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à�ü�ý û�þ�ÿ�5���h�jPô���	�
�� . �@*�l��5ç���� -
? ������²�	 ��
 û�$
��ü�ý , ���� ç��iÊ����5û?í���¡@¢ £�¤ m������
��²�§ , ô���	�
&�Ïæ [ û ��� m�� . Bo � [7] s��

n!o��oæ , ~�� ç�*�Ú���������6�7�Î�(@*'��� ��
 ��M��������Pí���¡@¢ £�¤�� `�a����
�
��«5û! #"�§ , ��� � ç��i������e�$!��%�& ý , ��'�þ�ÿ A�(�) 1�´�µ ý ±�²�³�þ�ÿ+*, û���'�$ .

R'�.-�³ *0/&#5ø!e.1&����� , 6�\�7@tåûE}32 Ü M&l34
�65!$.7.89* ,.: _Ôf<; .

Huang � [8] = P Lasry and Lions[9] {W�Ýû�±�²�³�7�8�y�z��@�xç'9�Q�5�$Çø�>�n�7�8!*, û : _�®�¯�-�� . ��y�z�»���}
2 Ü ��e�$���%�& ý<?�@ 	�}�2 Ü û�þ�ÿ+* , , `+=�"Òõ
9�A�B��
����²�	 ��
 , s�L�´xø��6CED�5�$�����²�	ÚûF;�v .

g ����y�z�9Òð!*?î�G�#!Ê
)�H�I þ äEJ ç�K
L�2�M , l!�åçFN�O ûgæ r . Carmona[10] 5 ��� û�-���l!�åç�±�²�³P*, û�$��E��� � çE�E$�Q�É Ð ��µ�)Òó�7�8+* , û�B�������²�	 . Cardaliaguet � [11] *-í
�ÝÛ�±�²�³�7�8�y�z5ûoæ r K��åç�®�¯5û�w�x , ���W�xç�6�7�R�-�·�l���±�²�³�²�	 ��
 û
-�� .S

9�-�. , êÇëÒô��En!o�*Òû�}���9�T Ð�U�V û ,
g ��%���4��
5�$���' ��
 . Wang �

[12]  �W��
X�Yxû�-��åä�¾!�5ç�Z
[�n&o�* , �W�xç�9�Q�6�7�\
]���5�$
Z�[ ý �'þ�ÿ+* ,
û�-�� . ��^���_i �`6* , *Òû�þ�ÿ�7�·
a�b�_�þ�ÿ�c�§�d&�Çû���v�§�7�· , �E#e f".g0�
*Òä�¾�h�i�j���k�l�\�] . Guo � [13]  �Z�[ ý �<W��
X.YÇû�-��Úä�¾ ç�±�²�³�7�8!* , ,

�E6�7���§�É<m�n��åçoj
p�q�rÏí�X�Yi �s5û�B&C .

���� �t�±�²�³�7�8�y�z�2�Z�[ ý �<W��
X�YÇû���2�-�� , u�v�w
x.y�z0{�|�}�~3�������������� ~���� , �������+�F�6������t HJB-FPK �����
�3���������!����z��F���  ��¡�¢
£ . ¤�t�¥���¦�§�¢
£��F¨�© , ª�«�¬�­E®�� � ~�¯�{ , ���.������°��
z
�F±�²�¦
§�¢
£ , ³�������´�µ<¶�·3¸���¹3��º
»�¼ . ¦�� , ¤�t�½�¹�������¾3¿�®���À�Á�Â�Ã�±�²�¦
§�¢
£ , Ä�¸�Å�Æ�}�~���Ç�È�É
z
��È�Ê�±�² .

2 Ë9Ì�ÍÏÎ
Carmona Ð [6] Ñ Fouque and Sun[4] Ò�Ó3¿���}�~�Ô0Õ�Ö���×���Ø�Ù
Ú , Û�Ü�Ý�Þ�}�~ß+à ��ÒFá�}�~�â�ã ,

àoä }�~3��w���å�æoç�è�é ß
ê�ë�ì ±�¥�º�}�~�w���å�æ�ç�è6��í
î
��´ . ï�ð ë , Ü (Ω,F , F, P) Æ
Â�ñ�ò�è��E��ó�ô
õ�ö�Ô , Å+ÒF÷�ø F = {Ft}t∈[0,T ] ù
ú �û ¼�ü�ý , T > 0 þ�ÿ��.��z
Ô���� , W i = {W i

t }t∈[0,T ], i = 1, . . . , N Æ N ñ���Ö	��
6� F-�
�����
. �	�
ï�º N Þ�}�~3�E��× , Å�Ò�w���� i = 1, . . . , N , X i

t |��	� i Þ�}�~ t z��
��w��	�	��ç�è .

� Â�� , Ü X i = {X i
t}t∈[0,T ] ù�ú	�� SDE ( � ��! ����� ): i = 1, . . . , N ,

dX i
t =

a

N

N∑

j=1

(
Xj

t − X i
t

)
dt + αi

tdt + σdW i
t , X i

0 ∼ ν, (2.1)

Å6Ò , Õ�Ö	" X̄N
t −X i

t ��#���}�~�å6æ ç�è3¿$�3�&%('�)
* »,+ , a > 0 |���}�~�Ô�� û ´�â
ã�õ , -�"/. Ê ë ��#3�E�
×�¼�021�3�4�ô
õ�È�5 , 6�Æ
Â�7�3�4�8�9��
É�Ç�}
~�:�;3�=<>

. σ |�����
�?,@�"6�=A � õ , w�+6� �
����� "�B�þ�}
~3Ô�C � ~�â�ã�D�E  w�å+æ�çè6��F�G . H�I�����ç�è&J X i
0, i = 1, . . . , N K	F�G , L	M�þ	��
ONF� � ³�P�Q,R
º6y
�����S Ç ( T�Å�� � þ ν), U�V �
�����	W�X �
Ö	��
 .

