = 3T" — 6eespp’ — es(ep® + )T,

Fou = —§T® + fes(ep® + )T + e’ T + Ao,

Fos = 55T = Zes(ep® + )T" — Beespp/T' + AT + Ay,

Fog = —geesp®Fso — g T® + ses(ep® + o)T® + Seesup’T" 4+ AsT' + AyT + As,

For = grees(WPp' Fyo + 1 Fy o) + 7T — Hes(p®e + o) T — Beespup' T
+AT" + A;T" + AT + Ay,

(2.14)
where the expressions for Ag, Ay, -, Ag can be found in (2.21), (2.24), (2.26) and (2.28).
Proof Since Fyy = 4 and Fy o = —3p, it follows from the second equation of (2.13)
with s = 1 that
Foo = —T' + 3eesu’® — desc. (2.15)

The first equation of (2.13) with r» = 1 tells us that
Fiq1=uT + 3. (2.16)
Substituting (2.15) and (2.16) into the second equation of (2.13) with s = 2, we have
Fos= %T” — 6eesup’ — es(ep® + c)T. (2.17)
We obtain from (2.2) and the first equation of (2.11) that
T, 5e A

Foog=8S—p=—"7 2+ =-=. (2.18)
E5EN € €
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Putting (2.15), (2.16) and (2.18) into the third equation of (2.13) with » = s = 1 gives that
/ / " 3 €5
Fio=—pT — pW'T —2u" + 2ee5u° — 3espc + — (2.19)

Combining (2.15), (2.17) and (2.19), we get from the second equation of (2.13) with s = 3
that

1 4 )
Fou= —ET(B) + §(€E5M2 +es50)T + §E£5u,u’T + Ay, (2.20)
where \
Ay = e’ + deespp” — 2u* + 4% — %;ﬁ. (2.21)
Since (2.16) and (2.18), it follows from the first equation of (2.13) with » = 2 that
U "y, 12 1 (3)
Fy=— H T + (u* — %)T +dup + M (2.22)
2eesp 2ee5 L 2ee5 L

Combining (2.16), (2.17), (2.19) and (2.22), we derive from the third equation of (2.13) with
r=1,s =2 that
1 T 2
Fig=—puT" + (/T + = (21" — 3eesp® — i 3escu)
2 3 I
L (2.23)
20 ;W
3p

+ ¥ — ey’ —
Substitute (2.17), (2.20) and (2.23) into the second equation of (2.13) with s = 4, we have

5
—escp’ — ESM)"

1 5 25
Fos = o T = 2es(en® + )T — Teesp T + AT + Ao,

where

- (2.24)

{Al =pt — Beespup” — Seesp/? + 2ecp® + &,
Ay = —2eespup® — Seesp/ ' + P + Tecpp’ + Sepp' M.

Putting (2.18), (2.19) and (2.22) into the third equation of (2.13) with r» = 2,s = 1 gives
that

w? = pp” T

1 1
Foo=— ceesuFs0+ ——u'T" — (u* + PR
5

3 beesp

— o (Buwess + 2esen’y — 2+ 3P " — 2pp)
8515# (2.25)

W(—lﬁaew‘lu” — 8eesp’pu* + 8u” — 10ecu® — 10c2 13
5

— 2escpp” + pPp ™ — pp? = 2up ) + 202" + ;—‘r’(fiu2A + ).
€
By use of (2.19), (2.20), (2.23), (2.25) and the third equation of (2.13) with r = 1,s = 3,
we can express Fi 4 in terms of F30, 7" and p. And then, applying the second equation of
(2.13) with s = 5, we can write Fj ¢ as following:
3
1

1 )
F076 = —%5851‘7370 — ET(& + §€5<€u2 + C)T(g) + %ILL[/TH + A3T/ + AT + A5,
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where
Az = —55(46p" + 92ecp® — 39eespup” — 36€5ﬂ/2 + 46¢?%),
Ay = 1210 (61leespup® — 35eesup’ 1" — 356p ' — 446ecpu’ 4 40ee5u"),

As = m(93555,u ' + 48cespp 1) + 15ee5up’"? + 40ees5 1" — 1204u° ' (2.26)
—888ecup” — 768ty — 408ecuu’® + 180eesu” + 270e5cu® — 540ec5c? 3

—480e5¢° 1) + 2 (9espu® + 27eespu* — 3epp” — 2ep'?).
Substituting (2.22) into the first equation (2.13) with r = 3 yields that

1 / 2 _ /"
Fyy = —=Fo— 1"+ (i + Py p ap2y 4

1 (3)
— " HE PR (2.27)
’ 3 7 2¢ees 2ees1

2eesu

Combining (2.22), (2.23), (2.25) and (2.27), we can obtain the expression of F» 3 from the
third equation of (2.13) with r = s = 2. Then, the third equation of (2.13) withr =1,s =4
gives the expression of Fy 5. It follows from the second equation of (2.13) with s = 6 that

