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Abstract: In this paper, we study the existence of pseudo S-asymptotically w-periodic mild
solutions of abstract partial neutral differential equations in Banach spaces. By using the principle
of Banach contractive mapping, the existence and uniqueness of pseudo S-asymptotically w-periodic
mild solutions of abstract partial neutral differential equations are obtained. To illustrate the ab-
stract result, a concrete example is given.
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1 Introduction

Real systems usually exhibit internal variations or are submitted to external perturba-
tions. In many situation we can assume that these variations are approximately periodic
in a broad sense. In the literature have studied several concepts to represent the idea of
approximately periodic function. Most of works deal with asymptotically periodic func-
tions and almost periodic functions. In addition it has recently emerged the notion of
S-asymptotically w-periodic functions which has been shown to have interesting applications
in several branches of differential equations. This has motivated considerable interest in the
topic. Such concept is introduced in the literature by Henriquez et al in several studies [1,2],
one can see previous studies [3-6] for more details. Recently, Pierri and Rolnik [7] introduced
a new concept of a function called pseudo S-asymptotically w-periodic function, which is gen-
eral than S-asymptotically w-periodic function and they have studied qualitative properties
of this type of functions. In addition they discuss the existence of pseudo S-asymptotically
w-periodic mild solutions for abstract neutral functional equations. Some applications in-

volving ordinary and partial differential equations with delay are presented. Since then,
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many applications in abstract differential equations are investigated. Existence and unique-
ness of pseudo S-asymptotically w-periodic solutions of fractional differential equations are
investigated in Cuevas et al [8], Xia [9], Yang and Wang [10]. The authors have studied the
pseudo S-asymptotically w-periodicity of hyperbolic evolutions equations [11], the damped
wave equation [12], and second-order abstract Cauchy problems [13], respectively. The func-
tion of pseudo S-asymptotically w-periodic in Stepanov-like sense is introduced in Xia [14]
and gives the applications in Volterra integro-differential equations.

However, the existence of pseudo S-asymptotically w-periodic mild solutions for abstract
partial neutral differential equations have still rarely been treated in the literature. Motivated
by these works, the main purpose of this paper is to investigate the existence and uniqueness
of pseudo S-asymptotically w-periodic mild solutions to the following abstract partial neutral

differential equations

d
£D(t,xt) = AD(t,x;) + g(t,zy), t >0 (1.1)

with
zo=pcC (1.2)

where D(t, ) =(0) — f(t,v) and f,g: R xC — X are appropriate functions. Throughout
this paper, X is a Banach space endowed with a norm || - ||. A is the infinitesimal generator
of a strongly continuous semigroup of bounded linear operators (7(t));>o defined on X
[15,16]. The function z;, which is usually known as the segment of z(-) at t, is defined by
Zy: (—00,0) — X, 24(0) = z(t+6). We assume that z; € C, where C = C([—r,0], X) denotes
the space of continuous funtion from [—r,0] to X with the supremum norm, r is a positive
real number.

The paper is organized as follows. In Section 2, we introduce the notion of pseudo S-
asymptotically w-periodic functions and study some of their basic properties. In Section 3, we
prove the existence and uniqueness of a pseudo S-asymptotically w-periodic mild solution to
abstract partial neutral differential equations. In Section 4, an example is given to illustrate

our main results.

2 Preliminaries

In this section we give some definitions and study some of their basic properties which
will be used in the sequel. For concepts of the theory of strongly continuous semigroups
we refer the reader to [15, 16]. Some additional notations are the following. Let RT =
[0,400), Cyp(RT, X) (respectively, Cy([—r,00), X)) denotes the space formed by the bounded
continuous functions from R (respectively, [—r,o0)) into X, endowed with the norm | -
oy (r+,x) (respectively,| - ||, ((—r.00),x))- Cp([0.00), RT) denotes the space formed by the
bounded continuous functions from [0.00) into the positive real number set R*, endowed
with the norm || - ¢, (jo,00),r+)-We denote by B(X) the Banach space of bounded linear
operators from X into X and || - || the norm of the uniform convergence in any of these

spaces.
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We now recall some notations and properties related to pseudo S-asymptotically w-
periodic functions, more details see [7,8].