��� ��� αi = {αi
t}t∈[0,T ] |��	� i Þ
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}�~3��Ò�á�}�~.��â�ã�¢
£ . T�¢
£�)	s α = (α1, . . . , αN ), B�Ý�Þ�}�~.�Othu�Æ�Ñ ß	v�w ¢
£�)6Òoª�«�¦�§�â�ã�õ���� ,

à 9 �� {�x	y�zE¦�{,| :

J i,N (α) := E

[∫ T

0

((
X i

t − X̄N
t

)2
+ b(αi

t)
2
)

dt + γ
(
X i

T − X̄T

)2
]

,

Å6Òow	��� t ∈ [0, T ], X̄N
t := 1

N

∑N

j=1 Xj
t , U b(αi

t)
2 |���� i Þ�}�~ t z���â�ã6�$}�î�õ .

é�~ Carmona Ð [6] �6¿��EÂ�Ã��	����¡�¢�£ , ����Ñ��
µ�������×6Ò , ����®��	���
Æ
°
��� , ��¥�À�Á+�0¦�§�¢.£	��¹�����9�� . î���¤�s
�
�  ���� à�� Wang Ð [12] Ò��� z�Ô,�	|��2�
�=������¹ , À�Á����6ÒF®��
°���z��E±�²
¦�§ �
� . ­0���6ÒF®��
°��
z , ®�V,� ß�à ���	�	��K,���������0°��3�$��� . ��z ,

��� ��� ß��	  ��� ¢
£�«�´
ö�Ô
U = R Ú.��ô�õ�¡�¢�ø π = (πt)t∈[0,T ]. ï�ð ë , w	��� i = 1, . . . , N , � i Þ�}�~.��£ � w��
�	��ç�è ù�ú	�� SDE ( ®�¤ Wang Ð [12] Ò¥� 2 ¦ ):

dX i
t = a

(
X̄N

t − X i
t

)
dt +

[∫

U

uπi
t(du)

]
dt + σdW i

t , X i
0 ∼ ν. (2.2)

C
N�§ ��� ��� αi, ¡	¢�´ ��� ��� πi = {πi
t}t∈[0,T ] ∈ D, Å�Ò ß�¨,w ��� ¢�£,)�s D |��

F- ¬	+�³��	§ t © �	ª x.�$¡�¢�´���� , U�w	��� t ∈ [0, T ], πi
t ∈ P2(U). «�¬ , P2(U) Æ U

Ú�­�ð�P�Q,R
º6y�U
ï�º�ô
õ�®�¢
z<���0� � À�}��=)�s .
� Â�� , ¯2°<Ñ±t²u³z<�+Ò�´�µ¶	·�¸   þ�¹�B	"	K�º�»�w����	¼�½��$��� , ���	+3�Othu	y�z���¾ �� :

J i,N
(
π

N
)

:= E

[ ∫ T

0

((
X̄N

t − X i
t

)2
+ b

∫

U

u2πi
t(du) − λH

(
πi

t

))
dt + γ

(
X̄N

T − X i
T

)2
]
,

(2.3)

Å6Ò λ > 0 Æ�¿	¦�����¼�½,À	Á�¼�¥ÃÂ=Ä$À.�F®�� , ¢
£�)	s π
N := (π1, . . . , πN), H (πi

t) |
��ô�õ�¡�¢ πi

t � ¶	·�¸ . ï�ð ë ,

H
(
πi

t

)
:= −

∫

U

pi
t(u) log

[
pi

t(u)
]
du, (2.4)

Å6Ò pi
t Æ πi

t �$®�¢2zE� . Ø�§	Å�}�~.�Othu�zE� (2.3), Æ�v��3¿�������¡3�=��¾ �� :Ç�È
2.1 w
Ú	G�ï�º N ñ�®�V��6� ��� ��� , É�¢�£ π

∗,N = (π∗,1, . . . , π∗,N) ∈ DN

þ	������¡ , �	Ê
J i,N (π∗,N) = inf

πi∈D
J i,N(πi, π∗,−i), ∀ i = 1, . . . , N, (2.5)

ÅÏÒ (πi, π∗,−i) |O�6¢!£ (π∗,1, . . . , π∗,i−1, πi, π∗,i+1, . . . , π∗,N). wO�Ë�P� ε > 0, É�¢!£
π

∗ = (π∗,1, . . . , π∗,N) ∈ DN þ ε ������¡ , �	Ê
J i,N(π∗,N) ≤ inf

πi∈D
J i,N(πi, π∗,−i) + ε, ∀ i = 1, . . . , N. (2.6)

É {π∗,N}N≥1 þ,Ì�±�������¡ , �	Ê w�Ý�Â�ñ N > 0, Í�Ñ {π∗,N}N≥1 ù�ú π
∗,N þ εN− �

����¡	U lim
N→∞

εN = 0.
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J�§��.��ÒE®
��°
��U
¥����!�<Æ
ï�º³Ñ�ñ
®�V��!� ��� �F� , ������9�� Wang[12]

Ò��,|�������Ò�Ó�Ô à �,� � ~���� , Õ�Å�­E}�~���Ç N È�É
z , ½�¹3��Ö�×�Ø	¢�È�þ�Ù	Ú .Û � , î��
¤�s����  ���� �=����Ü	Ý , Æ�v�����®��!���6�Eü�ý  , }�~���Ç N Þ�§	��ß
z<{�|�¼�}
~6�E���   ��¡ , à������	|��2�
�E��¹�����®��
°���z��E��¡�¢�£ , ¦������
Ú�G�á�ñ���â�À�Á�Â�Ã�}�~���Ç N º.y�z
��±�²�¦�§�â�ã�¢
£ .

3 ãÃä&åÃæèçËé&êìëìêîíÃï/ð
î�¦�Æ�v����
}
~���Ç N → ∞ z<{�|
}
~6�E���   ��¡�¢�£ . ï�ð ë , w����3�Eÿ��

¼�zE� m = {mt}t∈[0,T ] ∈ C([0, T ]; R), {�|�}�~.��¦�§ ���6�o� ß |���þ �� ¨�© :





infπ∈D J(π; m)

:= infπ∈D E

[ ∫ T

0

(
(mt − Xπ

t )
2
+ b
∫

U
u2πt(du) − λH (πt)

)
dt + γ (mT − Xπ

T )
2

]
,

s.t. dXπ
t = a (mt − Xπ

t ) dt +
[∫

U
uπt(du)

]
dt + σdWt, Xπ

0 = X0 ∼ ν.

