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Abstract: In this paper, we delve into a generalized higher order Camassa-Holm type equa-

tion, (or, an ghmCH equation for short). We establish local well-posedness for this equation under

the condition that the initial data uo belongs to the Sobolev space H*(R) for some s > I. In

addition, we obtain the weak formulation of this equation and prove the existence of both single
peakon solution and a multi-peakon dynamic system.
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1 Introduction

In this paper, we focus on the initial-value problem associated with a generalized higher
order modified Camassa-Holm equation

my + ((u® — ui)”m)w =0, t>0,zeR,
u(z,0) =wug(z), t>0,2eR, (1.1)
m=(1-a°02) (1-3%92)u, t>0,z€R,

where ¢ represents time, x denotes a single spatial variable and «, § are two parameters.
For convenienve, we call the equation (1.1) the ghmCH equation. Without loss of generality,
we only consider the case o > (3 > 0, similar results can be derived when « and 3 are both
negative by substituting av and § with their absolute values.

The Camassa-Holm equation (CH)

me + 2mug +mau =0, mM=1u— Uy, (1.2)

was originally introduced in the context of hereditary symmetries investigated by Fuchsstei-
ner and Fokas [1], subsequently derived by Camassa and Holm as a model for the unidi-

rectional propagation of long waves in shallow water [2]. The CH equation (1.2) has been
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extensively explored due to its complete integrability [2], multi-soliton solutions [2], well-
posedness [3, 4], wave breaking [5, 6], etc. The most notable feature of the CH equation
(1.2) is to admit peakon solutions u (,7) = ae~1*~¢!l [2], where a peakon is a weak solution
in a Sobolev space with a corner at its peak.

Apart from the CH equation (1.2), another integrable model with peakon solutions has

been discovered. The modified Camassa-Holm equation (mCH)
mt—&—((uz—ui)m)xzo, m=1u— Uy (1.3)

was proposed by Fuchssteiner [1], Olver and Rosenau [7] by applying the tri-Hamiltonian
duality method to the bi-Hamiltonian representation of the modified Korteweg-deVries equa-
tion. Qiao delved into the integrability and structure aspects of solutions for the mCH equa-
tion in [8, 9]. The existence of single peakon solution and multi-peakon solutions of mCH
equation (1.3) was proved in [10]. The local well-posedness for the Cauchy problem of the
mCH equation (1.3) in Besov spaces was established in [11-13].

Subsequently, a generalized Fokas-Olver-Resenau-Qiao equation
mt+((u2—ui)Qm)z:O, M =1U— Uy (1.4)

was introduced by Recio and Anco [14], who not only proposed the model but also demon-
strated the existence of single peakon solution and multi-peakon solutions. Moreover, they
proved that this equation admits a Hamiltonian structure. In [15], they established the
local well-posedness in the critical space BQ% 1 (R) and showed the continuality of the data-
to-solution mapping.

Recently, a similar model, the generalized fifth order CH equation (FOCH),

my + muu+bmu, =0, m= (1 — 04285) (1 — 6285) u, a#0, af#0 (1.5)

was introduced by Liu and Qiao [16], who obtained numerous solutions. The local and global
existence of the solution to the FOCH equation (1.5) was established in [17]. For the case
a = =1 and b =2, McLachlan and Zhang obtained a global weak solution for the FOCH
equation (1.5) and established its local well-posedness in H® with s > I on the circle [18].
Tang and Liu verified the Cauchy problem related to this equation is locally well-posed in
the critical Besov space B;/f and successfully attained the peak solution [19].

In the past few decades, there has been a surge of interest in the CH equation (1.2), which
has sparked extensive research into CH-type equations especially those featuring peakons.
Examples of such equations include the CH (1.2) and the mCH (1.3), all of which are inte-
grable systems with both single peakon and multi-peakons. Additionally, single peakon and
multi-peakons are discovered in some non-integrable systems. Since the equation studied in
this paper has higher order nonlinear terms, and the mCH equation only has cubic nonlin-
earity, it is expected that the ghmCH equation (1.1) should also possess peakon solitons.

