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Abstract: In this paper, we study the basic p-harmonic forms on the complete foliated
Riemannian manifolds. By using the method in [1], we show that if the basic mean curvature form
is bounded and co-closed, and the transversal curvature operator is nonnegative and positive at
least one point, then we obtain a vanishing theorem for LP-integrably p-harmonic r-forms.
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1 Introduction

An interesting problem in Riemannian geometry is to study the relationship between
the curvature and the topology of a Riemannian manifold. It is well-known that the space of
harmonic r-forms is isomorphic to its 7-th de Rham cohomology group for compact manifolds.
When the manifold is non-compact, it is natural to study the square integrable harmonic
forms. So it is an interesting problem in geometry and topology to find sufficient conditions
on a complete manifold such that we can obtain vanishing theorems of harmonic forms.

Let (M, g, F) be a (n + m)-dimensional complete foliated Riemannian manifold with a
foliation F of codimention m and a bundle-like metric g with respect to F. Let dg be the
restriction of the exterior differential operator d on the basic forms Q7 (F). Then the formal

dual operator of dg is defined by

(53 = (_1>m(r+1)+1 *B (dB — KZB/\)*B,
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where % g is the basic Hodge star operator and kg is the basic part of the mean curvature
form k. Then the basic Laplician operator Ap acting on the space of basic r-forms Q' (F)
is given by

Ap =dpdp + dpdp.

A basic r-form w € Qf is said to be harmonic if Agw = 0. It is well-known that w is
harmonic if and only if dgw = 0 and dgw = 0 when M is compact. Hence, for any p > 2,

we say a basic r-form w € Q(F) is a basic p-harmonic r-form if it satisfies the following

dBw = 0,
dp(lw[P~2w) = 0.

It is easy to see that when p = 2 and M is compact, a basic p-harmonic r-form is exactly a

properties:

basic harmonic r-form.

It is worth noting that the main tools to study the spaces of harmonic r-forms are the
Bochner—Weizenbock type formulas. For basic harmonic forms, some vanishing theorems
are obtained on compact foliated Riemannian manifolds. For example, M. Min-Oo et al.
([2]) proved that if the transversal curvature operator of F is positive definite, there is
no non-trivial basic harmonic r-forms on a closed foliated Riemannian manifold. Recently,
Jung—Liu ([3]) studied the basic r-forms on a complete foliated Riemannian manifold. Under
the assumption that the mean curvature form is bounded and co-closed, they obtained some
vanishing theorems on complete foliated Riemannian manifolds.

For p-harmonic 1-forms, Zhang ([4]) proved that if M is a complete non-compact Rie-
mannian manifold with non-negative Ricci curvature, there is non-trivial L¢ p-harmonic
1-form for p > 1 and 0 < ¢ < co. Later, inspired by Zhang’s result, Chang-Guo—Sung ([5])
extended Zhang’s result and obtained the compactness for any bounded set of p-harmonic
1-forms. In 2017, Dung ([1]) obtained some vanishing theorems for L” p-harmonic r-forms
on complete non-compact sub-manifolds of Euclidean space. For further details, the readers
can refer to [6-8] and the references therein.

Motivated by these results, in this paper, our aim is to study basic LP p-harmonic r-
forms on a complete foliated Riemannian manifold with nonnegative transversal curvature

operator. As usual, we define the space of the basic p-harmonic r-forms on M by
H7 (L (M) = € 2 (F)ldmw = 0.0a(l ) =0, [ [ < o0}
M

In fact, we establish the following vanishing theorem.

Theorem 1.1 Let (M, g, F) be a foliated Riemannian manifold with all leaves com-
pact. Assume that the basic part of the mean curvature form is bounded and co-closed. If
the transversal curvature operator of F is nonnegative and positive at least one point, any

basic LP p-harmonic r-form is trivial.

We should remark that our main theorem generalized Jun—Liu’s result ([3, Main Theo-

rem|) when p = 2.
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The rest of this paper is organized as follows. In Section 2, we recall some preliminary
knowledge about foliated Riemannian manifolds and some useful lemmas. In Section 3, we

will give a detailed proof of our main Theorem 1.1.