(3.1)

Ú�G ���6�o� �����   ��¡ ( ñ�É�þ����  ��	� �o� ��������¡ ) ¢
£��=��¾ �� :Ç�È
3.2 ¢
£ (π∗ = {π∗

t }t∈[0,T ], m
∗ = {m∗

t}t∈[0,T ]) É�þ (3.1) �����   ��¡�¢�£ , �
Ê à  ü�ý ù�ú :

• w	��� π ∈ D, ò�º
J(π∗; m∗) ≤ J(π; m∗).

• w	��� t ∈ [0, T ],

E[X∗
t ] = m∗

t ,

Å6Ò X∗ = (X∗
t )t∈[0,T ] þ (π∗, m∗)  J (3.1) Ò�ó	ô�����¥�ÿ�����õ�Â	�<� .

þ�����{�|�¼�}�~.�����   ��¡�¢�£ , Æ�v��3¿�´�zE�3�=��¾ :

V (t, x; m) := inf
π∈D

J(t, x, π; m∗)

:= inf
π∈D

E

[ ∫ T

t

(
(ms − Xπ

s )
2
+ b

∫

U

u2πs(du) − λH (πs)

)
ds + γ (mT − Xπ

T )
2

∣∣∣∣Xπ
t = x

]
.

� Â�� , ��¾����   ��¡�¢
£ (π∗, m∗)  � �	� ´�zE��þ
V (t, x) := V (t, x;m∗) = J(t, x, π∗; m∗) = inf

π∈D
J(t, x, π; m∗).

 �ö �=��÷��3¿��o{�|�}�~.�F���   ��¡�¢�£ .Ç	ø
3.1 {�|�}�~ ���6�o� (3.1) � �	� ´�zE��þ : w	��� (t, x) ∈ [0, T ] × R,

V (t, x) = V (t, x; m∗) =
1

2
ζt(m̄ − x)2 + ηt,
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Å6Ò , m̄ = E[X0], U m∗ = {m∗
t}t∈[0,T ] ù�ú w	��� t ∈ [0, T ], m∗

t ≡ m̄, ÿ���¼�zE� {ζt}t∈[0,T ]

� {ηt}t∈[0,T ] �=��¾ �� : w	��� t ∈ [0, T ],





ζt =
1 +

(
2γ+2ab−

√
4a2b2+4b

2γ+2ab+
√

4a2b2+4b

)
e
√

4a2b2+4b

b
(t−T )

1 −
(

2γ+2ab−
√

4a2b2+4b

2γ+2ab+
√

4a2b2+4b

)
e
√

4a2b2+4b

b
(t−T )

√
4a2b2 + 4b − 2ab,

ηt =

(
−λ

2
log

πλ

b

)
(T − t) +

∫ T

t

σ2

2
ζsds.

(3.2)

��¾�¦�§�ù�ú ��� zE� :

π∗(t, x; m∗) ∼ N
(

ζt

2b
(m̄ − x),

λ

2b

)
. (3.3)

� Â�� , w��2� t ∈ [0, T ], Ü π∗
t = π∗(t, X∗

t ), Å+Ò X∗ = (X∗
t )t∈[0,T ] Æ �� � ��! �����+�

õ�Â<� :

dX∗
t =

(
a +

ζt

2b

)
(m̄ − X∗

t ) dt + σdWt, X∗
0 = X0. (3.4)

§�Æ , (π∗ = {π∗
t }t∈[0,T ],m

∗ = {m∗
t}t∈[0,T ]) ûEþ �	� �o� (3.1) �����   ��¡�¢
£ .ü w	����ý=����ÿ���¼�zE� m = {mt}t∈[0,T ] ∈ C([0, T ]; R), �	+3� HJB ����þ :

−∂V

∂t
(t, x; m) =

σ2

2

∂2V

∂x2
(t, x; m) + a(mt − x)

∂V

∂x
(t, x; m) + (mt − x)2

+ inf
π∈D

{
b

∫

U

u2π(du) − λH(π) +

∫

U

uπ(du)
∂V

∂x
(t, x; m)

}
,

V (T, x; m) =γ (mT − x)
2
.

(3.5)

§�Æ , ¦�§�ù�ú2zE� ù�ú :

π∗(t, x; m) = arg min
π∈D

{
b

∫

U

u2π(du) − λH(π) +

∫

U

uπ(du)
∂V

∂x
(t, x)

}
.

J¥þ�ÿ ������� ¹ , �	+3�$®�¢2zE� ù�ú :

p∗(u, t, x; m) =
exp

(
− 1

λ

(
∂V
∂x

u + bu2
))

∫
R

exp
(
− 1

λ

(
∂V
∂x

u + bu2
))

du
=

1√
λ
b
π

exp

(
−(u +

∂V
∂x

2b
)2

λ
b

)
.

� Â�� , Ü�´�zE� V (t, x; m) ï�º �� ¨�© :

V (t, x;m) =
1

2
ζt(mt − x)2 + ηt,

Å6Ò ζ = {ζt}t∈[0,T ] � η = {ηt}t∈[0,T ] Æ [0, T ] → R � ��� Â�� ß�� �,zE� . ��z , π∗(t, x; m)	�
 �� ¹,ô�� � :

π∗(t, x; m) ∼ N
(

ζt

2b
(mt − x),

λ

2b

)
. (3.6)
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 � , Å ä�� ��P�Q�R�þ
∫

R

uπ∗
t (du) =

ζt

2b
(mt − x) ,

∫

R

u2π∗
t (du) =

λ

2b
+

ζ2
t

4b2
(mt − x)

2
.

