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Abstract: This article delves Chern’s conjecture for hypersurfaces with constant second
fundamental form squared length S in the spherical space. At present, determining whether the
third gap point of S is 2n remains unsolved yet. First, we investigate the height functions and their
properties of the position vector and normal vector in natural coordinate vectors, and then prove
the existence of a Simons-type integral formula on the hypersurface that simultaneously includes
the first, second, and third gap point terms of S. These results can provide new avenues of thought
and methods for solving Chern’s conjecture.
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1 Introduction

In the late 1960s, Chern proposed the following notable conjecture[l, 2]:

Conjecture 1.1 Let M™ be a closed immersed minimal hypersurface of the unit sphere
S**+! with constant scalar curvature R;;. Then for any dimension n, the set of all possible
values of R, is discrete.

With further study of the above conjecture, mathematicians not only realized the im-
portance of Conjecture 1.1, but also proposed a strengthened version:

Conjecture 1.2 (Chern’s Conjecture) Let M™ be a closed immersed minimal hy-
persurface of the unit sphere S”*! with constant scalar curvature, then M™ is isoparametric.

Up to now, the conjecture remains far from being completely resolved. S. T. Yau
has reintroduced it as the 105th problem in reference[3]. For the latest research on this
conjecture, see the works of Scherfner-Weiss[4], Scherfner-Weiss-Yau[5], Ge-Tang[6], and
others. In 1968, J. Simons proved the following theorem in reference[7]:

Theorem 1.3 (Simon’s Inequality) Let M™ be a closed immersed minimal hyper-
surface in the unit sphere S"*! with squared norm S of the second fundamental form. Then

the inequality
/ S(S —n)dVy >0 (1.1)
M
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holds eternally on M™. In particular, if 0 < S < n, then S=0or S =n on M".

In Theorem 1.3, it is evident that the minimal hypersurface satisfying S = 0 is the
equatorial sphere. The classification of S = n is proven by Chern-do Carmo-Kobayshi[8, 9]
and Lawson[10]: the Clifford torus Sk(\/g) X S”’k(\/%)(l < k < n-—1) is the only
closed minimal hypersurface in S"*! with S = n. By classifying isoparametric hypersur-
faces with constant principal curvatures, it can be seen that the above two hypersurfaces
are isoparametric hypersurfaces with multiplicity of principal curvatures being 1 and 2, re-
spectively. For closed immersed minimal hypersurfaces in S"*!, it is easy to observe the

following relationship from the Gauss equation:

Therefore, Simons inequality is regarded as the first breakthrough for Conjecture 1.1.

In 1983, Peng and Terng made significant progress on Chern’s Conjecture 1.1, proving
that if S > n, then S > n + 3-. In 1993, Chang[11] completed the proof of Chern’s
Conjecture 1.2 for the case n = 3: if S > 3, then S > 6. In recent years, Yang-Cheng[12]
and Suh-Yang[13] have further improved the constant term from ﬁ to 37", and Cheng-
Wei[14] proved that if S > n, then S > 1.8252n — 0.712898 under the additional condition
that trh? is constant. However, the question for higher dimension, “If S = constant > n,
then S > 2n?” remains open.

In Section 3, this article systematically studies the height functions o4 and 1 (defined
below) and their important properties.

Definition 1.4 (Height Function) Let M" be a hypersurface isometrically immersed
in S"T1(C R™*?), a be a fixed unit vector in R"*2 and {z|ey, - ,en,e,.1} be the Darboux

frame of the hypersurface M™. Define smooth functions ¢ and ¥: M™ — R, satisfying

¢ (p) = (z(p),a),v (p) = (ent1(p),a), Vp € M.

Then ¢ and v are regarded as the height functions of the position vector x and the normal
vector e,.; in the direction of the vector a. In particular, when a is the natural basis
coordinate vector E4 = (0, - - ,0,}1,0,~-~0), o = (x,E,) and ¥4 = (e,;1,E4) are the
coordinate functions of x and e, ;1 in R"*? at the A-th position (A =1,2,--- ,n+ 2).

In Section 4, utilizing the important properties of the height functions ¢4 and 4,
the motion equations of hypersurfaces in S"*!, the integrability conditions (Gauss-Codazzi
equations), and the implications of Green’s theorem, we calculate the Laplacians of the
second and third covariant differential forms of 4, and obtain two integral equations for the
first, second, and third gap point terms that simultaneously include the second fundamental
form squared norm S.