7 1 7 2
T PPy 4 e _ Tl 0

720 72
TG + AgT" + AT + AsT + Ao,

7
For =—cesu’p "Fs0+ W

24 24
B 35eesup’

72

where

Ag = LO( 273eespp” — 2leesp’? + 392 + 784ecu? + 392¢?),
= 720#( 427eesp2p® + 24beespp/ i — 280essp" + 3192up’ + 3822ecu®y’),

As = w3, (—12Teesp® 1 + 148ce51% 1/ 1™ + 185ees " — 630ees "

135205 1" + 1982ecp® i + 122cp i/ + 2805104 + 1656412

—T720ee5u® — 2160e5cu8 — 2160ce5cu* — 720e5¢3 14?),

2,1

Ay = 720%(—17155%3#(5) — 2leesp® Y + 126ee5p% 1" u® — 280ees > >

+254415 113 + 3384ecpP u®) + 2520ecup/ 1 + 8216 1/ 1) — 350ees s '’
+280ee5u " + 31043 '3 — 3888ee5c? ' — 13236es5cu’ ' — 72485 1)

+25 (21epp® + 35ep/ 1" — 546e5u° ' — TH6eescpp’).

(2.28)
Lemma 2.3 For i =1,2,3,4, the function T satisfies e;(T") = 0.

Proof Denote F, := Fpj, then Murnaghan-Nakayama type formula (c.f. [15]) yields

0= FP —10F3F, + 20F2F; + 15F, F2 — 30F, Fy — 20F, F; + 24F5,
0=FS —9FAF, + 16F3Fy + OF2F2 — 18F2F, + 3F3 — 18F,F; — 8F2 + 24F,
0= F] — TFSF, + 14F Fy — TF}F? — 14F3F, + 28F2F, F; + 21F, F3

—42F, F,Fy — 14F}Fy — 28F3F, + 48F;.

(2.29)
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It follows from Lemma 2.2 and (2.29) that

TW 4+ 57T 4+ 107"T" 4+ 10TT" — 50ee5>T" + 20e5¢T" + 15TT"? + 10137
— 15an5u2TT’ — 170ee5up'T" + 60e5cTT + T° + 20e5¢T> — 170ees 0’ T?

— 50ee5p*T? — 62ee5p/*T — 1465 T — 332ecu2T +279u*T + 15T

+ 64¢*T — 48eespup'® — 40eesp/ 1" + 5681° 1’ — 312ecpp’ + 10eAup’ = 0,

(2.30)

30eesu* Fy + puT® + 5(3T" — 3T% — 17eesu® + 4ese)uT® + 10uT"? — 10(4esT3T”

+ 4ep®T + 4T + 39 )espT"” + 15uT" + 15(4esc — 3T? — 17eesp®) T — 45uT*T’
+30(13ep? — 8¢)esuT*T" — 150ees5p* 1/ TT' 4 (1129u* — 516ce5puu” — 192ee5"* 4 64>
— 832ecu® + 45 A\p® )T’ — 5uT® + 5(43ep? — 20¢)espuT* + 630sesu> ' T + 1286 1/ T
+ 5(72eesup” — 109 — 9eApu? — 64¢? + 36ce5p/ + 2325c,u2)uT2 - 618€5u2ﬂ(3)T

— 40ees T + 326ecy® /T + 3becespup 1" T — 93ees 1™ — 48ees ' 1 — 15ee5 ™

— 40eesp/* 1" + 3(5N — 184c¢)ep® " + 1848 i + 31844 ' + 2(5\ — 156¢)epup’

— 1125ee5u” + 90(23¢ — 2\)esp® + 45(\ — 12¢)eescu® = 0,
(2.31)

and

T0e5(ep® + ) TW — 210ee5p° Fy o — 210eesu* 1/ Fy o — p*T® — 35(T" — 3TT") > T
— 355 % (es T2 + Tep®T — 13¢T — 22epp/)T® + 7p%(120e5¢T? — 15T* — 90ee5>T?

— 37 + 50eesup/ T — 156 pu® — 584ecu® + 248¢% + 66ce5/? + 198eesup” )T + 35(6T2
+3T" — 10eesp® + 32e5¢) > T'T" + (315T — 8144u)pu*T" + 105(e5T2 + 26¢T — 37ep*T
— 12epp)esp T + 7(100e5euT™ — 15uT° — 110ees5u>°T? — 510ees ' T? + 1855u°T
+ 10002 uT — 3580ecu®T — 360cesu? 1" T — 180eesuu*T — 2466cu’y’ — 35eesupu’ 1’
+ 144pt ) 4 40ees " + 61ees > n® + 45eN® T T — 154>T7 + 105e5(5ep? — 2¢)pT°
+1610ee5pu> /' T* + 105(17u* — edp® — 28ecp® + 8¢ + dees ™ + Seespp ) 1T
+70(143p2 — 214ec) W' T? + 127eesp® u T — 148ee5% 1 1n®T + 630ee5 /' T
+2(2264p> — 6871ec) ' T — 185ee5p>1/*T — (280ee5u"* 4+ 6002ecu® + 29164 /> T
— 15(841ep® — 3014cp® + 49Mp* — 98eAu® + 2376ecu® — 960¢%)esp®T + 171eesp® pu®
+ 2lees i p® — 126ee5p2 1" 1 — 3384scp®1u® + 280ees 1> — 25206 1’
—2544p°1u® — 21eX P + 350555W’ "2 _ 280eesu " — (18296u + 35eN) P 1