T³ù2ú�� � π∗(t, x; m)  ó³ô3�.� (3.1) ���9�	®2¢ìz��6þ q(t, x), B.Å ù6úO G FPK

(Fokker Planck Kolmogorov) ��� :

∂q(s, x)

∂s
= − ∂

∂x

((
a (ms − x) +

ζs

2b
(ms − x)

)
q(s, x)

)
+

σ2

2

∂2q(s, x)

∂x2
.

����á�
&N�z � à x ³�w x �
� ß � dE[Xs]

ds
=

(∫
x∂sq(s, dx)

)
= 0. �2�������   ��¡�¢

£ m∗ V�¦�§ ���  ó�ô������ ä�� ��Ð , Ú�©�|+¸�Å���§�z
Ô�C S ,
Û ��w���� t ∈ [0, T ],

m∗
t ≡ E[X0] =: m̄. ��Å�{�µ�¦�§�ù	ú³z0� (3.6) � HJB ��� (3.5), Ä�È�����á�
���§ x �
��� ,

ß � ζ � η ù�ú à  û,! ������Ã :




dζt

dt
= 2aζt +

ζ2
t

2b
− 2, ζT = 2γ,

dηt

dt
= −σ2

2
ζt +

λ

2
log

πλ

b
, ηT = 0.

-�����Ã,Í�Ñ�õ�Â<� , ³�º �� �� ��|��
© :




ζt =
1 +

(
2γ+2ab−

√
4a2b2+4b

2γ+2ab+
√

4a2b2+4b

)
e
√

4a2b2+4b

b
(t−T )

1 −
(

2γ+2ab−
√

4a2b2+4b

2γ+2ab+
√

4a2b2+4b

)
e
√

4a2b2+4b

b
(t−T )

√
4a2b2 + 4b− 2ab,

ηt =

(
−λ

2
log

πλ

b

)
(T − t) +

∫ T

t

σ2

2
ζsds.

v�� ¶�Ä , ¦�§�ù�ú2zE� π∗(t, x; m)  ó	ô���� X∗ = (X∗
t )t∈[0,T ] ù�ú ��� (3.4), Å�ï�º �� ����|��
© ( ®�� Protter[14] Ò���÷ V.52): w	��� t ∈ [0, T ], X∗

t = (X0 − m̄)e−
∫

t

0
(a+ ζs

2b
)ds +

m̄ +
∫ t

0
σe−

∫
t

s
(a+ ζu

2b
)dudWs. ��º E[X∗

t ] ≡ m̄.

 ����÷���Ä .

��÷ 3.1 �3¿���¦�§�ù�ú ��� zE� π∗(t, x; m̄) ï�º�¨�© (3.3), Å6Ò m̄ = E[X0].
Û � , þ

����®���°��
z
��¦�§ ��� , ��°���� �� ¨�©���¢
£,K � ~�����§�| :

πt ∼ N
(
M̂t(m̄ − Xt), θ̂

2
)

, t ∈ [0, T ],

Å6Ò M̂ = {M̂t}t∈[0,T ] ∈ C([0, T ]; R), ����®�� θ̂ ∈ R+ Æ û � . §�Æ , x�y�z
�Othu�zE� J(·)ß J ®�� (M̂ , θ̂2) ò	­�ÿ�� ,  �ö �E¤����3¿��
thu�zE��«�´6�Fï�ð�¨�© , Å�Ñ  ¦6Ò������
§���½�����®��  thu�zE�3�F´ ,


 �	��#���w! �� ."$#
3.2 wË�Ã� M̂ = {M̂t}t∈[0,T ] ∈ C([0, T ]; R) � θ̂ ∈ R+, % �!� ¢P£ π =

{πt}t∈[0,T ] ù�ú :

πt ∼ N
(
M̂t(m̄ − Xπ

t ), θ̂2
)

, t ∈ [0, T ], (3.7)

Å+Ò Xπ = {Xπ
t }t∈[0,T ] Æ (π, m̄)  ó�ô���� (3.1) �F� . §�Æ , t²u³z<� (3.1) ï�º à  ¨© :

J(M̂, θ̂2) =

∫ T

0

((
1 + bM̂ 2

t

)(
f(t; M̂) − m̄2

)
+ bθ̂2 − λ

2
log
(
2πeθ̂2

))
dt + γ

(
f(T ; M̂) − m̄2

)

(3.8)
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«�¬ , w	��� t ∈ [0, T ], f(t; M̂) := E[(Xπ
t )2], U�ï�º à  ¨�© :

f(t; M̂) = (E[X2
0 ] − m̄2)e−2g(t) + m̄2 + σ2e−2g(t)

∫ t

0

e2g(s)ds,

Å6Ò g(t) =
∫ t

0
(a + M̂s)ds.ü & ó�ô���� (3.1) Ò��F®�� m = (mt)t∈[0,T ] ' Ð�§ m̄, ³�{�µ ��� ¢�£ (3.7),


 �
(π, m̄)  �$ó	ô���� Xπ = {Xπ

t }t∈[0,T ] ù�ú dXπ
t = (a+M̂t) (m̄ − Xπ

t ) dt+σdWt, X
π
t = X0.

§�Æ , J�(�¼ SDE �6������|��
© ( ®�� Protter[14] Ò���÷ V.52), w	��� t ∈ [0, T ],

Xπ
t = (X0 − m̄)e−g(t) + m̄ + σ

∫ t

0

eg(s)−g(t)dWs. (3.9)

Ð�©�á�
ON0z<« ä�� , 3���Ñ�ª�«�ï�º�¨�© (3.7) � ���  , ó	ô����6� ä�� E[Xπ
t ] ≡ m̄.

�
Â�� , w���� (3.9) á�
ON0z0���	à�« ä�� , B�º

f(t; M̂) := E[X2
t ] = (E[X2

0 ] − m̄2)e−2g(t) + m̄2 + σ2e−2g(t)

∫ t

0

e2g(s)ds.

� f(t; M̂) � E[Xπ
t ] {	µ thu�zE� (3.1) ûF� (3.8), )�����Ä .