Theorem 1.5 Let M™ be a closed immersed minimal hypersurface in the unit sphere

S"*t1 with constant scalar curvature. Then the integrals

/ S(n—8) + ||Vh|*dVy = 0, (1.3)
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/ S(S —n)(2n - 8) + ||V?h|* -3 [Stw# — (trh®) = S(S —n) — S| dVay =0, (1.4)
A n

holds true on M™, where S is the squared norm of the second fundamental form A of the
hypersurface, and trh® and trh* are represented in a local orthogonal coordinate system
respectively as Z”k hijhjihy; and Zi,j,k,z hijhjihig .

Through the non-negativity of the square of the gradient norm of the second fundamen-
tal form, it is easy to see that formula (1.3) can be derived similarly to the Simons inequality:
If 0 < S <mn, then S =0 or S = n; for formula (1.4), if the non-negativity of integral

/ [V2h]J* =3 |Strht = (trh®)” = S(S = n) = 82| Vi
MTL

can be proven, it can be concluded that: If S > n, then S > 2n. Therefore, formulas (1.3)
and (1.4) are collectively referred to as Simons-type integrals.

2 Background Material

Let M™ be a closed immersed minimal hypersurface with constant scalar curvature that
is isometrically immersed in the unit sphere S"*! (C R"*2), h denotes the second funda-
mental form of the hypersurface with respect to the unit normal vector field e, ;. In S**1,
choose a set of orthogonal coordinate systems ey, -+ , ey, €,11, such that their restriction on
M", ey, , e, are tangent to M™ and e, is orthogonal to M™, let wy,--- ,w,,wni1 be the

dual frame fields. In this article, we use the following range of indices:
1<i,jk,---<n+1,1<ABC,---<n+2.

Thus, the motion equations of the hypersurface M"™ concerning the Darboux frame {z|eq,- -

€n,€nt1} can be written as

dr = w;e;,
dei = Wij€j + Win+1€n+1 — Wi, (21)

d€n+1 = Wn+1i€i,

The second fundamental form of M™ is
h = — <d$, d€n+1> = wiwmﬂ = hijwiwj, (22)

where (-,-) is the inner product of M™, x is the position vector of point p on M™ in R"+2
satisfying ||z||* = 1, {wi;} is the connection form of M™ with respect to {w;}, satisfying the

following structural equation:
dw; = wj N wji, wij +wj; =0, (2.3)

1
Wij = Wik N\ Wij — §Rz‘jklwk N wi, (2.4)
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where R;j;; is the component of the Riemann curvature tensor on M". The covariant

derivative Vh with components h;; is defined as
hijrwr = dhij; + hijwi + higwy; . (2.5)
Furthermore, the Gauss-Codazzi equations and Ricci formulas are given by
Rijki = highji — hahji + 6050 — 60k, hijx = hikj, (2.6)
Pijer — hijae = Z N Boji + Z P Rkt - (2.7

Finally, let’s review the divergence theorem in Riemann geometry and its important
applications:

Lemma 2.1 (Divergence Theorem) Let (M, g) be a compact oriented n dimensional
Riemannian manifold with boundary, and 7 be the unit normal vector pointing inward to
OM in M™, then for any X € X(M), the following integral formula holds:

/ diUXdV]\/j = —/ g(ﬁ,X)dVdM,
M oM

where OM has a direction induced by M, and dV), is a volume element of OM.
Corollary 2.2 (Green’s Formula) Assume the same as Lemma 2.1, then for any
f € C> (M), the following integral formula holds:

/MAdeM_—/ 7 (f)dVar.

oM

In particular,
/ AfdVy =0
M

holds true when OM = (.

3 Important Properties of Height Function in Spheres

In this section, we introduce three important properties of height functions on hypersur-
faces M™ in spherical space. First, define the smooth function ¢* to have first and second

order covariant derivatives V?, V2p4 of the components o7 and gofj, respectively, as
piw = do?, pfiw; = dof + pfw)i. (3.1)

Thus, there exists the following property:

Property 3.1 Let M" be a minimal hypersurface in S"*! (C R"*2), ¢4 and 1* be
the height functions of the position vector x and the normal vector e, ; defined on M™ in
the direction of the natural basis coordinate vectors E4. Then ¢* satisfies

@24 = (ei, Ea), @fj = T/JAhij - ¢A5ij, A@A = —WPA- (3.2)