Definition 2.1[7]. A function f € Cy(R™, X) is called pseudo S-asymptotically periodic
if there exists w > 0 such that

h
Mnljua+wwﬁumﬂn=o
0

h—oo h

In this case, we say that f is pseudo S-asymptotically w-periodic.

The collection of all such functions will be denoted by PSAP,(R*, X). PSAP,(R", X)
is a Banach space when it is equipped with the norm of uniform convergence.

Definition 2.2 A continuous function f : Rt x X — Y is said to be uniformly pseudo S-
asymptotically w-periodic if for every bounded subset K C X, the set {f(¢t,x):t > 0,z € K}
is bounded and

h
lim 1/ If(t+w,2) — f(t,2)||ydt =0,
h—oo h [

uniformly for x € K.

Denote by PSAP,(RT x X,Y) the set of all such functions.

Definition 2.3 A function f : Rt x X — Y is said to be asymptotically uniformly
continuous on bounded sets of X if for every € > 0 and all bounded set K C X, there are
constants T > 0 and 0 > 0 such that || f(¢,2) — f(t,y)|ly < eforallt > T and z,y € K with
o yllx <.

Definition 2.4 A function f : R* x X — Y is bounded on bounded sets of X if for
every bounded subset K C X, the set {f(¢,z) :t > 0,2 € K} is bounded.

Lemma 2.5[8] Assume that f: R* x X — Y is bounded on bounded sets of X and
asymptotically uniformly continuous on bounded sets of X. Then for every u,v € Cy(R", X),

. ¢ o
Jlim + Jo llu(s) = v(s)|| xdt = 0 implies

1
lim t/o IIf(s,u(s)) — f(s,v(s))|ydt =0.

t—o0

Lemma 2.6[14] Let f € PSAP,(R", X), then f(-+7) € PSAP,(R", X) for all 7 > 0.

Lemma 2.7 Let z € Cy([—7,00),X) and z|j0,0c) € PSAP,(RT, X), then the function
t — x; belongs to PSAP,(R*,C).

Proof Note that

1 [ 1 [
h/‘mwmﬂmwﬁ—h/ sup [l(t +w + 0) — a(t + 0)|dt
0 0

—r<6<0

< ;L/ 2t + w) — 2(t) | dt

:% 0 ||x(t+w)x(t)||dt+}1b/ 2t + w) — 2(t) | dt

—r
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1" 2r
<5 [ llatt+ ) = 2®ldt + Flelroo)
0

By z|j0,00) € PSAP,(R",X), r >0, it is easy to see that

1 h
1' - - = .
hllll n /0 ||xt+w xtHcdt 0

Hence 2, € PSAP,(R*,C). The proof is complete.

Lemma 2.8 [8] Assume that f: RT x X — Y is a function asymptotically bounded on
bounded sets of X, asymptotically uniformly continuous on bounded sets of X and uniformly
pseudo S-asymptotically w-periodic on bounded sets of X. If z : Rt — X is a pseudo S-
asymptotically w-periodic function, then f(¢,x(t)) € PSAP,(R*, X).

Lemma 2.9 Let f: R x C — X be uniformly pseudo S-asymptotically w-periodic on
bounded sets of X that satisfies

for all ¢ > 0 and 91,9, € C, where Ly € Cy([0,00),R"). If x : R* — X is a pseudo
S-asymptotically w-periodic function, then f(¢,x;) € PSAP,(R", X).

Proof Let L = ||| c,([-r,00),x)- By Lemma 2.7, we obtain the function ¢ — x; belongs
to PSAP,(R",C), then for V € > 0, there exists L. > 0, such that for each h > L., we have

1 h
||Lf||cb([0700)vR+)h/ 211w — ¢llcdt < e.
0

moreover, by f € PSAP,(R*, X), we have

1t
/ sup || ft 4w,z — ft, z||dt <e.
hJo Jalle<t

Thus for all A > L., we can obtain

h
;11/0 17t +w,zern) = F(ta2) e

L h
Sfll/o Hf(t +W,$t+w) - f(t,xt-‘rw)Hdt + }11/0 Hf(t’xt"rw) - f(t»xt)Hdt

1 [ 1"
<h/ sup ||f(t+w,z)— f(t,2)|dt + ||Lf||Cb([0,<><>),R+)h/ |Zt1w — @¢l|cdt
0 0

llzlle<L

<2e.