4 Ë+* Í-,
î�¦�+��.Ú.Â�¦PÒ���¤���K�Ü��3����¦�§ �.� ��½�¹ , ³ � ~
�/.�¶�Ä . Æ�v , �+z

Ô T 0�13þ K 2 , û	��3.þ δ = T
K

.
� Â�� , �O������÷ 3.1 � ¿.�<���   ��¡�¢6£+Ò

m∗
t ≡ m̄ = E[X0], ���	°��	� m∗ = {m∗

t}t∈[0,T ]  {�|
¼�4�56��ó�ô���� (3.1). §�Æ , ��+
�<z�Ô60�1��3������þ : w t = 0, 1, . . . , K − 1,

Xπ
t+1 = Xπ

t +

(
a (m̄ − Xπ

t ) +

∫

U

uπt(du)

)
δ + σ∆Wt, Xπ

0 = X0 ∼ ν, (4.1)

Å6Ò ∆Wt, t = 0, . . . , K−1 ��Ö��	
	U�ò 	�
 ¹,ô�� � N (0, δ), 0�1 ��� ¢
£ π = {πt}K−1
t=0ù�ú πt ∈ P(U). 7�Â�� ö , �	÷ 3.1 ��)!� 3.2 |+¸ , 82°��	�
ï�º�¨ � (3.7) � ��� ¢�£ ,
 �.z�Ô90�1
���&t²u³z<� ß!à���  �9:�;�§�®�� M̂ = {M̂t}K−1

t=0 � θ̂2 �	z<� . ��¾�®��
R̂ := (M̂ , θ̂2), B�0�1�D�¨  �Othu�zE� ß |���þ

J(R̂) = E

[
K−1∑

t=0

(
(Xπ

t − m̄)
2
+ b

∫

U

u2πt(du) − λH (πt)

)
δ + γ (Xπ

K − m̄)
2

]
. (4.2)

�	� , Ñ��,|������FÜ��  , �
��®�� a, σ, b, γ � thu�zE� (4.2) �F«�´���þ�°�� , <�¢	���ê>= ¡��+?A@���í�î�B�C {xt}K
t=0 �	�	+3����.�D!E�zE� :

ĵ(R̂) =

K−1∑

t=0

(
(xt − m̄)

2
+ b

∫

U

u2πs(du) − λH (πs)

)
δ + γ (xK − m̄)

2
. (4.3)

Ø�§�� , î	¦	�3¿EÂ�ñ�����¯�{�F���¦�§�®�� R̂ �F½�¹ .



88 Î m Ï Ð Vol. 45

G�H
1: I�J : ����H�I�� � ν, H�I ��� ®�� R̂0, í�î���Ç n, K�L�®�� r, ���Eõ η

à� §�|�M�� I.

2: N i ∈ {0, . . . , I − 1} O
3: N j ∈ {1, . . . , n} O
4: ª�« ��� ®�� R̂i,j = R̂i + U i,j, «�¬ U i,j ∈ RK+1 Æ�Ñ�¥�º ù�ú ‖U‖F = r ����Ç6Ò

�!P<ª�«.����Ç , Å6Ò ‖ · ‖F þ Frobenius Q�� .

5: ����®�� R̂i,j  ó	ô����6�EÂ�ü�í�î�¥�w�+6���!.�D�E�z0� ĵ(R̂i,j).

6: N j R�S�T!U .

7: ��� thu�zE� ( �	§�®�� ) V	¢ ∇J(R̂i) �XW���Ç ̂∇J(R̂i) = 1
n

∑n

j=1
1
r2 ĵ(R̂i,j)U i,j .

8: 9	��V	¢  �Y ¹�����W���Ç ̂∇J(R̂i) Z�[�®�� : R̂i+1 = R̂i − η
̂∇J(R̂i).

9: N i R�S�T!U .

10: ��� R̂I .

Ú�G
½�¹��>\�]�^���_
Æ�<�¢���w
®�� R̂ := (M̂, θ̂2) � �
�  �Fí
î � ~���§ ĵ ù�ú
�X`�Q0§�| . J���÷ 3.1, a�µ���¦�§�¢
£<®�� R∗ = (ζ/2b, λ/2b), Å6Ò ζ = {ζt}t∈[0,T ] �=��¾
¤ (3.2). B�¢
£ R̂  �$��w! �����¾�þ

Err(R̂) :=
|J(R̂) − J(R∗)|

|J(R∗)| . (4.4)

§�Æ , ��� Err(R̂)
ß�àcb ¶�½�¹�����¤ Ê ��º�»�¼ .

�  K , «�¬	�6¿0Â�ñ�½�¹
µ�¶��0¤ Ê . Ü�����®�� a = 2, b = 1, σ = 1, T = 0.1, δ =

0.02, γ = 1, λ = 2, X0 ∼ N (0.2, 1), B m̄ = 0.2. «
½�¹!Ò��0®
� r = 2, η = 0.1, R̂0 =

(0.3, 0.3, 0.3, 0.3, 0.3, 0.3), n = 500, I = 4000, ¥���¤ Ê	�� :

dfe dhg dfi dfj dfk
l m n
l m o
l m p
q m l
q m r sutwvxzy v

(a) M̂ {�|�}�~>�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��z�������
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �

�� �
�

(b) �>���6�
�

1 �!�/���
Å6Ò�� 1(a) �3¿���¾3¿���®���´ M̂ V�¦�§�´ ζ/2b, ��®�� θ̂ = 1.012, ¦�§�´ θ = 1, |

¸=���<�.�F®���V�a�µ.�F¦�§�´�È�þ���± . � 1(b) �6¿��$��w� �� Err(R̂) Ñ�¯�{+Ò�� S |
D	E . Ñ�î�µ<¶�Ò , �>��¢
£ R̂i ��¯�{ , ��w! ��	8	â Y U�¦���8����<Ñ 0.2%

à  , |�¸�¥
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�3¿��F½�¹�È�þ�º�» . Ñ ��� z�Ô6(�¼	P��<�
�3Ò , Jia and Zhou[15] Ó3¿�� Actor-Critic ½
¹ , ��È�§�-����� �Ò����!.
¤ Ê , î	��¥�Ó3¿F½�¹�����¤ Ê �$��w� �� ��¡ È	5 , U�Ö�×�Ø
¢�Z�¢ . ����|����FÑ����  ���� ��� ��+���� ö , Guo Ð [13] Ñ
½�¹6�F¦!£�¤�¥��EÂ�¤�w
���   ��¡�¢�£ m �§¦�� àoä Ö,×!¨ MFE ( ���   ��¡ ) m∗. 6�î���©�ÿ�Ä+¸�����¡�¢�£
m∗ ' þ û � m̄ ( ï�ð�®�¤���÷ 3.1), ��î	��¥�Ó3¿F½�¹3�<z�Ô>ª�«�¢ � ��È�{ .