+ 948ce5u” 1 + (43476¢ 4+ 1806\ )esu® 1’ — (26352¢ — 756\ )eescu’y’ = 0.
(2.32)

Differentiating (2.31) along es, and combining (2.31) and (2.32), we can eliminate F3 o and
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F3 4, and get

6427 © — 14pp/T® + 5(21T" — 21T% — 105ee5u2 + 42e5¢)p®TW + 2100277 T
— 10520 + pT)pT'T® + 5A,T® — 1400’ T + 420p*T"*T" + 14 A0 T" + T AT’

—420(3T? — 4esc + 10eesp®) > T'T" — 105(3uT 4 2u ) puT" + 105A,7"% + As = 0,
(2.33)

where

Ay = —63pT3 + 42up/T? — 10555 T + 42e5cu*T — 392eesp> 1’ — 56e5cpup’,

Ay =400/ T3 — 30uT* — 60e5cuT? + 150ee5u>T? — 50eesu? /T + 40es5cp/T — 6421
+156¢% 1 — 354eesp’py” — T08ecy® + 132ee5pu’ + 546° 4+ 15e\u®,

Az = 90pp'T* — 450°T° + 750ee5p* T — 300e5cu* T + (480e5cu + 1380eesu>) 1/ T?
+ (210ees > " 4 765u° + 330eesp* 1'* — 1260ecu® 4 360c pu? — 45eAu™)T
+ 3688° 1/ — 516ee5u° 1) + 384eespup® + 132ee5p ' 1" — 2140ecp®y,

Ay = —11p2T3 + 15e5ep* T — 6e5cp*T — Seseup’ T + 6up' T? — 22esep3 4,

As = —15p2T7 + 70up/TC + (525ep® — 210¢)esp®T° + 1400escpup’ T* — 2940ecu* T3
4+ —30552ee5” ' — 26352ee5c P + TH6ees A’ — T1des A’y

By applying (2.30), we eliminate 7®), T(®) gradually from (2.33) and derive
5uBI T + 5uBoT®) + 5uBsT" + 225u*TT"™ + 5uByT"? + 5uBsT' + Bs =0,  (2.34)

where

By = 3uT’ +3uT? — 144'T + 45eesp> — 18e5cp,

By = 15uTT" + 15uT? — 704/T? — 90T escp + 225ee5u>T + 88cesu® i/,

Bs = 30uT"? — 1400/ T'T — 120pe5cT" + 60uT'T? 4 300ee5u> T + 30uT* — 1404/ T3
+ 300ce5u°T? — 120e5cuT? + 10525 T i’ — 280escu’ uT — 216e5pp”
+ 1584ecu® — 24e\p® + 720ees %1 — 1194° — 3607w,

By = 75uT? — 2100/ T? + 225ee513T — 90escpT — 246ee5u% 1/,

Bs = 33uT° — 1401/ T* — 150ee5u°T? + 60e5cuT? + 1608cesu ' T? — 840e5cu’ T

+ o = B560eespup 1 4 112ee5u"™ 4 2332ecu® i’ + 30e u? 1,
Bs = 15p*T" — T0up/T® — 525ce5p*T° + 210ee5cp®T° — 1400 5cp’ T
+ oo — 336ees 2" 1 + 560eesuu’ 1" 4 5600ees 2 1> — 56051 1.

From (2.30) and (2.34), we may eliminate 7 and obtain

— 55ees P W TS + 5C, p2T" + 5CopT” + C5 = 0, (2.35)
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where

Cy = —ddeespup/T — 132" + 27ecp® + 3hep? — 36cespup” + 2Teesu’?,
Cy = —66ee5u* 1/ T? + (815c,u2 — 376" + Iep® — 108eesup” + 8leesp*)uT
—335u* 1’ — 39ee5 12 ,u — 26ecp’y’ 4 5beespup p — 1deesp’®,
Cs = —660u6T3 + 15eAu*T? + 135ecuT® — 180ees > 1" T 4 135ee5u* /T3
228 1 — BedpP ' i — ATt — 24eespd ).

Differentiating (2.35) and combining (2.30), we arrive at
502D T + 512Dy T" + 5u*DsT"? + DT + Dy = 0, (2.36)

where

Dy = 3edu* — 132u4 + 27cep® + 1leesup/T — 4Tecsup” — 6eesp’?,

Dy = 4deespup/T? — 396p*T 4 8lecy®T + e \pu®T — 152ee5up”"T — 16773 1!
+ 8lecu® 4+ 302ecup’ + 12e X\’ — Theespup® + eesp’ 1",

D3 = 33eesup’T — 396" + 8lecu® + 9edpu® — 1dleesup’” — 18ee5u",

Dy = 330eespu> /' T — 1980u5T? + 45eAu*T? + 405ecp*T? — 870ees >’ T?
4o = 20eA?p? — 98ees i 1P + 130ees 1 + 670ee5 ",
D5 = —5beesp’y’ T — 165eesp* 1/ * T — 67100° 1/ T2 + 60\ /' T
4+ 102ee5p2 " Y — T0ees ™ + 140eespu" 1.

