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Abstract: This paper addresses Pinching problems in M&bius geometry for hypersurfaces
with Mobius isotropy in the unit sphere. By implementing the minimum norm tensor principle, we
rigorously estimate the squared norm of the quadratic gradient term associated with the Mobius
second fundamental form. This analysis yields a critical inequality governing the geometric config-
uration. Leveraging this inequality, we subsequently prove a Pinching theorem characterizing the
eigenvalues of the Blaschke tensor.

Keywords: minimal norm tensor; Mobius second fundamental form; hypersurface

2010 MR Subject Classification: 53A10; 53C42; 57R42

Document code: A Article ID: 0255-7797(2025)03-0205-08

1 Introduction

The Pinching point problem for submanifolds in spherical space has garnered signif-
icant attention from numerous scholars, leading to notable progress. For instance, Peng
and Terng [1,2] completed the second gap problem for minimal hypersurfaces in three-
dimensional space. Zhang [3] proved the second Pinching theorem for minimal hypersurfaces
in 9-dimensional spherical space. Later, Zhong Dingxing [4,5] extended the study to Mdbius
submanifolds in spherical space, leading to a pinching theorem for the smallest eigenvalue
of the Blaschke tensor.

While studying the Pinching problem, it becomes essential to estimate the squared norm
of the second fundamental form, which includes the well-known inequality of Chen Qingming
[6]. In 2021, Guo Zhen introduced the concept of minimal norm tensors and provided the
expressions for third and fourth-order minimal norm tensors in [7]. In 2023, Jiao Lurong
presented an application of the third-order minimal norm tensor in M&bius geometry [8].
Inspired by [8], this paper applies the minimal norm principle to estimate the squared norm
of the Mobius second fundamental form on Mdébius-oriented hypersurfaces in unit ball space,
leading to the following main contents:

Proposition 1 Let z : M™ — S"*! be an n-dimensional Mobius-oriented hypersurface

(n > 2) without umbilical points. Then the following inequality holds
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where A is a constant, and B is the Mdbius second fundamental form.
Using this inequality, we derive the following theorem.
Theorem 1 Let z : M™ — S™! (n > 5) be a Mobius-oriented hypersurface without

umbilical points, with M&bius Ricci curvature Ric(M) > nA. If

n—1 T(n—1)(n+4) - n—1
2n2  2n2(7(n+4)+n(2n+5)) - 2n?’

then A = 2=, and M" is Mobius equivalent to a Clifford torus S™ (/=) x S"~™(y/2=2),

where 1 <m <n — 1.

2 Background Material

2.1 Minimal Norm Tensor

This section introduces some fundamental concepts of minimal norm tensors, as detailed
in [3].

Definition 2.1.1 Let V' be an n-dimensional vector space, and let T" be a fully sym-
metric fourth-order tensor defined on V. For any pair (z,y) € R2, the components of the

fourth-order tensor F'(x,y) satisfy the following relations

Fijri(z,y) =Tijm + x (Tij6r + Tindji + Tidjk + Tidij + Tjidar + Tjrda)

(2.1)
+uy-t (5ij6kl + 5ik6jl + 6il§jk> ’

where T};; and Fjjp(z,y) are the components of tensors 7" and F'(z,y), respectively, and
Tij = > iy Tignts t = 21—y Tij. The set {F(z,y)|(z,y) € R?} is called a two-parameter
tensor set induced by the fully symmetric fourth-order tensor 7.

Definition 2.1.2 For any (z,y) € R?, if the function f(z,y) satisfies

f@,y) = ||F(z,y)|* = Z 2(,y), (2.2)

i,7,k,l=1

then f(x,y) is called the modulus function of F(z,y).

Given the geometric significance of the modulus function, it is clear that f(x,y) is a
quadratic polynomial function on R? that attains a minimum. Therefore, we define the
following;:

Definition 2.1.3 If there exists (x¢, o) € R? such that

f(zo,40) = min f(z,y), (2.3)
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then F'(zg, 3o) is called the minimal norm tensor of the two-parameter tensor set { F'(z, y)|
(z,y) € R?} induced by the fully symmetric fourth-order tensor T'. In short, F(xq, o) is the

minimal norm tensor of T.
2.2 Basic Knowledge of Mo6bius Geometry

Let x : M™ — S™ be an m-dimensional immersion without umbilical points. The local
standard basis is denoted by {e;} (1 < i < n), and the dual basis is {w;}. We define the
Mébius form ® = 3. | Cfwie,, the Blaschke tensor A = Zij Ajjw; ® wj, and the Mobius
Bwiw;(p~eq), where B = p~ ' (h; — H*0y).

From these, the following structural equations hold

second fundamental form B = Zija

Rijr = Z (BScB;ll - BﬁBfk) + Airdjs + 0 Ay — Audjr — 0uAjk; (2.4)
Riﬁij = Z (BﬁcBlfj - BiﬁkBl?j) ; (2-5>
%
Bijr = Bik; = 050k — (i (2.6)
Cij — Cfi = BiAxj — B Ari; (2.7)
Aijg — Aigj = BSCCJQ‘ — B%C,?‘. (2.8)

Next, we define a Mdbius-oriented submanifold in S™.

