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Abstract: The purpose of this paper is to study some famous inequalities in Euclidean
space. We are able to reveal an elegant relation between the famous Selberg inequality and Bessel
inequality in Euclidean space.
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1 Introduction

Let V be a linear space over the real number field R. An inner product is a real-valued

function (-,-) : V x V — R if it satisfies the following conditions:

(1

) B) = (B,«) for all a, 5 € V;
(2)

)

)

ka,B) = k(a, B) for all o, € V and k € R;

a+6,7) = (a,v)+ (8,7) for all o, 8,y € V;
a,a) > 0 for all @ € V, and the equality holds if and only if o = 0.

(@,
(
®3) (
4) (

The linear space V becomes an Euclidean space (V;(-,-)) when endowed with an inner
product (-,-). Note that for the same linear space, the inner product is not necessarily

unique.
The norm or length |la| of a € V is defined by ||a||* = (a, ). If o, 3 € V satisfies
(a, B) = 0, they are called orthogonal elements. If a family of elements £1,é5, -+ ,6 in V
satisfies
s [uiti=g
(Enes) =0 = {o, if i # j,

they are called an orthonormal family. In particular, if & = dim V, they constitute an

orthonormal basis of V.
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As a generalization of the basic fact the hypotenuse of a triangle is greater than the
right angled side, there is the famous Bessel inequality [1] [2] in a general Euclidean space,
which states: suppose that 1,5, - - , & are an orthonormal family of the Eucliean space V,

then for any a € V' we have

k
lall? > [(e,en)l® + (e, 2)* + -+ [(e,en) = D (e ),
i=1
Furthermore, if @1, @2, , @k (not necessarily orthonormal) and « are arbitrary elements

of the Eucliean space V', then the famous Selberg inequality [3] indicates that

2 a, 2
||Oé||2 |( Spl)l + k|( <P2)| NI k|( QOk)|
(1)l Y 192,95 D (ks 05)]
j=1 j=1

These inequalities have many important applications in mathematics. On can easily find
that if ©1, 9, - , @k are an orthonormal family, the Selberg inequality degenerates into the
Bessel inequality since Z |(¢i, 05)] = E?zl d;; = 1 for any fixed 1 <i < k.

In this paper, we would hke to strengthen the Selberg inequality and the Bessel inquality
by combining the two famous inequalities. It appears that it is the first time to reveal the
elegant relation between these two famous inequalities.

Theorem 1.1 Let V be an Euclidean space and (-,+); and (-, )2 two inner products

on V', which satisfy the following metric property, i.e.

lafly = v (a, @)1 = [lalls = V(@ @)z

for any o € V. Furthermore, suppose that e1,e9, -+ ,e, are an orthonormal family of

(V5 (-,+)2), and @1, o, - -+ , @ are arbitrary elements in (V7 (-, -);) satisfying

L(@la‘P%"' 7<PZ) g L<€1752a"' agk)'

Then we have

4
ol =3 G2 >||aH2 ngl
Z SozaSOJ

Here L(p1, 2, , ) and L(al, €9, ,Ex) are linear spaces spanned by @1, s, - , @, and
€1,E9,++ , €L respectively.
When @1, ¢, , ¢, are an orthonormal family of (V; (-, -);), Theorem 1.1 gives the re-

sult of Dragomir [4], which considers an elegant monotonicity property of Bessel’s inequality.
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Corollary 1.1 Let V be an Euclidean space and (+,-); and (-, )2 two inner products
on V, which satisfy the following metric property ||«l||; > ||«]|2 for any o € V. Suppose that
€1,€2, - , &k are an orthonormal family of (V; (-, -)2), and ¢1, 2, -+ , @, are an orthonormal

family of (V;(+,-)1) satisfying
L(Qplv ®2, " 7905) g L(EMEQ; e 7€k)-

Then we have

it~ Zl o, nl? > llal3 - Zl(ae 7> 0.

For the same norm in the Euclidean space (V; (-, )), we still have similar results. As an
example, we have

Corollary 1.2 Suppose that €1, €9, -+ , & are an orthonormal family of (V;(+,-)), and
V1, P2, , e are arbitrary elements in (V; (-, -)) satisfying

L(SDMQDQ"" 7905) - L(517€27"' 7576)'

Then we have ,

ol =3 SCLONa >||a||2 Zyaez
Z ‘sz‘PJ

Remark Even the case £ = 1 in Corollary 1.2 is not trivial. In fact, suppose that
1,2, ,€k are an orthonormal family. Then for any o € R, and ¢ € L(e1,&9, - ,&), we

() .
|<sa,so>|"< |so|) Z' ’

On the one hand, it formally implies the Cauchy—Schwartz inequality |(a, ¢)| < |||l by

have

virtue of Bessel’s equality. On the other hand, in geometry it shows that the length of the
projection of a onto the subspace L(eq, e, -+ , &) is larger than that of the projection of «

onto any element ¢ in this subspace.