Combining (2.35) and (2.36), we can eliminate 7). Then, using the similar methods as the
above, we can eliminate T® and derive

K\T'+ KyT? + K3T + K4 = 0,
{ 1 2 3 4 (2.37)

(P\T + P)T" + P3T3 + P,T? + PsT + Ps = 0,
where

K, = 1102743180865#17,u/ — 528660000e5c1° 1’ + 1998097201111
- 4 T406700ee515 1/ 1/"? — 2617300ees 1’ 1" + 476000ee5 0",
K, = 1102743180ee5u' "y’ — 52866000055cu15u’+ 19980972041° 13
+ - 4 T406700ee5 2 1° 1" — 2617300ees02 1" 1" + 476000ee 5140
K3 = 60805404004%° — 105350949005%18 + 7668498420ee5" " 11"
+ - —11295900ee5"% ' 4 3414600ee 5" 1" — 476000ee 54" *°
K, = 1023119856011 — 13403764440ecu' ™1 4+ 17903160ee54" MU
4. 4 476000ee5p/S 1) + 2462600ee5uu’ 1'? — 476000ee5u" 1"
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and
P, = —96070985841600ee5%% 11/ + 85358626135200e 5% 1t/

+ .-+ 6118007000ee 51> 1/ 11" — 661640000ee 5% 1'*3,
P, = 529736679648000.%° — 1134527927544000e "
+ -+ + 3062906000 5% 11/ 2 11" — 199920000 500"
P; = —96070985841600ee51%% 11/ + 8535862613520065cu W
+ .-+ 6118007000ee 51> 1/ 11" — 661640000ee 5% 1'*3,
P, = 96070985841600ce 5126 1" + 1313334045084600555u25u’2
+ .- —4163348000ee 5% 1/ 2 11" + 461720000ee 50"
Ps = 115074079584552001%% 1 4865342460462006)\u26 '
+ .- —2736132000ee 500" 3 11" + 1999200005110
Py = 8913420185472001%% 1" + 18704951237079360u27 2
+ - —2997932000ee 5/ 2 1" + 199920000ee 51/ 4 1"

From (2.37), we obtain the following algebraic polynomial equation

Gl (Ma ula ,ulla U au(7)>T + G2<,u’ ,ula Mlla e a#(S)) = 07 (238)

where Gy (p, i/, ", -, 1) and Go(p, ', i, - -, u®)) are polynomials of p and its deriva-
tives. By (2.4), the first equation of (2.7) and the symmetry of connection V, we conclude
that

ei(p) = e(p) = e(p") = e(u™) = 0, k > 3. (2.39)

Acting on (2.38) by e;, with 1 <4 < 4, combining (2.39), we know

Gl(:ua :ulv /1’//7 T 7/1‘(7))61(T) =0. (240)

Assume that e;(T") # 0 for some 1 < j < 4 on some open subset, then (2.40) implies G; = 0.
It follows from (2.38) that G5 = 0. We can eliminate u/,p”,---,u® from G; = 0 and
G2 = 0 step by step, and get a non-trival polynomial equation of p. So, p is a constant, a
contradiction. Therefore, e;(T) = 0 for any 1 < j < 4.

Lemma 2.4 For1l<i<b5and1l<j<4, wehave

ej(pi) =0

on some open subset.

Proof For the case that M? has at most three distinct principal curvatures, the con-
clusion has been obtained in [13]. We suppose that M? has five or four distinct principal
curvatures. According to Lemma 2.3, we find that e;(T) = e;(T") = e;(T") = e;(T"®) = 0
for k >3 and 1 <i < 4. Tt follows from (2.14) that e;(Fy) = 0 for 1 < i,k < 4, that is

4
SO (Th)F e (Th) = 0. (2.41)
=1
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When M? has five distinct principal curvatures, i.e. 1, pio, pz and py are distinct, we
know from (2.12) that I'}, %, 's; and I'j; are distinct on some open subset. Then, the

coefficient determinant of the system (2.41)

1 1 1 1
I'is I'ss s Il j ‘
= (PJ' - Fis) # 0.
o whe whe whe |- AL
(Ts)? (T3)° (I5)° (T'3)°
Therefore, (2.41) admits only zero solutions, i.e.,

ei(Fi5) = ei(l—‘§5) = ei(l—‘§5) = @i<ri5) =0, 1<i<4. (2.42)

Furthermore, we have
ejes(I;) = 0. (2.43)

Differentiating (2.12) along e;, 1 < j < 4, combining (2.42) and (2.43), we obtain e;(y;) =0
for 1 <i,j <4, which together with (2.4) leads to the result.