Definition 2.2.1 Let x : M™ — S™ be an m-dimensional immersion without umbilical
points. If the Mobius form ® = 0 and there exists a constant A such that A = Ag, then z is
called a Mobius-oriented submanifold in S™.

Combining the definition of a Mdbius-oriented submanifold and the structural equation
2.6, we can derive that when M™ is a hypersurface, B;; , = B, ;, meaning that B;; . is fully

symmetric. Consequently, we can obtain
Rijti = BirBji — BuBji + Aipdj + 0inAji — Aubji — 6l

(2.9)
= Bi.Bji — BuBji, + 2\ (0ir051 — 601

3 Proof of Proposition 1

Let (x0,90) € R? be a point such that F(zg,%o) is the minimal norm tensor. We first
need to determine the corresponding minimal point. If F(zg, o) is the minimal norm tensor,

then we have

0 0
f(a:v, y) _o, f(a:v, y) _0. 3.1)
v (z0,y0) Yy (z0,¥0)
Solving this system of equations, we obtain
1 1 (3.2)
Tg=———\ = .
TRty T 2+ 4)
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Thus, we have:

1
Fijr = Tijr — 1 (T350k1 + Ti051 + Tid i + Trdij + Tji0in + Tirdir)

+4
+ : t (850k1 + O3k + Sadjn) (33
m ij Okl k031 il0jk) -
Combining with Equation 2.2, we can derive
D DI L Ok E e S o1
Y44 7T (n+2)(n+4)

4,5,k =1 i,j=1

From the previous discussion, we know that on the M&bius oriented hypersurface in
the unit sphere S™, the components B;; i are fully symmetric. Thus, we can define the fully
symmetric four-order tensor 7" on the hypersurface M™ as satisfying the following component
relations

1
1 (Bijki + Bjkii + Briij + B jk) - (3.5)

Combining with the Ricci identity, we can obtain

Tijr =

1
Tijm = Biju + > [Bip (Ryjik + Roptj) + By (Rpitk + Rpwii) + Bip (Rpitj + Ryjui)]. (3.6)
p

Furthermore, combining with Equation 2.9, we can derive
Tij

1
=Biju + 5 > [BiyBuBji + Bjy BBk + Biy By Bij — By By B — By By Bu — Biyy By Bjil
p

+ N(Bii0;x + Bjidir + Bridij — Bijor — Bixdj — Bjroi).
(3.7)

We can sum and contract the above equation to obtain

Ty = Bij + %Bij\Bﬁ — nAB;;. (3.8)
k=1
Using the Ricci identity again, we get Tj; = (nA — | B|*)B;;. Given that > i Bij =0,
we deduce that t = 0. According to Equation 3.4, to calculate the minimal norm, we need
to separately compute (T};5,)? and (T7;)?.
By direct computation, we have

Tijki =3(BipBpiBjiBij ki — BipBpiBjiBij i) — 6ABixBij ik
3 3 (3.9)
+|v?B| + SIB[PrBY + 600 BI* — S (trB)? — 6ABI",

where |VZB‘2 = Zi,j,k,l Bizj,kl? tI‘B3 = Zi,j,k BiijkBki7 tI‘B4 = Zi,j,k,l Biijk:Bleli7 and
B = ==L,

n
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Using the Ricci identity, we obtain
BipByBjBij i — BipBpiBjiBijr = —|Bl*trB* + (trB®)? + 2\|B|*,

2n\|B|* — |B|". (3.10)

Thus, we derive
2 3,9 3 4 2
T =|V?B|" - 5Bl trB* + 5(757«33)2 + 6A|B|" — 6n)%|B|°. (3.11)
Similarly, we find

1
T? :n2A2|B|2—nA|B\4+Z\B|6. (3.12)

Given the non-negativity of the minimal norm, we have thus proven proposition 1. From
proposition 1, it is not difficult to see that the inequality derived here matches the famous
Chen’ s inequality in form. Since A is a constant, we can also derive the following corollary.

Corollary 3.1 If the constant A > i or A <0, then the following inequality holds

3

2B2 e
vse s g |

n

-1
trB* — (trB%)?] .
n

Proof According to proposition 1 and Equation 1.1, we know that if we set

3 n—1\° 12(n® +2n) pn =1 12(n+2), (n—1)’
2(n+4) n 2(n+4) n n+4 n? '

then we have

3

-1
VB > 5 [F—tB! - (trBY)?| + A.
n

We only need to discuss the sign of A. We can regard A as a quadratic function of A.
-1 1
T2Ln2 = 8
and the function has two distinct roots A\; and Ay. According to Vieta’ s formulas, we have

By direct calculation, we know that the axis of symmetry of this function is 0 <

n—
n? ’

A+ A= )\1)\2>0,

Therefore, Ay > 0 and Ay > 0, and when n > 2, 0 < A; + Ay = "7_21 < i. Thus, we
have i > A >0or i > Ao > 0. This implies that when A > i, A > 0 always holds, so the
corollary is proven.