2 Proof of Main Results

Lemma 2.1 Let V be an Euclidean space endowed with an inner product (-, ). Suppose
that e1,¢€9, -+ ,&; are an orthonormal family of (V;(-,-)). Then for any sequence \; € R,
i=1,2,--- ,k and any a € V, we have that

k 2 k
a—z/\m > ||04H2—§:|(Oéa€i)|2
i=1 i=1

Proof For completeness, we give a detailed proof from scratch. Let

:Z(a €;)€;

i=1
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Obviously, we have

(a — U, U — Z )\i5i> =0. (2.1)

In fact, let
W = L(ey,ea, -+ ,€k).

Then u is the projection of o onto W, and then o —u L W. Hence (2.1) holds since

k
u — ZAZ&l cW.
=1

By the Pythagorean theorem, we have

2 2

k k
||04—U||2 < HOZ—U”2+ U—ZA@ = Q—Z/\ifi (2.2)
i=1 i=1
Notice that
k k
(a,u) = (a,Z(a,5¢)5i> = (o)
i=1 i=1
and that
k k ko k k
(uv u) = (Z(aa 51’)61') (av gj)€j> = Z Z(a’ €i>(aa €j)6ij = Z(O" €i>2'
i=1 j=1 i=1 j=1 i=1
We have ) )
oo = ul|” = (@ —u,a —u) = [la]|” = 2(a, u) + (u, u)
k (2.3)
2 2
= llall” = le e
i=1
From (2.2) and (2.3), we establish this lemma.
Now we start to prove Theorem 1.1.
Proof For any sequence ¢; € R, i =1,2,--- £, we consider
‘ 2 ¢ 2 ¢ k 2
a— Zci% > ||la— ZC@% = e Eci Z(%aé‘j)zéfj ’
i=1 1 i=1 2 i=1  j=1 9
where we used that £1,¢es, -+ , &, are an orthonormal family of (V;(+,-)2), and hence for any
wi, 1 =1,2,---  k, we have
k
Yi = Z(%‘,Ej)z%-
j=1
After switching the summations, we find that
¢ 2 k ¢ 2
OC—ZCZ'QOi 2 O(—Z (Zci(%,gjh) €j (24)
i=1 1 Jj=1 \i=1 2
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By Lemma 2.1 with \; = Zle ¢i(@i,€5)2, we have

-3 <Z Ci(%€j)2> €j

2
k
2 2
> [lall; = > l(ee5)s]* (2.5)
2 J=1

Now we consider the term

4
- E Ci‘pz
i=1 1

on the left-hand side of (2.4). By the definition of the norm, we observe that

¢ 2 ¢ ¢
- Z cipi|l| = <O‘ - Z Cipi, & — Z Ci%)
i=1 1 1

=1 i=1

V4 Y4 V4
= (@), =23 eilmpi+ 3> e (9w, (2.6)

i=1 j=1
4 4 4

< (a,a), =2 cilap)y + Y leille] | (01,95, -
i=1 i=1 j=1

Here we only use basic properties of inner product and the trivial inequality = < |z| for all

z € R. By the elementary inequality |c;||c;] < 1 (|ei|® + [¢;]?), we further have

2

14 4 Y4 V4
=il Slama) =2} clmp) +D ) 5 (
1=1 =1 i=1 j=1
' 4 l J4
= Jlalf =2 el ZZ il [ (i 504 -
i=1 i=1

(leil® + Ie51%) |(s, 09): |

l\D\r—t

Take

¢ -1
i = (a, ¢i); <Z Pis i)y ) :

We find that

2 Y Y -1
if| S lallf =23 () (Z \«oi,soj)l\)
1 ¢t : i -2

+ ZZ ‘Pu‘P] (Z‘ ‘PH‘PJ ) (2.7)
= llalli - Z (e, i) |? (Z I(%@j)ll) -

From (2.4), (2.5), and (2.7), we complete the proof of Theorem 1.1.

¢
- ZCN’
i=1
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3 Further Discussion

Theorem 1.1 also holds true for the inner product space over the complex numbers C.

The only difference is that in (2.6) we obtain

¢ 2 ¢ ¢
- Z Cipi|| = (a - Z Cipi, ¢ — Z Ci(pi)
=1 1 1

i=1 i=1

¢ ¢

= (0, 0); = 2R G, 00+ > s (9iy),
i=1 i=1 j=1
¢ VA

< (O‘a 04)1 - 2%261 (aa 901’)1 + Z Z |ci||cj| ‘(901',90]‘)1|
i=1 i=1 j:l
¢

< (a,0), = 2R 6 (a, 1), +Zz|cz (i )1 |-
=1 i=1 j=1

And eventually we also take
P -1
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