2 Preliminary

Let (M, g,F) be a (n + m)-dimensional complete foliated Riemannian manifold with a
foliation F of co-dimension m and a bundle-like metric g with respect to F. Let TM be
the tangent bundle of M, T'F its integrable subbundle given by F, and Q = TM/TF the

corresponding normal bundle of . Then we have an exact sequence of vector bundles
0-TF—TM = Q — 0,

where 7 : TM — @ is a projection. Then we have a bundle map o : Q — TF+ c TM
satisfying 7w o o = Id.

Let go be the holonomy invariant metric on @ induced by g. That is, for any vector
fields X € I'(TF), we have Lxgo = 0, where Lx is the transverse Lie derivative. Let
V = V€ be the transverse Levi-Civita connection on the normal bundle Q ([9, 10]). In fact,
for any s € I'(Q) and Y, = o(s) € T(TF1), the connection V is defined by

m([X,Yy]), for X e T(TF),
VXS =
A(VMY,), for X eD(TFLY),

where VM is the Levi-Civita connection with respect to the Riemannian metric g on M.

Then the transverse curvature tensor R? of V is given by
RQ(X, Y)S = vays — VyVXS — V[ny]s,

for any X,Y € I(TM) and s € T'(Q). Let Ric® be the transversal Ricci operator of F with
respect to the transversal Levi-Civita connection V.
A differential form w € Q"(M) is called basic, if for any X € I'(T'F), we have

txw =0, txdw=0,

where ¢x is the interior product with respect to X. In a local chart (z',--- 2™y, - - y™)
of F, a basic r-form w can be written as

W= Y wiea (YY" A Ay
i1 <<y

where the coefficient functions wj,...;, are independent of x. We denote Q7 (F) by the set of
all basic r-forms on M. Then we have Q" (M) = Q3 (F) & Q5 (F)*.
Let xp : Qp(F) — QF7"(F) be the basic Hodge star operator defined by

xpw = (=1)™™ ) s (w A x5), Vw € Qi (F),
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where * is the Hodge star operator with respect to g and x# is the characteristic form of F.

Then we can easily check that, for any basic r-forms «, 8 € Q5 (F),
aAxpfB=LFAxpa, *pa=(—1)""q,

Let v be the transversal volume form such that xv = x, The point-wise inner product (-, -)
on Q7 (F) is given by
<Oé, ﬂ>]/ =aAl *Bﬂ?

where a, € Q% (F). So the global inner product can be defined by

(0, )5 = /M (0, Bypar = /M o A spB A,

where ppyr = v A xx is the volume form.

Let dg be the restriction of d to the basic forms, i.e., dg = d

§p : Up(F) — Q5 '(F) is defined by

oz (F)- Then the operator

63(4} = (_1)m(r+1)+1 *B (dB — HB/\) *B W,

where x is the mean curvature form of F and kp is the basic part of x ([11]). It is well
that dp is the formal adjoint of dg with respect to the global inner product (-,-)p ([12]).
In general, §p is not a restriction of 6 on Q(F), i.e., dp # 6|ar,(F), where ¢ is the formal
adjoint of d. But for any basic 1-form w, we have dgw = dw. So the basic Laplacian Ag
acting on Q3 (F) is defined by Ap = dpdp + dpdp. It is well known that Algo () = Ap,
where ¢ is the Beltrami Laplacian of M ([13]).

In order to obtain the vanishing theorems for basic p-harmonic r-forms, we need the

following lemmas.

Lemma 2.2 ([14, Lemma 3.2]) Let F be a Riemannian foliation. Then the oper-
ators dg and dp on Q7 (F) are given by

m

dBZEm:Ga/\an, (;B:_ZLEQVEQ_FL,JBv

a=1 a=1

where {E,}7-, is a local orthonormal basic frame in @ and {§*}!", its go-dual 1-form.

Proposition 2.1  For any basic form ¢ € Q% (F), the operator 05 can be also written
as

Spp = (—1)"U T sy dpxp ¢+ LNﬁBCﬁ-

Furthermore, for any function f € C*(M), we have

5p(fo) = fopd+ (—1)" T wp (dpf Axpo).
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Proof By direct calculation, we have

Sp(fo) =(=1)"" TV xp dp g (f) + fr,z ¢
=(=1)"U T s g dp(f *p ¢) + fu, g @
=(=1)™O g (dpf Axpd+ fdp *p &) + fu, X
=fopd+ (—1)" VT g (dp f A*p).