126 Journal of Mathematics Vol. 45

Proof According to Definition 1.4, formula (3.1), (2.1), (2.2), and the compatibility

of the connection V, it is calculated that

pitw; = d(x,Ba) = (dz, Ea) = (e;, Ea) wi, (3.3)
and
pigwi = d{ei, Ba) + (e, Ea) wj;
= (wijej + hijjwjent1 — wit + e;wji, Ea) (3.4)
= (7,/1Ahij - goA(L-j) wj.
Furthermore, since M™ is minimal hypersurface (H = £~ h;; = 0), we have Ap? = —np?,

which completes the proof of Property 3.1.
Define the smooth function 1)# with components 1/* and first and second order covariant
derivatives Vy# and V2¢4 as

Yiw; = dp?, Yiw; = dvft + itwg. (3.5)

Thus, there exists the following property:

Property 3.2 Let M™ be a minimal hypersurface in S"*! (C R"*2), »* and ¢* be
the height functions of the position vector x and the normal vector e, in the direction of
the natural basis coordinate vectors E4 defined on M", and o7 be the component of the

covariant derivative VA, Then ¢4 satisfies
Y = —%Ahzj, 7/’;,3— = —@phijp + ¢ hij — Y highyg, At = =Sy, (3.6)

Proof According to Definition 1.4, formulas (2.1), (2.2), (2.5), (2.6), (3.2), (3.5) and
the compatibility of the connection V, it is calculated that

%Awi =d <en+17EA> = <d€n+1,EA> = <_hijwiej7 EA> = _(P;‘hijwi? (3-7)
and
f}jwj =—d (QP}L‘) hij — @?d (hij) — @?hjkwji
= @?hijwkj - Soﬁkhijwk =+ @?hkjwki + @?hikwkg‘ — @fhij’kwk — go,?hjkwji (3.8)
= (—@?hij,k + o hy; — wAhikhkj) wj.
Furthermore, since M™ is a minimal hypersurface, we have Ay4 = —S14, which completes

the proof of Property 3.2.

Through Property 3.1 and Property 3.2, it is not difficult to obtain the following prop-
erty:

Property 3.3 Let M" be a minimal hypersurface in S"*! (C R"*2) | and ¢4, ¢4 are

the height functions of the position vector = and the normal vector e, in the direction of



No. 2 Simons-type integral and Height function in Spheres 127

the natural basis coordinate vectors E, , while ¢, 1/ are the components of the covariant

derivatives Vi and Vi | respectively, then !, 1 satisfy

‘PASOA = ¢A¢A =1, SﬁiASO;‘ = i, 9024%4 = —hj, 1/15‘7/’}4 = hixhgj,

(3.9)
Pyt = ool = ety = el = gyl =0

Proof Using Definition 1.4, Property 3.1, and Property 3.2, as well as the fact that x,
e; (1 <i<mn), and e, are mutually orthogonal unit vectors, we can complete the proof of

Property 3.3.

4 Simons-type Integral

Before addressing the two Simons type integrals, it is necessary to use the divergence
theorem to establish the following lemma:

Lemma 4.1 Let M"™ be a closed immersed minimal hypersurface in the unit sphere
with constant scalar curvature Ry, h;; be the components of the second fundamental form

of M™. Then the following integral formulas

/M (2R jhgi it mjim + Pijhichim Rk im )dVar = 0, (4.1)
/M (2R PP iPim k + Bighihimhiem + (n = S)trh*]dVa, = 0, (4.2)
/ [hijhjkhlm,ihlm,k: + hijhjehim ik, im + (trh3)2 — Strh* + S2] dVy =0, (4.3)
M

/ (2R i + (0 — S)trh®]dVy =0, (4.4)

M
/M (hijhii gy + hijhgihigr)dVar =0, (4.5)
/ [||Vh||2 ¥ (n— 5)5} dVi =0 (4.6)

M

hold true on M™.
Proof Define six 1-forms on M": ®* = &) w,,, (A =1,2,--- ,6), where the components

O satisfy:

@) = hijhjrhimhbics, ®2 = hijhjchihim, @2 = hijhorhih j,

1 = hihichinm, ®° = hihemhije, ®8 = hihi; )
m — TigltikTik my m — Tigltkm/bj5,k, m — 'biglligm-