It is easy to see that

h—o0

1!
lim h/ Hf(t + w, xt+w) — f(t, .’I}t)”dt =0.
0
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Hence f(t,xz;) € PSAP,(R*, X). The proof is complete.

3 Main Results

In this section, we establish the existence of pseudo S-asymptotically w-periodic mild
solutions to (1.1)-(1.2). Throughout this section, we suppose that the following assumptions
hold:

(H1) (T(t))i>0 is a uniformly exponentially stable semigroup that satisfies ||T'(t)]] <
Me=Pt t > 0, if there exist constant M > 1 and 3 > 0 is a fixed real number.

(H2) There exist constants Ly > 0 and L, > 0 such that

||f(t71/}2) - f(tﬂ/}l)H S LwaZ - ¢1||C7

llg(t,¥2) — g(t,¢n1)|| < Lglltb2 — ¥1llc,

for any 11,1, € C and all t > 0.
(H3) There exist continuous functions Ly (t) > 0 and L,(t) > 0 such that

1 (8 42) = F(& )| < Lp() b2 — ¢nlle,

lg(t,42) = g(t, p)I| < Ly()lp2 — Prlle,

for any 1,92 € C and all t > 0.
Definition 3.1 A function z € Cy([—7r,00), X) is called a mild solution to problems
(1.1) and (1.2) if 29 = ¢ € C and

z(t) =T (@) (p(0) = f(0,9)) + f(t, ) + /0 T(t = s)g(s, z)ds (3.1)

for all ¢ > 0.
Lemma 3.2 Assume that condition (H1) hold. If x € PSAP,(R",X), then the
function

u(t) = /OtT(t —s)x(s)ds, te€ R

is pseudo S-asymptotically w-periodic.

Proof We have the estimate
K M
[u@®|l < [ Tt —s)z(s)|ds < FHJUHCb(R*,X))
0

this shows that u(t) € C,(R*, X). Now we shall show that

1"
hhi&h/o Ju(t + w) — u(t)||dt = 0.
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Note that
t
u(t +w) / T(t+w—s)x(s)ds — / T(t — s)x(s)ds
0
t
:/ T(t+w— s)x(s)ds + / T(t— s)(z(s+w) — x(s))ds
0
=I(t) + J(t),
We will estimate the terms I(t), J(t) separately.
Since
1 h 1 h w
/ 11(t)|dt < / / |T(t 4w — s)z(s)||dsdt
h Jo hJo Jo
1 h w
< / / Me PU+e=9) | 1(s)||dsdt
hJo Jo
1M "
< gl [ e
<35l
S h e T||Cy(R+,X)-
So

1 h
tim [ o) = o.
1 h
gghAINMWZO

For h > ¢ > 0, we have that

/|u )t <+ / /HTt—$(®+w)—ﬂ)w%ﬁ

+h[‘A|Ta—@@@+w»—ﬂ@mwﬁ

Next, we will prove that

1 h t
+hz“[uT@—$m@+w»—m@M@w
=J1(t) + Jao(t) + J5(t).

We estimate the terms J(t), Ja(t), J3(t) separately.
For the first term on the right hand side we have

L) =1 (/t/nTt—sx<s+w>—w<»wmﬁ

< Ml [* [y

_ 2Muey e L
— ﬂ h’
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which implies that Ji(t) — 0 as h — oc.

For the second term on the right hand side we obtain
1 h 2
Jo(t) = h/ / IT(t — s)(x(s +w) — x(s))|dsdt
L 0

h t
S 2M||I||Zb(R+>X) / / e—ﬁsdsdt
L t—e

_ My L
— /82 h’

therefore J3(t) — 0 as h — oo.

Finally,

M h h
< - / / e P9 2(s + w) — x(s)||dtds
M h h—s
< W / e Ptdt||z (s + w) — z(s)||ds
2 0
M1 ("
<3 (s +w) — z(s)||ds,
0

which shows that J5(t) — 0 as h — oo.

This completes the proof that u(t) € PSAP,(R', X).