Lemma 2.3 On a Riemannian foliation F, we have that for any ¢ € Q% (F),
AB¢ = v‘:rvtr¢ + F(¢) + AnﬁB(rZS?

where An%qﬁ = Lﬁan& - VKquS, LHnB = dBL(IiﬁB) + L(IiﬁB)dB, and F' is the transverse curvature

operator locally given by

Z 0% A 1, R?(Ey, E,) 6.

a,b=1

Furthermore, since $Ag|¢]> = (Vi V¢, ¢) — |V ¢|?, we obtain that for any ¢ € Qf(F),

1
EAB|¢‘2 = <AB¢) ¢> - |vtr¢‘2 - <F(¢)7¢> - <A,JB¢7 ¢>
Remark 1 The above operator A W QL (F) — Qp(F) is C*°(M) linear. That
means for every f € C>(M), it holds A : (f(b) fAMB (9).
Proof

AMB(f@ = dBL(“ﬁB)(f@ + L(“ﬁB)dB(be) - V,{ﬁB(f@ =1 +1,— Is.
By direct calculation, we have

I i=dpu(kp)(f6) = dp(fu(k)$) = dpf A [u(K)d] + fdpi(Kly)e,
I ==u(kly)dp(f6) = Lof”B)(dBf Ao+ fdpo)
=il (e — dpf A [u(Kl)d] + fulrly)dpd
I =V, (f0) = k()¢ + [V 5 6.
And then
L+ L — Iy = fdpu(r)d + fu(rp)dpd — [V,: 6 = fA: (0).

Lemma 2.4 ([15, Lemma 3.4]) For any dg-closed r-form ¢ and f € C*>°(M), we
have

ds(fé)l = ldpf Aol < |df|-|¢l- (2.1)
Lemma 2.5 ([15, Lemma 3.5]) Let ¢ be a basic r-form and % the dual vector

field of kp.Then we have

s, @l < IK510] < kB9,
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3 Proof of Theorem 1.1

Proof Let w be any basic p-harmonic r-form on M, 1 <r < m — 1. Then we have

dBw = O,
dp(lw[P~w) = 0.

Applying the Bochner formula to the form |w|P~2w and Lemma 1 we obtain
%ABMZ’H =(Ap(lwf~*w), [wl"w) — Ve (Jwl" " w)[?
— (F(|wl"?w), [w]P~2w) — w74, (w), w).
On the other hand, it holds
S AR = ZAg () = o Apllrt = [dslP P
By the first Kato’s inequality, we have |V, (|w[f~?w)| > |dg|w|P~!|. Then, we have
Wl + w2 (Fw),w) <(Ap(lwlw),w) — w2 (4, @),0).  (31)

Let B, = {y € M|p(y) <1}, where p(y) is the distance between leaves through y and a

fixed point. Then we can define a basic function ¢; on M satisfying the following properties:

0<w(y) <1, forany ye M,
supp ¢; C Bay, (3.2)
oi(y) =1, for any y € By,

and
G
l b

where C] is a positive constant independent of I. ([16]) In the following, we will denote ¢,

ll}inoo or=1, |dpo] < (3.3)

by ¢ without confusion.

Then multiplying both sides of inequality (3.1) by ¢? and integrating over M, we obtain

/ Plwl Al uag + / WP (), PP
M M (34)

< [ (a0 b = [ Pl @)

In order to express the following estimate explicitly, we set
L= / Sl Ap Ll i,
M
Rui= [ (@l ), P,
M