Using formulas (2.6), (2.7), Ry = constant, and the minimal condition, we obtain
div (®) =}, . = 2hi; PPk mhjim + Pijhiehimhig,m, (4.8)

div (®%) = ©2, . = 2hi;hpPim ihim ks + Bijhihimhem + (n — S)trh®, (4.9)
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div (8°) = O = hyihnhim ihims + hiihishimhonim + (trh3)* — Strh® + 8%, (4.10
7% 5 5 7% 5

m,m

div (®*) = @y, . = 2hijhp il + (n — S)trh?, (4.11

m,m

)
)
div (2°) = @, = hijhw il s + highiahig (4.12)
)

div (2°) = @5, = ||VA|* + (n - S)S. (4.13

Since M™ is closed, it follows that M™ is compact without boundary. By further utilizing
the divergence theorem, the proof of Lemma 4.1 is completed.

The third, fourth, and fifth order covariant derivatives V3p4, V4p4, and V°p4, and

. . . 2 . A A A
the second order covariant derivatives V=h, which have components ¢;"1., ©; k1, i jkim> and

hij ki, are defined as follows:

Qi wr = dol + ot jwii + Qfhwis, (4.14)

@fjklwl = d@fjk + ‘Pf}jkwki + @flkwkj + @fjlwlm (4.15)

@fjklmwm = d@fjkl + Sﬁfz,jklwmi + ‘Pf}mklwmj + @fjmzwmk + (p;}jkmwmla (4.16)
hijwr = dhgj i + b pwi + i ewiy + hagawig. (4.17)

Finally, we present the proof of Theorem 1.5:
Proof First, for the proof of formula (1.3): Based on formulas (4.14) and (4.15),
combined with formula (3.2), it can be calculated that
@f}jk = zbthij + l/fAhij,k - 90?5”', (4.18)
@fjkz = T/J;élhij + by + Uit hij g+ O hig g — @ﬁ,léija (4.19)
Using formulas (3.2) and (3.6) , we have

@fjkk = —’wA . Shij + w;? . 2hij7]€ + (PA . ’I”L(Sij + wAhichk. (420)

From Rj; = constant, it can be inferred that S = constant. Combining this with formulas

(2.6), (2.7), and the minimal condition, we calculate to obtain
hijhijer = hij [(hwi gk = Piies) + hie,ig] = hij (hpiRp; + hapRpije) = S (n—8). (4.21)

Therefore, from formulas (2.6), (3.9), (4.18), (4.20), (4.21) and the minimal condition, we
have

1
2A2A: IV = (o) + oyt

= <52 + ||Vh||2 + n2) + (—S2 —n? + hijhij7kk) (4.22>

= ||[VA|* + S(n—S).

Since M™ is closed, the formula (1.3) holds using a corollary of the Green formula.
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Next, we prove formula (1.4): substituting formula (3.2) into formula (4.19), we can see

@fjkl = - @ﬁ@hkl,'rnhi]’ + @Ahijhkl - wAhkmhmlhij + wlfhij,l (4 23)
+ 9 hij e + Y g — 0 hiadiy + 00500

According to formulas (1.4), (3.6), (4.16), S = constant and the minimal condition, it is
noted that

hijwhigrn = hije [(ijar = Pijar), + (haigre — haigie) + (Pai i = haigg) g + hasigie]
= hij i [(hijpikl + hipRpjir); + (Ppij Rpk + hipj Rpirt + hai p Rpjia)
+(hpiRyj + hlpRpijl)k]
= 6hijhuhikmhitm — 3highighim ihim, + (20 — S + 3) | VA|%.

(4.24)

Furthermore, we calculated that

7AZ va AH ‘pmkl +‘Pfjk@;‘jku

— Hv2h}| + 3S||VA|? + Strh* + S + 1S + 1% — 2hi; him honthij it + 201k, ihim.; )
+[25%(n — S) + 2hijhumhumihij i — Strh* — §% — 2hi;hihi; whisy — S||VA
+hijkhij g —nS — n2]

—|V2R||* + (2n + 5 + 3) || VA||* + 252(n — S) + 6hishuihimbjim — 3hishsihim P k-

(4.25)

Finally, since M™ is closed, it can be inferred from the Green’s formula that there holds

an integral equation

/ V20" + (20 + S + 3) [|VA|* + 25%(n — )
M (4.26)

+6hhii ik mbjim — 3hiiRikRim, i Rim xdVar = 0

on M™, Using the formulas (4.1), (4.3), and (4.6) to simplify the above expression, we obtain
the formula (1.4), thus completing the proof of Theorem 1.5.
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