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Abstract: In this paper, we study asymptotic power series of the composition f(z) = h(g(x)),

where g(z) = i bpx™ ", by, € R, and h is a given elementary function. The asymptotic expansions
have been obt;i_r?ed for the composition with an exponential or logarithmic function. Using the re-
cursive method, we present the asymptotic expansions for the composition with seven trigonometric
functions, respectively. As an application, the asymptotic expansions of roots of some equations
are given. Computational results show that our recursive formula is more efficient than the method
of Lagrange’s inverse theorem.
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1 Introduction

In asymptotic analysis, one kind of asymptotic expansions is the asymptotic power
series, which is closely related to the formal power series. Both Copson [1] and Erdélyi
[2] gave definitions of asymptotic expansions and asymptotic power series. The asymptotic

expansion of the form
a a
f<33>:ao+;1+;§+-~- as x — 00

is called asymptotic power series.
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It is interesting to consider the asymptotic power series of the composition f(z) =

h(g(x)) where g(x) = >_ b,z™", b, € R, and h is some elementary function. In fact, there
n=0
are some properties on the composition of such power series.

Lemma 1.1 [[2], p. 20] If the function h has expansion into power series

oo

h(z) = Z e, asx — 0

n=0

and g(z) = Y07 byz™™ with leading coefficient by = 0, then h(g(z)) has asymptotic ex-
pansion whose coefficients can be obtained by formal substitution and rearrangement of
terms.

Lemma 1.2 [[2], p. 21] If the function f(z) = a,z™" is differentiable and if f’

possesses an asymptotic power series expansion, then
f(z) = E na,z~ "', asx — oo.

In 2013, Chen et al. [3] gave respectively these recursive formula for the asymptotic
power series compounded with the power function, the logarithm function and exponential
function.

Lemma 1.3 [[3], Lemma 3| Let g(z) = Y .- b,z~". Then f(z) = exp(g(z)) has

asymptotic power series

fz) =

and

WK

3
Il
=)

where ag = 1 and

1 n
= — Zkbkan_k, n Z 1.
n p—

Lemma 1.4 [[3], Lemma 4] Let g(z) = >~ b,a™™, by # 0. Then f(z) = In(g(z))

has asymptotic power series
o0
fl@) =2 ana™",

where

ap = —f—Zkakbn g, N> 1.

nbo

Lemma 1.5 [[3], Lemma 5] Let g(z) =~ b,z™™, by # 0. Then f(z) = [g(z)]", for

all real r, has asymptotic power series

flx) = an™"
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where
n

. 1
ap=0bl, a,= o ;[m +7) = n]bran_g-

These recursive formulas have a very wide range of applications to asymptotic expan-
sions, for example, the new asymptotic expansions for Gamma function [4], the asymptotic
expansion of the integral mean [5], the asymptotic expansion coefficients of Glaisher - Kinke-
lin type constants [6], Landau constants, FEuler-Mascheroni constant, Stirling series [7] and
explicit formulas for the Bell numbers and logarithmic polynomials [8].

Besides the above three elementary functions, it seems that no asymptotic expansion
formula is given for the asymptotic power series compounded with trigonometric functions.
The purpose of this paper is to present these recursive formula for the asymptotic power
series compounded with seven trigonometric functions.

As an application, we use these results to give the asymptotic expansion of the roots of

some equations, and our recursive method is more efficient than Lagrange’s inverse theorem.

2 Main Results

First, we gives the asymptotic power series of f(z) = tan(g(x)).

Theorem 2.1 Suppose that g(z) = > b,z™". Then f(z) = tan(g(z)) has asymptotic

n=0

f(l‘) = Zanaf",

=0

power series

3

where ag = tan(bg), and

1
an = — E kbkcn—kn n =1,
n
k=1
n
2
¢ = 1 +ap, ¢ = E gn_g, n=1;
k=0

Proof Taking the derivative of f(z) = tan(g(z)) on both sides, and using the identity
sec?(g(x)) = 1 + tan?(g(z)), we have

fll@)= 1+ f(2) ¢'(x).