Theorem 3.3 Assume that assumptions (H;),(Hz) hold. Let f,g: RT xC — X be
functions asymptotically bounded on bounded sets of X, asymptotically uniformly contin-
uous on bounded sets of X and uniformly pseudo S-asymptotically w-periodic on bounded
sets of X. If (Ly + Mng) < 1, then (1.1) and (1.2) have a unique pseudo S-asymptotically w
periodic mild solution.

Proof We consider the space B = {z : [-r,00) — X, z0 = ¢, %|j0,00) € PSAP,(RT,X)}
endowed with the metric defined by d(u,v) = [|u — v||¢, (= r,00),x)-

Let T" be the map defined by

(Tz)(t) = T(t)((0) = f(0,9)) + f(t, 2) + /0 T(t —s)g(s, xs)ds.

We obtain the following estimate

[(Tz)@)] < IIT(t)I[IsO(O)II+||f(07<p)||]+||f(lﬁ,96t)||+/0 Me P |g(s, x)| dsdt

_ M
< Me P [lloO)[| + £ 0, @] + I1F(E ze)lley(r+ x) + ?||9(faflft)|!cb(m,x>~

Furthermore, it is obvious that
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1

7 [ I )00+ £0.0) = T)e0) + 0. ) e < ZE 5100 + 170,

2M
B
Whence

lim / I7(t + w)(0(0) + F(0,0)) — T(t)((0) + F(0, ) dt = 0.

h—o0

SoT(t)(p(0)+f(0,¢)) € PSAP,(R", X). It follows from Lemma 2.7 that x; € PSAP,(R",C).
By Lemma 2.8, f(t,z:),9(t,x:) € PSAP,(R",X). From Lemma 3.2, we get fot T(t —
s)g(t,z;)ds € PSAP,(RT,X). SoT is a map from B into B.

Furthermore, for all z,y € B and t > 0, we can deduce that

[(T)(t) = (Ty) Ol < N[ f(Ex0) = [ y0) +/0 IT(t = s)llllg(s, zs) — g(s,ys)llds

t
< Lgllze = yelle + MLg/ e ds ||z — yille
0

ML
< (Ly+ 3 Dz = ylley(1=ro0).x)»

from the above estimates it follows that I' is a contraction on B. Therefore we can affirm
that T" has a unique fixed point x € PSAP,(R™", X), which is the mild solution of (1.1) and
(1.2). The proof is complete.

Theorem 3.4 Assume that assumptions (Hp),(Hs) hold. Let f,g : RT xC — X be
functions asymptotically bounded on bounded sets of X, asymptotically uniformly contin-
uous on bounded sets of X and uniformly pseudo S-asymptotically w-periodic on bounded
sets of X. If

1L sl o (10,00),R%) + Mstgg Wy (t) <1,

where W, (t) = fot L,(s)e#=9)ds, then (1.1) and (1.2) have a unique pseudo S-asymptotically
w periodic mild solution.

Proof We still define the space B and I' as in Theorem 3.3. Since f, g are asymptotically
bounded on bounded sets of X, then the functions f(-,0), g(:,0) are bounded functions in
R™. We obtain the following estimate

ITz) @O < TN+ 1O, @]+ 1S 2e) = £ ) + 1 0) |6 (r+ x)]
+/O Me= P |lg(s,zs) — g5, 0)| + llg(s, 0) ey (r+.x) ] ds

< Me P ll)]| + 1£(0, )] + I L¢ll ey 0.00), 50 [E] € 1=r00), ) + 11 (£ Ol cy(re )

M
+ §||Lg||cb<[o,oo>,R+>Hivllcbq—r,oo),X) + lg(t, 0)llcy(r+ . x)s

similarly as the proof of Theorem 3.3, I is well defined .
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For z,y € B and t > 0, we can deduce that

[(T2)(t) = (Cy) O < 1t 2e) — fE y0)l +/O 1T(t = s)l[llg(s, z5) — g(s, ys)l|ds

t
< Ly(0)lle: - wille + M / L (s)e "9 dsl|z, — wallc
0

< (IL¢lley(0,00).r+) + Mstgg W)z = ylloy((=r).x)

which proves that I' is a contraction on B. Therefore we can affirm that I' has a unique
fixed point x € PSAP,(R*, X), which is the mild solution of (1.1) and (1.2). The proof is
complete.