Roi= [ oA, ) 0)na
M
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Step 1: We compute the above three terms separately.
Firstly, we deal with L; :
Li = [ (dn@?lel dalol
M
=2(p - 1)/ plwP~Hdpep, dplwl)pm + (p — 1)/ @*|w|P~2|dplwl|par
M M
>~ 200-1) [ ol dapl- [dalellnss + (0= 1) [ Glolldalol Pha
M M
By Young’s inequality, we have
plwlPHdpy| - [dplwl| = WP~ (pldplwl]) - (Jdpel|w])
_ €1 1 (3.5)
<|w[P? | S ?ldplwl]? + s—ldpel*|w]® ) ,
2 261
where €¢; > 0 is a constant. Then we have
20 p—2 2 p—1 20 p
Liz—=(-De | ¢lw"ldplw|"un ——— [ |dpel"|lw[’uum
M €& Jm
+=1) [ Pl dalel P (36)
M
_ 20 |p—2 2 p—1 20 1p
=p-1D(1—e) [ ¢l ldplwl|*uar ——— [ |dsel*|w|’ -
M €1 Jum
Then we compute R :
R = [ (da(l~20).dn(e o))
M
=2p-2) [ ol pldalo| A dag A s
M
<20-2) [ ool ldalo] Alldnp Al (3.7)
M
<20-2) [ ol dngl sl
M
20 |p—2 2 p—2 20 1p
<p—-2ea | o lwldplw]*pa +—— [ ldpe|*|lw[Ppa,
M € Jm
where we used the Young’s inequality (3.5) again and €; is a positive constant.
Substituting (3.6) and (3.7) into (3.4), we have
A [ Pl dafol P + [ 1P F@), P
M M (3.8)

<5 [ Janellolrnn = [ Pl 24 @),
M M

where A := A(e;) = (p—1) — (2p — 3)e; and B := B(e;) = ?. Since p — 1 > 0, we can

choose proper €¢; > 0 such that A > 0.
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At last, we calculate Ry :
Rai= [ oA ) o)
M

= [ a0 (el — [ Pl AT g
M M

::R2.1 — RQ‘Q.

From the Proposition 2.1, we have

Ras = [ {dat,g 0. (PP
M
— [ {o g dn(ela
M
:/ <LKan7(p2§B(|w|p—2w)>y,M +/ <Lnan,(—1)m(r+1)+1 *xB (Z@dBap/\*B(|w|P—2w))>uM
M M
_/ (b w, (=)™t g (20dpe A xp(|w[P72w))) par.
M
(3.9)
So
Raal <2 [ (elugol Moo ezl ol 2
M
<2 [ (plullol - dmpllwll %
M (3.10)
=2 [ plullduellopin
M
<2suplwal [ oldnllolnar,
M M
where sup |k | is the supremum of the norm of xp.
M
Next, we estimate
Ry 32/ <V,{ﬁ w,@2|w|p72w>uM
M B
1 20 p—2 f 2
=5 [ Pl el
M
1 2 4 P
== [ ¢ rp(|w")pnm
PJm
1 821 ,p 1 Pt (42
=— [ k(@ WP )puv — = | |w[PrE(07)par
PJm PJm
1 2| | 2 p A
=— [ {dp(¢”|w|"), kp)um — = [ @lwlPrB (@)1
PJm PJm
Since kg is coclosed, we have
2 p,.t 2 P 2 P
|Rao| = |—= [ @lwl’rp(0)um| < = | |wP(@les)ldselun < —suplrp| [ oldpellw]” .
PJm PJm P M M

(3.11)
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Combining (3.8), (3.10), (3.11), we have

A / w2l dslo|Prans + / WP (F(w), 9w
M 2M (3.12)

<B / da Pl pnr + (2 ; ) sup || / Pldaellwl i
M P M M

Step 2: Apply estimate (3.2) and (3.3) to inequality (3.12).
From (3.2) and (3.3), we have

: c;
[ st < SE [ ot
M M

C
/ eldpol|w|Pun < ll/ |lw|Ppens
M M

and

Therefore, we

A / el ] Ppas + / WP (F(w), ¢w) <
M M

Letting [ — 400, it holds that

l—+oc0

lim [ @?|w|P"?|dp|w][* s :/ |wlP~*|dp|w]* ar = 0,
M M

and

i [ P 2@ = [ o E ), s = 0.
l—o0 M M

If the transverse curvature operator F' is nonnegative and positive at some point, |w| = 0.

This completes the proof.

Remark 2 We should remark that, by applying the same method as above, we can
obtain the vanishing theorem for basic L9(q > p) p-harmonic r-form when the basic part of

mean curvature form of F vanishes.
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