Let 1+ f2(x) =" cpz™". Then

n=0 """

From f'(z) =Y 0" ((—n)a,z™ %, ¢'(z) = > " (—n)b,z™ "1, we see that

(Z(—n)bnx_"_l> (Z cnaz_") = Z (—k)bpcp_px "t = Z(—n)anx_"_l.

n=1 k=1 n=1
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Consequently,

1 n
ag = tanby, a, = - ;kbkcn_k, n > 1.

This completes the proof of theorem 2.1.
Remark 2.1 With the similar argument, we can obtain the asymptotic power series
of the composition with the cotangent function, arc-tangent function and arc-cotangent

function.
Suppose that g(x) = >~ b,z~". Then the following results hold:

n=0 """

(i) f(z) = cot(g(x)) has asymptotic power series

oo
flz)= Z anz™",
n=0
where ag = cot(by), and
an = —— Cn—k, n-=1,
n 2 kCn—k

n
2
1+a07cn = E apln_g, n=1;
k=0

Co

(ii) f(x) = arctan(g(x)) has asymptotic power series

f(x) = Zanm_n7

n=0
where ag = arctan(by), and
b b 1 &=
1 n
== n — - k n—ks > 27
MEITR T IioR n(1+bg)kz_:1 UhCnk, T =

co=1+05, =) bibur n=1L;
k=0

(iii) f(z) = arccot(g(z)) has asymptotic power series

oo

f(.’)?) = Z apz” ",

n=0

where ay = arccot(by), and

n—1
by b, 1

G =—7—5, Qn=— — kapCn_k, M > 2,

S 1+ 02 n(1+bg); ok

co =1 +b(2), Cpn = Zbkbn,k, n>1;
k=0
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Next, we give the asymptotic power series of f(z) = sin(g(x)). In the following Theorem,
without loss of generality, we assume that cos(g(z)) > 0. In fact, the case cos(g(x)) < 0 is
similar to the case cos(g(x)) > 0.

Theorem 2.2 Suppose that g(z) = Y~ b,z™" and cos(g(z)) > 0. Then f(z) =
sin(g(x)) has asymptotic power series

f(:L') = Z anxina

n=0
where a¢ = sin by, and
1 n
a, = - kbd,,_ >
n n Z kdn ks n = 17
k=1
1 <=, 3k
dy = 1—a2,d, =— — = dp—rk, > 1,
0 Qq, o ;( 9 n)ck k n =
n
Co = 1_a(2)70n:_zak’an—k’a n=>1;

k=0

Proof From cos?(g(z)) + sin®(g(z)) = 1 and cos(g(z)) > 0, differentiating both sides
of f(z) =sin(g(x)) yields that

g' (@)1= f2(z) = f'(z). (2.1)

Put 1 — (f(z))> =" ,cnz™™. Then we have

n
_ 2 _
co=1-a2 co=-Y g,y n>1,
k=0

since

n=0 n=0 n=0 k=0

(f(x))Q = <Z anxn> (Z an517n> = Zzakan—kxin-

For the sake of convenience, put /1 — f2(z) = EZC:O d,z~". By Lemma 1.5, one see
that

1 <, 3k
do=+/1—da3, d,= (3— —n)cpdp_p, n>1.

ncy «— 2
Together with
g (@)= ()b, fl@) = an(-n)a" 7,
n=1 n=1

it follows from Eq. (2.1) that

oo oo

E:(—n)bnaf’“1 Z dyz™" = i(—n)anx*"*.
n=1

n=1 n=0
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—n=1 one can see that

Z kbrd, & = na,.
k=1

Comparing the coefficients of x

Therefore,
1 n

= sin by, n:—gk‘bdn,, > 1.
ag = sin by a n 2- k k n

This completes the proof of Theorem 2.2.
Remark 2.2 With the similar argument, we can obtain the asymptotic power series

of the composition with the arc-sine function and arc-cosine function

(i) f(z) = arcsin(g(z)) has asymptotic power series f(z) =~ a,z", where

n—1

b Zkakdn E N2> 2,

ao = arcsin bg, o= — a
Ji-g "
1

dO:\/lib& n 727*”0]661” k> 7121,

co=1-b, = —Zbkbnfk, n>

(ii) f(z) = arccos(g(x)) has asymptotic power series f(z) = a,z~", where

b
- 5 Zkakdn k> n 2 23

ag = arccos by, = —, a,=
V1-—0b2
1

dOZ\/l_bg7 7727_nckdn B on2>1,

cozlfbg, cn:bekbn_k, n > 1.

