Vol. 45 ( 2025 )
No. 3 J. of Math. (PRC)

A NEW PROOF OF THE WEAK (1,-“-) INEQUALITY
FOR THE FRACTIONAL MAXIMAL OPERATORS

WANG lJie
(School of Mathematics and Information Science, Henan Polytechnic University, Jiaozuo 454000, China)

Abstract: In this paper, we provide an alternative proof of the weak type (1,-—2—) inequality

for the fractional maximal operators. By using the discretization technique, we can get the main
result, which shows that the weak type (1,-"-) bound of M, is at worst 2"~ . The weak type
(1,-2=) bound of M, can be estimated more directly and easily in this method, which is different
from the usual ways.
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1 Introduction and the Main Result

For any x € R", f € L} (R"), the Hardy-Littlewood maximal operator over the Eu-

loc

clidean ball of radius r» and centered at x is defined by

1
Mf(z) = ilg Bz e |f(y)|dy,

where |B(z,€)| is the Lebesgue measure of the ball. It is well known that the Hardy-
Littlewood maximal operator is of weak type (1,1). That is, for any A > 0, there exists a

positive constant C,, only depends on n such that
n OVL
o € R": Mf(z) > M < =L, (L.1)

For any function f on R™ and € > 0, we denote f (z) = = f(%), k(-) = v%XB(O,l)(‘)-

en

Then, Hardy-Littlewood maximal operator can be written as

Mf@) =swp = [ 1@ =) lwon Ly = sup(( 1<k ).

e>0 Un€" € e>0
where v,, is the volume of the unit ball. The usual way to prove (1.1) is based on Vitali

type covering lemma, for details see [1]. Until 1981, Guzman introduced the discretization

technique in [2, Theorem 4.1.1].
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Lemma 1.1  ([2]) Let {k;}52, € L'(Q2) be an ordinary sequence of functions, { K},
the sequence of convolution operators associated to it, and K* the corresponding maximal
operator. Then K* is of weak type (1,1) if and only if K* is of weak type (1,1) over finite

sums of Dirac deltas.

Hence, by Lemma 1.1, we only need to prove (1.1) holds for combinations of finite delta
functions, then the weak type (1,1) inequality of M holds for every f € L'(R™). Based on
this fact, Carlesson [3] proved that the Hardy-Littlewood maximal operator is of weak type
(1,1) in another way. Other applications of discretization technique can be found in [4], [5],
[6], [7] and [8].

For f € L}, .(R") and 0 < a < n, the fractional maximal operator is defined as

loc
M, f(z) ! / o
aJ\X)=8Up 757 7= y)lay.
>0 |B(x, €)' B(z,€)

And for any A > 0,
C, o
{z e R": M f(z) > A} < (%) e (1.2)

where C,, is a constant only depending on n. It means that M, is bounded from L' to
L75>°. The usual way to prove (1.2) is by using Riesz potential I, to dominate M, in

some sense, that is

Maf('r) < ’Y(a) ’ Ia(|f|)(.73),
where v(a) = m22°T'(%)/I'(%52) and I,(f)(z) = ﬁfw IW)__qy. For an in-depth un-

|z—y[m—e

derstand of fractional integral operators, one can refer to [9] and [10].
Motivated by the work of Guzmaén[2], Carlesson[3], we want to use the discrete method

to prove the weak type (1,-"—) inequality for M,. The fractional maximal operator also can

be written as the convolution form,

1
Maf(x) :SUPa/ |f(a?—y)|dy
o |B(0, )| = B(0,¢)
1
—sup [ 1f@ = plxsan )y

e>0 v n Enfa

n

Eoz
—sup S [ 17t = )lao (D

e>0 Up" "

= S;llg(lfI * ke)(z),

where k.(-) = === X5(0,1)(*)-

To prove our main result, one key lemma is needed.
Lemma 1.2 Let {k;}32, € L'(Q) be an ordinary sequence of functions, {Kj};—
the sequence of convolution operators associated to it, and K* the corresponding maximal

operator. Then K* is of weak type (1,-2-) if and only if K* is of weak type (1

n—a

n
‘n—a

) over

finite sums of Dirac deltas.
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Proof By modifying the proof process of Lemma 1.1 step by step, we can prove
Lemma 1.2, we omit the proof here.

N
Let =Y &, and |||l = N, where d;, is the Dirac delta function at ¢;. For any A > 0,
=1

(1.2) is equivalent to

CpN | =
{z e R": Map(z) > A} < ( 3 )

The main result of the paper is the following.
Theorem 1.3 For any A > 0, [{x € R" : M, pu(z) > A} < (Q)%
Remark 1  Theorem 1.3 shows that the weak type (1,—2-) bound of M, is at worst

‘n—a

2"~ By using the discrete method, the weak type (1,-2-) bound of M, can be estimated

‘n—«

more directly and easily, which is different from other ways, see for example [9].

Remark 2 We get the Hardy-Littlewood maximal operator M is of weak type (1,1)

and the weak (1,1) bound is at worst 2" if o — 0.

2 Proof of Theorem 1.3

Proof Denote E) = {z € R" : M,u(z) > A}. The proof is by induction on N.
When N =1, p =4y,

1 1
Mop(x) = Sup ———7—= / 6, (y)dy = )
o |B(@, o)™ Jp.o (va/™z — ty|)ne

then By = B(t1, ). Hence, |Ey| = (1) <2°(}) ™.

v AT—a A

When N > 1, VA > 0, we can choose a ball B(z,e€,) for any € E) such that

_a 1
Bt < [ Ity (2.3)
B(z,€eq)
Let € = sup €, then 0 < € < co. Morever, fix 0 < v < 1, we can choose zy € E) such that
zck
€xy > VE. g
Set

:ul(x) = Z 6t7:7 /L”(JJ) = Z 5t7

t;€B(zo,€xq) ti€B(w,ez),ti € B(x0,€x()

Then p = p/ + p”.
If z € E\\B(zo, %GIO), we have

2
|x — 20| > ;exo > 2€ > €+ €y,
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Thus, B(zo,€,,) N B(z,€,) = @. By (2.3), we get

1
A< a/ [u(y)|dy
|B($,€x)|1 " JB(z,ez)

1
e 1
|B(z, )|~ 2

t;€B(x,eq)

1 1
Bz, ) % 2 " B 2

t;€B(x,€2),t:€B(T0,€xq) ti€B(x,€2),ti ¢ B(wo,€xq)

1
= 1
|B(z, €)' 7% 2

ti€B(z,62),tiE B(x0,€2q)
o7
= == W (y)|dy
|B(w, ;)" B(z,ex)
= My (x).

That is, My (z) > A.
Therefore, by the induction hypothesis, we have

2 g I Nl =2
‘EA\B(xO,;e%MgQ( 3 ) (2.4)

By using the following fact

2 2\n
|B(I0a;%)‘ = (;) | B(2o, €z

and

_a 1 1 1 /
B(zo,€xq n

t; 68(10 s€xq

we get the estimate

2 2 Il w2
‘B(xm;exo)‘ﬁ(;)( Al) . (2.5)

Consequently, from (2.4) and (2.5), we get

2 2
[Exl < [Ex\B(zo, 56%)} + | B(xo, ;%)!

" o 2 / n
< 2n(||/"L ||1)n_a 4 (7)’n(||/’[/ ||1)n,—a

- A 0% A

20 sz | 20 IRy 22
<Gy 4 Gl
<Grdgly=.

Finally, let v+ — 1. Then we conclude

=

BN <2(5)7

We complete the proof of Theorem 1.3.
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