For the case that M3 has four distinct principal curvatures, without loss of generality,
we suppose that w1, po and pg are distincet and py = pg. It follows from the second equation
of (2.11) and (2.12) that I'}; = I's; and I'{;, '3, '3, are distinct on some open subset. The
system (2.41) gives that

ei(r%5) + ei(F%E)) + 261‘@%5) =0,
F%ﬁz‘(ﬂs) + F§5ei(F§5) + 2I’§5ei(F§5) =0,
(F%5)2€i(r%5) + (F35)2€i(rgs) + 2(P§5)Qei(I‘§5) =0,

which have nonzero coefficient determinant. So, ei(F§5) =0, 1 < 14,5 < 4. Furthermore,
ej(ni)=0for 1 <i<bHand1l<j <4

3 Proof of Main Theorems

Theorem 3.1 Let M? be a A-biharmonic hypersurface of Ng(c) with diagonalizable
shape operator, then it has constant mean curvature.

Proof We employ the method of contradiction to prove this Theorem. Assume that H
is not a constant, now we use the equations and lemmas in Section 2 to derive contradictions.
For the case that the number of distinct principal curvatures is not more than three, the
contradiction has been derived in [13]. We only need to consider the case that M has four
or five distinct principal curvatures.

Applying Lemma 2.4, we obtain from the second equation of (2.7) that
;=0 for 1<4,5<4. (3.1)

By using Gauss equation for (R(e;, €;)e;, e;), and combining (2.5), (2.9) and (3.1), we derive
that o
eseieiTislys — 2 ), exlyLi = —eeiespupy — eiec, (32)
k4,5
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for distinct 4,5, and 1 < 4,5 < 4.
Case 1: The terms of {I's,;, T's,, Ti,, T'2,} are all zero.

In this case, (3.2) is reduced to
caTigTy = g — )
for distinct 4,7 and 1 < 4,5 < 4, which implies that
55111125(”5 - F§5) = —epr (i — 1y), (3.4)
ie.
Tjs = oue, 1<k <4, (3.5)

where p = —ees L2 for 1 <i,5 <4,4,j # k and p1; # pj. Notice that ¢ does not depend

i J
Fis_rjs

on the indices 7, j, or k, and satisfies that
esp® +¢e=0.
When ¢ # 0, it follows from (3.3) and (3.5) that
0= (e5¢® +&)pips; = —c # 0, fori+#jandi,j=1,2,3,4,

a contradiction.
When ¢ = 0, we obtain ee5 = —1 and ¢? = 1. Differentiating both sides of (2.3) with

respect to es, combining the second equation of (2.11) and (3.5), we have

3 3
B = 120" + 6pp Y i +20Y pl 420 > papy. (3.6)

i=1 i=1 1<i<j<3

By differentiating (3.6) along e; and applying the second equation of (2.11), we obtain

3 3
" = 961° + 12 fiapis + T8 Y i+ 261> p2 46> piu A4 Y gy,
i=1 i=1 c1 1<i<j<3

(3.7)
where ¢; means 4, j are distinct and 1 < 4,5 < 3. Using (2.3) and (3.6), the first equation of
(2.11) turns into

' =2u® + es . (3.8)

Combining (3.7) and (3.8) gives

3 3
00° + 12401 piapus + T8 Y i+ 2600 ) i + 6 pidpsy + 220y pags; — s hyu =0,
i=1 =1 c1 C1

(3.9)
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Since p? = 1, we know I'iy = +p,. If s = p;, then differentiating (3.9) two times along
es, applying (3.6), the second equation of (2.11) and (3.5), we have

3 3 3 3
3240p" +3726° Y gy + 171047 Y i + 160207 > puaguy + 312> pf 452>yl

i=1 =1 c1 =1 i=1

3 3
+ 1042 ﬂ?ﬂj + 966;12;@#]- — 365 Au? — 1855)\,u2ui — 685)\21%2

c1 i=1 i=1

+ T8y 140> g — 35D pigsy + 183601 j1agt3 = 0,

C2 Cc1

(3.10)
and
3 3 3
B1840” + T4358" Y ~ pis + 443704 Y ~ 7 + 42696° > puipt; + 13056p° > pi?
=1 =1 c1 =1
3
+ B8LI8 Y | puaps? + T36564 py progus + 217600 pud + 7592 ) puigd’
Cc1 =1 C1
+ 5694 ) "l 4109584 ) g + 540> puagr + 1080 > pusgu; i (3.11)

3 3
+1080 > " pdud + 1620 papilpf — 234esAi® Y i — T85Apn > pi?

[ i=1 =1

— 2885 — 132650 Z,uiuj — 18e5A Z P2y — 3625 A1 paftz = 0,

C1 C1

where ¢y means i, j, k are distinct and 1 <4, j,k < 3. When M? has four distinct principal
curvatures, we suppose 1 = 2. By using (3.9)—(3.11), we may eliminate p1, po, us and get
a 165th-degree polynomial equation of  with constant coefficients. Thus p is a constant, a
contradiction.