3 Applications
In this section, we will use Theorem 2.1 to give the asymptotic behavior of roots of the

equation x = cot x.
Example 3.1 We can see that there exists a unique root z,, of the equation x = cot x

such that z,, € (nm, (n + 1)7) for every fixed n € Z. Then z,, has asymptotic power series

by bs
Ty =nm+ — + +---, n— 00,
nr  (nm)?  (nm)?

where
bl = 1; bgn =0
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bsz—é;b5=§; 7=—%; 92@; 112—@;
3 15 105 315 385
478551932 6152345618 3217326704057
BT TeTs67s T 2027025 7 241215975
Proof Let w=nmand 2= b,w ™. It follows from Theorem 2.1 that
tan(z) = Z apw™ ",
n=1

where
bp =0,a0 =0,c0 = 1,b; =1,

1 n n
an = — E N A E apn_, n=>1.
k=1 k=0

From (w + z) tan(w + 2) = (w + z) tan(z) = 1, we see that

i anpw "4+ (i bnw"> (i anw”> = i w4 i iakbn_kw*” =1,
n=1

n=1 n=1 n=0 n=1 k=1

where by = 1,a; = 1. Then

oo oo n
Z Gpiqw "+ Z Z agbn,_pw™ " = 0.

n=1 n=1 k=1
Comparing the coefficients of w™", we obtain
Up41 = — Z akbn—k'
k=1
Thus,
1 n+1 1 n n
kbiCpi1—r = by o kbiCpi1—r = — bn—k,
n—i—lz kCnt1—k +1Co+n+1z kCn+1—k Zak k
k=1 k=1 k=1
Therefore,
1 n n
by = —m Z kbrcny1—r — Z arbn i,
k=1 k=1
where

bp =0,a0 =0,co =1,by =1,¢; =0,a; =1,

1 n
Apn = ﬁ E kbkcn—ka Cn = E aROn_, n =1
k=1 k=0

Using the software MATLAB, it is easy to get the values of the previous terms:

by = 1; b9, = 0;
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bgz_é.%:ﬁ 7:_@. 9:@. 11:_@.

3’ 15’ 105 315 ' 385

_ 478551932 , 6152345618, 3217326704057
BT eTeTs T 2027025 T 241215975

There is another method in [9, p. 24]. From the intersections of y = z and y = cot z,
one can find that x = cot x has infinitely many roots. Further, we have

T, € (nm,(n+1)w), n==+1,+2,4£3,---.
Without loss of generality, assume z,, > 0 and n7 < z,, < (n+ 1)7. Then
x, = cotx, = cot (z, — nm).

Since x,, — 00, one has x,, — nm — 0. Let z = z,, — nm and w = nw. Thus w + 2z = cot z.

Consequently,
1 sin z z
w = — = —.
CcoS 2z — zsin z z(cos z—z sin z)

sin z

Using the Lagrange’s inverse theorem [9, p. 22], one has

= L a7 [ {(cos¢—¢sing)\" n
© 7 Do (R e

n=1

= wldbw 2 +bgw ™+

Namely,

1 b 1 1
Ty, =nm+z=nm+ — + 2—|—---:n7r+——|—0 — |-
nw  (nm) nw n

Using the symbolic calculation software MAPLE, it is easy to get the values of the previous
terms:
by =103 = by = bg = bg = bjg = 0;
bs = _é§b5 = §;b7 = —%ﬂb = @; 11 = —@-
3 15 105 315 385
Comparing these two methods, we can see that the recursive method is more efficient
than Lagrange’s inverse theorem. At the same time, we are sure that some higher derivatives

can be solved by the recursive method.
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