5 ¬®­®¯-°îêîí
î	¦������	á�¦6Ò��E¤�� , À�Á��
�.Ò�®���°��
z0}�~���Ç N → ∞ ��±�²�������¡ .

ï�ð ë , w2�Ë� i = 1, . . . , N , ��¾±��V�� i ñ.}3~²?§@�ó2ô.º³� ����13¢�£ πi,∗ =

{πi,∗
t }t∈[0,T ]: w	��� t ∈ [0, T ],

πi,∗
t ∼ N (M̂t(m̄ − X i,∗

t ), θ̂2), (5.1)

Å6Ò�®�� R̂ := (M̂ , θ̂2) þ�Ú�Â,¦6Ò�������|����0½�¹��
�.�F®���°��3��D�E  , {�|�}�~.�
±�²�¦�§�¢�£ . X i,∗ = {X i,∗

t } þ�¢�£ π
∗,N = (π1,∗, . . . , πN,∗)  ó�ô���� (2.1) ��� , ûEÅ ù

ú : w	��� i = 1, . . . , N ,

dX i,∗
t = a

(
X̄∗,N

t − X i,∗
t

)
dt +

[∫

U

uπi,∗
t (du)

]
dt + σdW i

t , X i,∗
0 = X i

0, (5.2)

Å+Ò�í
î���´ X̄∗,N
t = 1

N

∑N

i=1 X i,∗
t . �2� , «�¬�þ��§³�´�µ�¶ , ·�M�¸�£3�F¥
À�Á�¢.£ πi,∗

V	��+��=ó�ô���� X i,∗ à¥��¹   Ò��E}
~���Ç N �=����¼ . §�Æ , Ø�§ t²u³z<� (2.3), î
�3�Xº�Á�¤�� �� :Ç	ø

5.3 w	��� i = 1, . . . , N , J (5.1) ��¾.��¢
£ π
∗,N ù�ú :

J i,N(π∗,N) − inf
πi∈D

J i,N(πi, π∗,−i) ≤ εN + Err(R̂)J(R∗), (5.3)

Å�Ò limN→∞ εN = 0. Err(R̂) ÆËJ (4.4) �	¾3�F®�� R̂  ����w� �� , J(R∗) Æ�{�|�}�~ ��6�o�
(3.1) �§a�µ�¦�§�´ .

CON=§�»�¼6�E���  ���� ��� , J$§����6ÒF®��
°�� , ����¹��������   ��¡�¢�£�À�Á
Ì
±�������¡ , ¥
À�Á�¢�£�w�+��&t²u³z<��´&Ä�®�� ����z���Ì
±�¢�£�½
É . ���îJ$§�Ú
Â
¦6Ò�¾3¿�®�� R̂ w�+3�$��w! �� Err(R̂) ���<Ñ 0.2%

à  , ��Ú�G���÷�|�¸ , î	¦�¥�À�Á3�
¢
£ πi,∗ Ñ�®���°��
z<Æ	������¡3�FÈ�Ê�±�² .

þ�Ä!¸Fî����6º�Á���÷ , ·�M�Æ!¾���¿>¿�ñ�À!Á�¼
´�÷ .  �ö �<¤���|!¸ , ­<Ý�Þ�}
~Â �îJ (5.1) ÿ��3�E¢�£ πi,∗ z , í
î���´ X̄∗,N
t Ñ L2 �	¾  ��§ t ∈ [0, T ] Â�Ã ë Ö�×�§

m̄ := E[X i
0].Ä ø
5.4 w
�î� i = 1, . . . , N , Ü2� i Þ6}�~ Â ��¨ � (5.1) � ��� ¢!£ πi,∗ =

{πi,∗
t }t∈[0,T ]. §�Æ ,

lim
N→∞

E

[
sup

t∈[0,T ]

|X̄∗,N
t − m̄|2

]
= 0,

Å6Ò X̄∗,N
t = 1

N

∑N

i=1 X i,∗
t , {X i,∗}1≤i≤N ù�ú SDE (5.2).
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ü ��� (5.2) á�
ON0zEw i = 1, . . . , N ����³�Å à N , B�º
dX̄∗,N

t = M̂t(m̄ − X̄∗,N
t )dt +

σ

N

N∑

i=1

dW i
t . (5.4)

Ú�G�(�¼����6����º �� ����¨�© : Æ	��� t ∈ [0, T ],

X̄∗,N
t = m̄ + (X̄∗,N

0 − m̄)e−
∫

t

0
M̂sds +

σ

N

N∑

i=1

∫ t

0

e−
∫

t

s
M̂ududW i

s .

��������� ß �6��H�I�� ��S Ç X X i
0 ��Ö��	
	U���´�þ m̄, ®�� M̂ = {M̂t}t∈[0,T ] Æ [0, T ]

Ú.� ��� zE� . J Doob C�Ð�©�û ß ���
E

[
sup

t∈[0,T ]

|X̄∗,N
t − m̄|2

]
≤ CE

∣∣X̄∗,N
0 − m̄

∣∣2 + C
1

N

∫ T

0

σ2e−2
∫

T

s
M̂ududs,

C �6:�; M̂ ,

 �³´�÷���Ä .