When M? has five distinct principal curvatures, i.e. pu1, po, i3, ft4 are distinct, we dif-
ferentiate (3.11) along e5 and obtain that

3 3
31104004° + 3474587 ) ~ p1; + 3943458* Y ~ pi? + 3837024p* Y~ puigs; — 1036825 *
i=1 =1 c1
3 3
+1558152% Y g + 45271620° Y _ puspu? + 88264083 1y popis — 11502e501° D p;

=1 c1 =1

3
o £ 4352 + 13056 ) puipd + 30972y pduf + 20092 (pigs;)?

=1 C1 C1 C1

3
— 156850 Y pif — 132e5h > puaprl — 234850 Y (papty)? = 0.

=1 C1 C1

(3.12)
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By using (3.9)—(3.12), we may eliminate pq,us and ps, and finally derive a 96th-degree
polynomial equation of p with constant coefficients, which yields that u is a constant, a
contradiction. If Iy = —u;, we can similarly deduce a contradiction.

Case 2: At least two terms of {TI'};, T'3,, T'i,, T'2,} are nonzero.

Suppose I'}; and T'}, are nonzero, then i, po, pg are distinct and py, po, g are also
distinct by (2.8). It follows from (2.8) and (2.10) that

2 1 3 1 3 2
F25_1—‘15 _ F35_1—‘15 :F35_F25

, (3.13)
M2 — M1 M3 — M M3 — 2

and
I35 —I'l; _ Fi5—F%5 _ I — '35

M2 — M1 Ha — M1 Ha — 2

Since ei(F§5) =e;(p;) = 0,1 < 4,5 <4, we conclude from the above two equations that

there exists two smooth functions £ and 7, with e;(§) = e;(n) =0, 1 <i <4, such that
Tis = Eps + 1. (3.14)

Since p1 # w2 and T'}; # I's,, we know & # 0. Differentiating both sides of (3.14) with
respect to es, and combining the second equation of (2.11) and (2.12), we obtain that

(€ +Ep+essp+Enpi+n +Enp+n° +ese=0, i =1,2,3,4,

which gives that

(A —
{é £ — eesp — &, (3.15)
= —&np —n* — esc.
Applying (2.2), (2.3), the second equation of (2.11) and (3.14), we deduce that
4
> Tl = —3ug + 4n, (3.16)
i=1
and
=3’ = — &(S +2u%) + T, (3.17)
Using (3.16) and (3.17), the first equation of (2.11) can be written as
4
p' = (u€ — gn){f(%? +5) = Tun} + espu(eS — 5e+ A). (3.18)
Acting on (3.17) by e5, and using (3.15) and (3.17), we derive that
" ! 2 10 1 2 2 2 70 2
—3p" = L5+ En(Op” + =°5) — 3¢ p(S 4 2p7) 4 pu(eesS + 2ee5u” — Tesc — Pl )s

which together with (3.18) yields

368" — 82 u(2u* + S) +26n(30pu? + S) — esp(14esn? + 1268 — 66¢ + 6 +9X) = 0. (3.19)
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Taking the sum over the index i,j for 1 < i < j < 4 in (3.2), and combining (3.14) and
(2.9), we have

4
(6562 +¢€) Z Wity + 3€nes Z i + 6e5m* + 6¢ = 0. (3.20)
1<i<j<4 i=1
Since g
> mapy =50t = o,
1<i<j<4
(3.20) turns into
1

(6562 + &) (5pu® — 55) — 9esénp + 6g5m° + 6¢ = 0. (3.21)

By differentiating (3.21) along e;, combining (3.15) and (3.17), we have

(6562 4 £)(20€p> — 2618 + 35" 4 86nu?) + 6e5620(2S + Tu?)

5 (3.22)
+ 18e5m° (4n — 9e5€p) + 18¢(4n — 3§u) = 0.

If 52 + € = 0, then it follows from (3.15) that n = 0. And then, (3.21) gives ¢ = 0.
Follow the process of Case 1, we can deduce a contradiction. If £5£2 4+ ¢ # 0 on some open
subset, we can eliminate S’ from (3.19) and (3.22), and obtain that

(6562 4 €)[681>En + 10EnS + 6> (662 + ee5) + 615 (2256 — 3E?) — 120e5¢p + Ies A\

(3.23)
— 148n*p] — 6En(Tep® + 268 — 12¢) + 180 (9ep + 4€nes) + Sdcuees = 0.
By (3.21), (3.17) and (3.23) become
2 / 3,2 25 2 2 2 7
(e58” +e)p’ = des&u” — —res&np + debp” + desln” + e — genp, (3.24)