Theorem 3.5 Assume that assumptions (H;),(Hs) hold. Let f, g : R* xC — X be func-
tions asymptotically bounded on bounded sets of X and uniformly pseudo S-asymptotically

w-periodic on bounded sets of X. If

M
IL¢lcy (10,000, R) + gl\Lchb([o,oo),Rﬂ <1,

then (1.1) and (1.2) have a unique pseudo S-asymptotically w periodic mild solution.

Proof We still define the space B and I' as in Theorem 3.3. We can easily prove that

1))l < Me P [llp(0)l] + 11F0, D] + 1L les 0,000, m0) |2 csi=ro0).x) + I (E O ey x)

M
+ FHLchb([o,oo),Rﬂ\|$||cb([—r,oo),X) + lg(t, 0)llcy(r+ . x)s

and T'(t)(¢(0)+£(0,¢)) € PSAP,(R*, X). It follows from Lemma 2.7 that z; € PSAP,(R*,C).
By Lemma 2.9, f(t,z:),g(t,x;) € PSAP,(R",X). From Lemma 3.2, we get fot T(t —
s)g(t,z;)ds € PSAP,(R",X). SoT is a map from B into B. T is well defined.

Let z,y € B and ¢t > 0, we can deduce that

t
1(Tz) (@) = (Ty) O < [1f(E 2e) — f{E w0l +/ 1T = s)llllg(s, z5) — g(s,ys)llds
0
t
< LylOller ~ il + M [ L) sl = e
0
t
< (1Llleyo.00).m5) + Mlngllcbqo,oc),Rﬂ/ e M ds) ||z — ylloyre x)
0
M
< (ILsllevooonme) + 1 Lgllcno.cor mo)ll = lleu=roe %),
because ||L¢|c,((0,00),5+) + %HLgHCb([O,oo),R+) < 1, it follows that T" is a contraction on B.

We know that I" has a unique fixed point € PSAP,(R", X), which is the mild solution of
(1.1) and (1.2). The proof is complete.

4 Example
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To complete this work, we apply the previous results to consider the following differential

system
o |uwo+ [ als s, s
:83; {u@, 6+ / als — t)u(s, g>ds] + / tr b(s — tyuls, ©)ds + c(t) F(ut, €))
with

u(t,0) =u(t,7) =0
u(ﬁ,f) = @(9a§>7 —-r<60<0

for t > 0 and £ € [0, 7], where r is a positive real number, p € C([-r,0],X),c € PSAP,(R),
a,b e C([—r,0], R).

In what follows we consider the space X = L*([0,7]) and A : D(A) C X — X is the
operator defined by Az =z with domain D(A) = {z € X|z" e X, 2(0) = z(n) = 0}. Tt is
well known that A is the infinitesimal generator of an analytic semigroup (7(¢)):>o on X.
Furthermore, the spectrum of A is reduced to a point spectrum with eigenvalues of the form
—n? for n € N, and corresponding normalized eigenfunctions given by z,(£) = (%)% sin(ng).
In addition, T(t)z = 2 e """ (z, z,)z, for z € X and ||T(t)|| < e~* for every t > 0.

Let C = C([—r,0], X). Define the functions D, f,g:[0,00) x C — X by

F)(©) = - / a(s)b (s, €)ds,

-7

0

ot 0)(6) = / b(s)ib(s, £)ds + c(t) F((0,£)),

T

D(t,9)(§) = ¥(0)(&) — F (&, )(E)-
where 9(0)(§) = ¥(0,&). Therefore, the above system can be rewritten in the form of
(1.1)-(1.2).
For every t > 0, F' : R — R is globally Lipschitz continuous with Lipschitz constant
Lr > 0. Tt is easy to see that

IE(t 1) = Pt o) < (lallz-romr )y = dalle,

IG(t91) = Gt o)l < (1bll2(—r0). )7 + |e(®) [ L) 91 = Walle
for wl,wg eC.

From Theorem 3.3, we have the following result.
Theorem 4.1 If ||| z2((_ro).r)7% + |bllz2(_r0y.m)7% + |c(t)|Lr < 1, then the above
system have a unique pseudo S-asymptotically w periodic mild solution.
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