þ�Ä!¸ (5.3), ���±t²u�y³z0Ñ ß�¨�w ¢�£�)�s D Ú6�E¦�{�´�Ð�x�§/������Ñ à  )�sÚ.��¦�{�´ :

Ai,N := {π ∈ D : J i,N(π, π∗,N,−i) ≤ J i,N(π∗,N)}. (5.5)

«�¬	Æ�¾��3¿ Ai,N Ò�Ç�È.�EÂ�ñ�W��
¤ Ê .Ä ø
5.5 Æ	��� π ∈ Ai,N , Í�Ñ�V i, N ���.� û � D > 0, 9�� :

sup
i,N

sup
π∈Ai,N

∫ T

0

(∫

U

u2πt(du)

)
dt ≤ D.

ü Æ	��� π ∈ Ai,N , � π
∗,N,−i, J2thu�zE� (2.3) �F¨�© , Æ�¾�º

J i,N (π,π∗,N,−i) ≥
∫ T

0

(
b

∫

U

u2πt(du) − λH (πt)

)
dt,

Å6Ò H (πt) |���ô�õ�¡�¢ πt � ¶	·�¸ , ï�ð���¾�®�¤ (2.4). É Û þ��
N���´	�����  , ¹,ô
� � � ¶	·�¸ ¦�É , ��º

J i,N(π, π∗,N,−i)

≥
∫ T

0

[
b

∫

U

u2πt(du) − λ
1

2
log

(
2πe

(∫

U

u2πt(du) −
(∫

U

uπt(du)

)2
))]

dt

≥
∫ T

0

(
b

∫

U

u2πt(du) − λ
1

2
log

(∫

U

u2πt(du)

))
dt.

� Â�� , àËJcÊ�4	C�Ð�© ß �
J i,N(π, π∗,N,−i) ≥ b

∫ T

0

∫

U

u2πt(du)dt− λ
T

2
log

(
1

T

∫ T

0

∫

U

u2πt(du)dt

)
.
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� J i,N(π, π∗,N,−i) ≤ J i,N(π∗,N), J SDE �6��R�W�� ( ®�¤ Krylov[16] Ò¥� 2  �� 5 ¦ ),
ß

� J i,N(π∗,N) º�V i, N �����<Ú�Ë L. «�í ∫ T

0

(∫
U

u2πt(du)
)
dt º�V i, N �����<Ú�Ë D,Ì B ∫ T

0

(∫
U

u2πt(du)
)
dt ú�Í É�Î�8	9�Ú�©,©�
�É	§ L.

 �ö�Ï I�Ä�¸�î	��ÐXº�Á�¤�� .Ç	ø
5.3 Ñ ü�Ò J Ai,N Ð=��¾ (5.5), ·�M�º

J i,N(π∗,N) − inf
πi∈D

J i,N(πi,π∗,−i) = J i,N(π∗,N) − inf
πi∈Ai,N

J i,N(πi, π∗,−i)

≤|J i,N(π∗,N) − J(R̂)| + |J(R̂) − J(R∗)| + |J(R∗) − inf
πi∈D

J(πi; m̄)|

+ ( inf
πi∈D

J(πi; m̄) − inf
πi∈Ai,N

J i,N(πi, π∗,−i)) ∨ 0

:=I
(N)
1 + I2 + I3 + I

(N)
4 ,

Å Ò J(πi; m̄) Æ�ÓÕÔ±Ö±×ØÐèt$uÃz�Ù (3.1), J(R̂) Ú®Û�Ü±Ý�Þ�ß$à�á±â±ã (3.7) Î , Ó
Ô±Ö±×åäXæ-ç�ÙèÐ�éÕê , ë±ì�íÕî-ï/ð�ñÕÙ R̂ = (M̂, θ̂2) á±òØÐ�ç�Ù ( ñ±ó�ô±õ 3.2),

R∗ = (ζ/2b, λ/2b) Ô�ö±÷�ø�ù 3.1 ú!û�üXý�þ�Ü�Ý/üXÿ���ñ�Ù .

ø�������Þ�ß Y i,∗ = {Y i,∗
t }t∈[0,T ], ë�����	�
 SDE: i = 1, . . . , N

dY i,∗
t = a

(
m̄ − Y i,∗

t

)
dt +

[∫

U

uπ̂i,∗
t (du)

]
dt + σdW i

t , Y i,∗
0 = X i

0 ∼ ν, (5.6)

Ü�Ý���
 π̂i,∗ = {π̂i,∗
t }t∈[0,T ], π̂i,∗ ð���������
 (5.1) à!á�ÿ��!ü�����Ü�Ý�ç�Ù , �������

t ∈ [0, T ],

π̂i,∗
t ∼ N (M̂t(m̄ − Y i,∗

t ), θ̂2),

ë�� , ñ+Ù (M̂, θ̂2) ð (5.1) �$ü�ø��$ÿ�� , Ú! #"%$���&+Þ('%)(*,+�-�.+úØû ü/ñ
Ù . /+Ú , ÷10/ù 5.4 2#3!4 SDE 5 ü76-ø�4®ø$ù ( ñ®ó [14] �/ø$ù V.9), 8�9+á
lim

N→∞
E

[
sup

t∈[0,T ]

|X i,∗
t − Y i,∗

t |2
]

= 0. :<;�0§ù 5.4, �§á

lim
N→∞

I
(N)
1 = 0. (5.7)

= "<>�? , ÷cÿ���@�A�ü6ø�� (4.4) 2!ø�ù 3.1,

I2 = Err(R̂)J(R∗), I3 = 0. (5.8)

��/�ý�B�"�C I
(N)
4 , D�E<F���û :

I
(N)
4 = ( inf

πi∈D
J(πi; m̄) − inf

πi∈Ai,N
J i,N(πi, π∗,−i)) ∨ 0 ≤ sup

πi∈Ai,N

|J(πi; m̄) − J i,N(πi, π∗,−i)|.