and
— 48cesén® — 19265630 + 544 1 + 17050 1 — 1580 — 49265nu> + 210&nu>
— 24(3 + Be5) €3y — 282ee53nu? — 48c€n 4 144€5 1> 4 162ee56* 1> + 3e5(112¢ — 3N
+ 6e(43¢ — 3N &3 — 1086% 1> — 126ce5u> — 3e5(26¢ + 3\ = 0.
(3.25)
Differentiating (3.25) along e5 two times, combining (3.15) and (3.24), we deduce that
6072:€%n* 4 99845670 — 13026560 + 2198 1 — 3888e5&u® — 317445650 1 + 66607 12
+ 915625820 1 — 20898£4 3 11 — T650ee5cE > + 35376256 n? u? + 29268¢£°n? 1u? + 4608c%¢°
—12(176¢ + 9N)esén? + 12(1216¢ — IN)es5n? — 168126530 u? + 24(412¢ — 9N )e5e&3n?
— 10704e€npu* — 16344e5E3nu° + 9(37A — 2800¢)E%nu — 18666e£5nu® + 13716656 nu®
+ 2Tees & (9N — 782¢) 4 27(17\ + 212¢)E%nu + 2016e5mu> + 63(26¢ + A + 120e5¢)eesn
+ 25926567 1t 4 3888e£” it — 108e5c\E® — 3888e58° ut + 5670ee5¢£° 1% — 8640¢€3 112

+18054e&%np® — 90723 " + 72e€3¢(53¢ — 3\) — 36e5¢£(22¢ 4+ 3)) = 0,
(3.26)
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and

5443261217 — 4762806 it + 1685376100 1® + 894246560 1” + 193428e5c£'0 1?

— 2836176&%0 1% — 29975 A\Pnu? — 1046700cE nu? — 1020780e5c£nu? — 6478385 nu’
+ 2001852650 1 4 2147328ce5E30% 1w + - - - 4+ 270426En> u? + 78732ee5Enu*

— 2187es\énp? + 34704ee5c*En + 1728c€n3 N 4 1080ee5cA\En + 3240 11 + 46176ce5En°

+116644° 4+ 16902cep® 4+ 135cAu — 306e5An* 1 = 0.
(3.27)
We can eliminate £ and 7 from (3.25), (3.26) and (3.27), and obtain an algebraic polynomial
equation of p. Thus, p is a constant, which leads to a contradiction.
Case 3: Only one term of {I'3;, I's,, I's,, T'3,} is nonzero.
Suppose I's; # 0 and I'y, = T3, = T3, = 0, then (3.13) holds. And then, we have

Uis = &us + 1, i=1,2,3. (3.28)

Here the smooth functions £ and 7 satisfy (3.15) and £ # 0 on some open subset. Letting
i =4,7 = 2,3 respectively in (3.2), we obtain

esI'4. T2, = —¢ —c,
{ 54 451 25 Hafb2 (3.29)
g5l 5 = —epaps — c.
It follows that
65Fi5(P§5 —T35) = —epua(pa — pa),
which together with (3.28) shows that
e5éThs = —cpia. (3.30)
Substituting (3.28) into (3.29), and combining (3.30) gives
enpy = €. (3.31)

Taking the sum over the index i, j for 1 <14 < j < 3in (3.2), and combining (2.9) and (3.28),

we have
(e5€” + ) (papa + papis + popis) + 2e5En(pa + pio + pa) + 3¢5 + 3¢ = 0. (3.32)
By using (2.2) and (2.3), (3.32) turns into
(6562 4 &)(10p® + 6ppeg + 23 — S) + 2e5m(3n — 2614 — 6E1) + 6¢ = 0. (3.33)

If e562+¢ = 0, then n = 0 and ¢ = 0 by (3.15) and (3.31). We can derive a contradiction
as Case 1. In the following, we treat the case that £5£2 + ¢ # 0 on some open subset. From
(2.3), (2.11), (3.28) and (3.30), we deduce that

3¢p =282 1% + E ppra — 3 + E2S — 6Enp — Enpua + ees s — ees iy, (3.34)
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and

37" =667 + 56 Py — 28 g — €l + 361 1S + € s S — 248 — 128 s
+ 267 — 36°0S + Bees &S + Sees? P s + 1880 1 — ees & ppd + 36707 1y
+ 3(X = 5e)est® pu — 2ee56% 1y + €567 paS — eesnppus + 2eesEnpt + ppi — -

(3.35)
Differentiating (3.34) along es, combining (3.15), (3.31) and (3.35), we get
1661 — 26" 1 + 128 1% g + 2(4p + pa)€*S — 68 g — 2068 npupy — 48 nu?
— 2832 + (34 9ee5)E% Py — (9 + ee5)E2 2 + (9N — 63¢)esE2 1 — 3e5c€2 1y (3.36)

— 3639 + (6 — dees) 23 + 126587 1S + 2ee562 1ugS + 6ee5E2 1> + (3 + dees)énps
— 3(1 + 6ees)Enpps + 3(ces — V)p g + (5 — Yzes) ups + 2(3ee5 — )i = 0.