When A < 0, the conclusion clearly holds.

4 Proof of Theorem 1

Before proving Theorem 1, we first need to prove the following proposition.



210 Journal of Mathematics Vol. 45

Proposition 4.1 Let M"™ — S"*! be an umbilical-free M&bius oriented hypersurface.

Then the following inequality holds

n—1 n—1)=2n2NtrB*  3(n—1)[(n —1) — 2n%\
/M{( - —22n+ )A) > B+ )n NirB” _ 3 2)7[1(3(”&1) ]}szo.

1,7,k

(4.1)

Proof First, we can directly compute

ZB” k+ZBijBij,kk- (4.2)

4,9,k 1,5,k

Using the relation B g = 2nAB;; — Bl], we obtain

ZBz]k (n—1) (anl);—(n—l)). (4.3)

In a similar manner, we have

1
§A|VB”| Z B” kl + Z Bz’j,kBij,kll

i,7,k,l ©,7,k,l

) (4.4)
= |V?B["+ ((2n+3)A— [B]) Y _ B}, +3(2B — A),
N
where A=), ikl BijBimBij kBijm, B = By BijBrimBjm.. Next, consider
(BijBjkBimBik,i)m- By direct computation, we can derive the following separately
0= / (2B BimBjk,mBik, + Bij Bk Bim Bik,im )dM, (4.5)
M

0= / (2B, B;x Bi.m Bii.m + BijBiiBik.mBiim + (20X — | B)?)tr BYdM, (4.6)
M

0= / [2B; B; 1 Bim.i Bum .k + Bij Bit Bum Bik.im + (trB*)? + 2X|B|* — |B[*tr BYdM. (4.7)
M

By combining Equations 4.5 and 4.7, we can derive
/ (A—2B)dM = / (|B)*trB* — (trB*)? — 2| B|*)dM. (4.8)
M M
Using Equations 4.6 and 4.8, we obtain
/ [(|B)* — 8nA)trB* + 3(trB*)? 4+ 6| B|*)dM > 0. (4.9)
M
Integrating Equation 4.4, we get

/}V2B\2dM:/ [—((2n+3)A— |B[*) > B2, — 3(2B — A)dM. (4.10)

N
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By combining Equations 4.8 and 4.10 with Proposition 1, we derive

2 2
/ {(|B| Y 2n+ ZBMJr (1Bt B* — (trBY) — ox 8] — 2BLUB] )2”” } dM >0,
M

byt 2(n+4
(4.11)
Finally, by combining Equations 4.9 and 4.11, we conclude
n—1 —1) =20 \)]trB*  3(n—1)[(n — 1) — 2n?)]
/M{( n _22n+ zEJ:kBUk n - 2n3(n +4) dM 2 0.
(4.12)
Thus, we complete the proof of Proposition 4.1.
Now, we prove Theorem 1.
From Equation 4.4 and Stokes’ theorem, we know that
-1 —1) —2n2)\
/ZB%,k—/ (n == 1) — 20%)) 13)
M M n
Assuming a local standard orthogonal frame ej,es,...,e,, we choose an appropriate

local standard orthogonal frame such that B;; = \;d;;. Then we have |B|? = ZZ )\f = ”T_l
From Equation 2.9, we can deduce R;; = —A? +2(n — 1)\ > nA. Thus,

A< (n— 2)A,

Therefore, we obtain
(n—1)(n—2)A

. .
From Proposition 4.1 and Equation 4.14, we can derive

/{(71—12%+ ZBHW 2[(n — 1) — 2n2\)]tr B* 3(n—1)[(n—1)—2n2)\]}dM

trB* < (4.14)

n vy n 2n3(n + 4)
-/ {(” L snt 3 S B Pl =) = 2] = e 2>)\}dM
3(n—1)[(n—1)—2n2)]
B /M sy M0
(4.15)
By combining Equation 4.14, we obtain

/M (= Dt —1) = 20 ["; L an+ 2k 2n - 2n - 3“”2;(2;;" )\]]dM
[ (n=1)((n—1)=2n2X) [[(n — 1) —2n>\](2n + 5)
_/M = [ S 1 4) —7A[dM > 0.

(4.16)
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Since we assumed
n—1 T(n—1)(n+4) n—1
— < < —_—,
2n2 2n2(7(n+4) +n(2n +5)) - 2n?

we have

(n—1)[(n—1) —2n2)] >0, [[(n —1)—2n%\|(2n +5)

T d) — 7)\] <0. (4.17)

n2
Thus, we can conclude

/ (n=1)[(n—1) — 202\ {[(" — 1) —20°A)@2n+5) m] dM =0
y 2 2n(n + 4) '

(4.18)

Therefore, (n — 1) — 2n2\ = 0, which implies A = 2=}, So, M™ is M&bius equivalent to

2n2

a Clifford torus S™ (/™) x S*~™(y/2=2) for 1 < m < n — 1. This completes the proof of
Theorem 1.
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