���%� πi ∈ Ai,N , G7HJI7K7L , 879�M�N Xj = {Xj
t }, j = 1, . . . , N O�ö��1
 (πi, π∗,−i)


�P%Q%>Õß (2.1) ü�5 , RJS!TJ�#
%
-ü�U�V%W±ê�G X̄∗,−i
t := 1

N

∑N

j=1 Xj
t . �1�±ÞÕß

Y i = {Y i
t }t∈[0,T ] ����	�
 SDE:

dY i
t = a

(
m̄ − Y i

t

)
dt +

[∫

U

uπi
t(du)

]
dt + σdW i

t , Y i
0 = X i

0 ∼ ν,
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\
Ȳ ∗,−i

t := 1
N

Y i
t + 1

N

∑
j 6=i

Y j,∗
t ] U�á

X i
t − Y i

t =

∫ t

0

(
a
(
X̄∗,−i

s − m̄
)

+ a
(
Y i

s − X i
s

))
ds.

÷ Hölder ^�_!ã , W�ê�^�_!ã�ì�ú
E

[
sup

0≤s≤t

∣∣X i
s − Y i

s

∣∣2
]
≤ 2aTE

[∫ t

0

(
X̄∗,−i

s − m̄
)2

ds

]
+ 2aT

∫ t

0

E

[
sup

0≤u≤s

(
Y i

u − X i
u

)2
]

ds.

÷ Gronwall ^�_!ã :

E

[
sup

0≤s≤t

∣∣X i
s − Y i

s

∣∣2
]
≤ CE

[∫ t

0

(
X̄∗,−i

s − m̄
)2

ds

]
.

]�`<a�b B�ü C > 0 O�ö�^�c�d�/ i 2 N üfe<g , h�^��ji�k�ü§é�ê�ì�l�^�� . Û j 6= i m ,n�o ì�ú
E

[
sup

0≤s≤t

∣∣Xj
s − Y j,∗

s

∣∣2
]
≤ CE

[∫ t

0

(
X̄∗,−i

s − m̄
)2

ds

]
.

/�p , ÷qW�ê�^�_!ã :

E

[
sup

0≤s≤t

∣∣X̄∗,−i
s − Ȳ ∗,−i

s

∣∣2
]
≤ CE

[∫ t

0

(
X̄∗,−i

s − m̄
)2

ds

]
,

r�s á
E

[
sup

0≤s≤t

∣∣X̄∗,−i
s − m̄

∣∣2
]
≤2E

[
sup

0≤s≤t

∣∣X̄∗,−i
s − Ȳ ∗,−i

s

∣∣2
]

+ 2E

[
sup

0≤s≤t

∣∣Ȳ ∗,−i
s − m̄

∣∣2
]

≤CE

[∫ t

0

(
X̄∗,−i

s − m̄
)2

ds

]
+ 2E

[
sup

0≤s≤t

∣∣Ȳ ∗,−i
s − m̄

∣∣2
]

≤C

∫ t

0

E

[
sup

0≤u≤s

∣∣X̄∗,−i
u − m̄

∣∣2
]

ds + 2E

[
sup

0≤s≤t

∣∣Ȳ ∗,−i
s − m̄

∣∣2
]

.

÷ Gronwall ^�_!ã :

E

[
sup

0≤s≤t

∣∣X̄∗,−i
s − m̄

∣∣2
]
≤ CE

[
sup

0≤s≤t

∣∣Ȳ ∗,−i
s − m̄

∣∣2
]

.

t�u
Ȳ ∗,−i

s , á

E

[
sup

0≤s≤t

∣∣Ȳ ∗,−i
s − m̄

∣∣2
]
≤ E

[
2

N 2
sup

0≤s≤t

∣∣Y i
s − m̄

∣∣2
]

+ E


 2

N 2
sup

0≤s≤t

∣∣∣∣∣
N∑

j 6=i

(Y j,∗
s − m̄)

∣∣∣∣∣

2

 ,

÷ SDE 5�üjv�w�x�y a 0§ù 5.5 ì1ycú!û sup
i,N

sup
πi∈Ai,N

E

[
sup

0≤s≤t

|Y i
s − m̄|2

]
< ∞. z|{ ,

lim
N→∞

sup
1≤i≤N

sup
πi∈Ai,N

E

[
sup

0≤s≤t

∣∣Ȳ ∗,−i
s − m̄

∣∣2
]

= 0.
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S
GN := C sup

1≤i≤N

sup
πi∈Ai,N

E

[
sup

0≤s≤T

∣∣Ȳ ∗,−i
s − m̄

∣∣2
]

,

�
lim

N→∞
GN = 0, z<{ , ��?���� E

[
sup

0≤s≤t

∣∣X̄∗,−i
s − m̄

∣∣2
]
≤ GN � E

[
sup

0≤s≤t

|X i
s − Y i

s |
2

]
≤

CGN . z|{�ì�ú
|J i,N(πi, π∗,−i) − J(πi)| ≤ CGN , ∀πi ∈ Ai,N .

{�� limN→∞ I
(N)
4 = 0.

\
εN = I

(N)
1 + I

(N)
4 , :<; (5.7), (5.8) �§ú (5.3). ø�ù�ú�� .

������ 
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REINFORCEMENT LEARNING METHODS FOR BANK

CURRENCY RESERVE GAMES

LI Ce

(School of Mathematical Sciences, University of Science and Technology of China, Hefei 230026,

China)

Abstract: In large-scale bank interaction systems, individual banks can adjust their

borrowing and lending rates with the central bank to bring their currency reserves as close as

possible to the sample mean, thereby reducing the probability of systemic risk. However, when

the state process and parameters of the objective function are unknown, it is not directly possible

to solve the stochastic differential game problem to obtain a Nash equilibrium. In this study,

we combined mean-field game theory with relevant methods from continuous-time reinforcement

learning to construct an approximate Nash equilibrium in a large-scale bank lending network.

First, by solving the forward-backward coupled HJB-FPK equation, we obtained the mean-field

equilibrium strategy representing the banks. Next, based on the form of the obtained strategy, we

designed an iterative parameter method to characterize the approximate optimal strategy when

parameters are unknown. Finally, using the learned parameters, we constructed an approximate

Nash equilibrium for a large number of banks.

Keywords: systemic risk; Reinforcement learning; approximate Nash equilibrium; Mean

field games
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