Acting on (3.33) by e; and combining (3.36), we derive that

36017 + 4€° 13 + 2068 iy + 16° 1% g — 4€°%1a S — 186°1S + 4203 + 6£°nS + 84Enu”
+ 60&°n s + 6(ses — 1)E S — 36(pg + 3p)E* N + (21 + bees)E g — 15e5¢E* 1y

+ 9\ — 11c)es& i — (6p 4 2pq)eesE S 4 (33ee5 — 15)E* pp? 4 42ee5&* 1 + 36ee5E3n 1>
+ 3(6ees — 5)E3 g + (15 — dees)E3nus + 36e5c&3n + 366°n° + (24ees — 14)E2 1Py
+6(3 — dees)E2upg + 2(6p + pa)E%S + 9\ — Tc)e€?u — 3ec€? gy + (4 + 3ees)énu;

+68%1% + (6 — 2ee5) ] + 3(1 — ees) i’ pa + (5ees — 9)pupi — 3(6 + ee5)Enpupis = 0.
(3.37)
By using (3.31) and (3.33), (3.34) and (3.37) reduce to

302 (&2 + ees) i =€°¢% + Tect nu + 12602 1% — 5ece®n® — 18620 1 + 8esc nu

(3.38)
+ 12ee56n° 1 4 60t + Bescén? — ¢ — 6eesn 1 + ecnp,

and

4es10¢ + 40ee5c® O + 2(e + 3e5)c*E® — 32ee5c°E5n? — 2165 0P + 144ee56 03 u?
+ (19 — 15ee5)c?E50? + 132e5¢€3n? u? + (15ee5 + 31)2E nu + 3(61e — Tes)cton? i

4 6(c — €5)c*¢% — 360ee5&%n* 1? + 84e5c€On* + (39 — 63ces)?EPnu + 28825670

+ 156551 4+ 92(5c — N)E N> 1 + 1626503 1% — 2(3e5 + )¢ + 2(19ee5 — 9)c*¢np?

— 9(5e + 3e5)c&*n? u? — 2526  u? — T2ee56* % — 24ecetn® + 144€30° u — 108ee583 1 11
+ (33ee5 — 59)*E3np + 18(ec + 15e5¢ — V)P — 36€%0° — 48e5¢€%n™ + 1085620 14
— 3¢(25e + 9e5)E20* 1 4 2(e5 — 3¢)3E? — T2ee58n° 1 + 9e(c — N + 3escén’®

+ (9 — Bees)c2nu — 12660 1® — (13 + 3ees)c*E*n® + 3c(es — e)n’u® = 0.
(3.39)
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Differentiating (3.39) two times along es and using (3.15) and (3.38), we have

40ee5c M + 42453 + 3164612 4 15ee5c €12 — 536e5c3 12>
+ 1560ee5c*E20* 12 4 495 nu — 8lesc® M nu + 223256 P 1
oo T02eNE P 1 4 18e5¢€205 + 4besen* n? + 96¢2En 1 + 194460 (3.40)
— 45ee5e At — 15207 12 4 9P NE*n? + T2eXén® i — 9P E? + 27 n* 12
+ 1224c%*0* 1 — 6156£21° 1? + 108e5c€n® 1® — 8leen*n? = 0,
and

424c°E® 4 4408ec ¢  np 4 4956570 — 8312ec1¢0n? — 815¢16

+ 15816¢%¢M0n? 2 + 5501e5c P np — 2055ec* €5 nu — 7416036 0P

— 217944ec?Mn* 2 — 1216261 — 4692361 n? 1? + 10014eesc® M40 1?

+ -+ 630 ANt 4 3024e5e A28 — 14T42ee 0% 1? — 122730 1

— 2898ee5c3E% " — 684ee5cP NNt + 483 En3 1 — 126653 NE N + 36esc énp

— 16362e5c%En3 1 — 113400° 1® — 486e5eAn* 1® + 8¢PE? + 468e5¢2n* 1 = 0.

(3.41)

Eliminating & and 7 from (3.39)—(3.41), we obtain a polynomial equation of p. Therefore u
is a constant, which is a contradiction.

Applying Theorem 3.1, we have the following corollary for biharmonic hypersurfaces of
NS(c).

Corollary 3.2 Let M} be a biharmonic hypersurface of NJ(c) with diagonalizable
shape operator and ce < 0, where ¢ = (£, ) with £ an unit normal vector field, then it must
be minimal.

Proof According to Theorem 3.1, the mean curvature H is a constant. It follows from
the first equation of (2.1) that

H(trA? — 5ce) = 0. (3.42)

Let gy, pa,- -+ , s are principal curvatures of M?°. Assume that H # 0, then uy # 0
for some 1 < k < 5. Considering that the shape operator A is diagonalizable, we know
trd? = Zle p? > 0, which together with ce < 0 tells us that trA? — 5¢e > 0. However,
(3.42) implies that trA? — 5ce = 0, a contradiction.

Remark From Corollary 3.1, the hypersurface M of N(c) is minimal when ¢ = 0,
or ¢ > 0 and the normal vector field is time-like, or ¢ < 0 and the normal vector field is
space-like. Specially, when r = p = 0, the above results degenerate into the results in [15].
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