The structure of this paper is organized as follows. In section 2, we introduce some
fundamental results, which will be applied in subsequent sections. In section 3, we obtain
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the local well-posedness of the initial-value problem associated with the ghmCH equation
(1.1). In section 4, we first obtain the weak formulation of the ghmCH equation (1.1). Then,

we demonstrate the existence of single peakon solution and multi-peakon dynamic system.

2 Preliminaries

We first recall some lemmas and definitions, which will be used in the following sections.
Definition 2.1 [1] Assume 0 < s < oo and u € L*(R"), we define the Sobolev spaces
H* (R™) by
H* (R") == {ue L (R") | (1+ |¢]°)%a () € L* (R™)}.
Lemma 2.1 ([6]) Let v be a vector field such that syv € L'((0,7); H*~! (R)), where
> 2. Suppose fo € H*(R), F € L'((0,T);H*(R)), and f € L*((0,7);H*(R)) N

s
C((0,7);." (R)) solves the one-dimensional linear transport equation

{atf+U'Vf:Fa
f|t:0:f0~

Then, there is a constant C' that depends only on s, such that for any 0 < t < T, the
following two estimates hold:

i +/Ot I (u)]

t
11z < €98V (o + / eIV B F (). de),
0

1Al e < 11 ol

. du+0/ V) 1 G)le di
0

where V' () := || 7 v (1) || =1
Lemma 2.2 ([12]) For any s; € R, if there exists a constant ¢ > 0 such that sy >

maz{i+e —si+¢,5}, f € H" and g € H*, then

1£9]

aer < Ol gen 9l e -

3 Local Well-Posedness

In this section, we discuss the local well-posedness of the initial-value problem (1.1)
with n = 2 . Our main result in this section is as follows:
Theorem 3.1  Suppose that s > £ and ug € H* (R). Then there exists a 7' = T (ug) > 0
such that initial-value problem (1.1) has a unique solution

ue C((0,7); H* (R) N C((0,T); H*~" (R)).
In addition, the solution map:

up — u: H* (R) — C((0,T); H* (R)) N C((0,T); H* (R))
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is continuous.
It is worth noting that the operator P := (1 —«?9?) (1 — 3?0?) can be determined

through the convolution form of Green’s function
u=((1-0%0) (1—5235))_1m:(}*m, (3.1)

where G(z) is the Green’s function for the operator P. Then, from (1 — «?9?) (1 — 320?) G =
d (z) and inverse Fourier transform, we find that,

R
2 (a2 — 32)

In order to use Lemma 2.1, we need to rewrite the ghmCH equation (1.1) with n = 2

G(z) = ae~ w7l — ﬁeiém). (3.2)

into the following equivalent form:

2 1
ut+(u ux—guu +5u )+G*H1( )+ 0,G * Hy (u) + 092G x Hs (u) = 0, (3.3)

where

2 1
Hy (u) == 4u'u, + §u2ui - —ul,
Hs (u) := (4 (a® + %) — 2) v’ul + 40> FPu’u?, — 240> Buuu,,
4
— 202 3%, — <§ (a® + B%) + 240237 — 1>uufg

— 16a*FPuuiu, + — 04252U Uy + 607 FPulul,,

40
H; (u) := =160 B v u t,, + 60° v u,u’, + — 3 & BPuniug, — 60 BPuu?,.

Before proving Theorem 3.1, we first give the following lemma, which is a direct result
on the uniqueness and continuity of the initial data.

Lemma3.1 Lets > 2, suppose that u™, u(® € L> ((0,T); H* (R))NC ((0,T); " (R))

are two solutions of the initial-value problem (1.1) with initial data u(()l),uo ) € H*, respec-

tively. Then for every t € [0, 7], we have
0 = ) 0 = ) = o7 S HO O 7 3
Proof Denote u(*? := u() —u® . Apparently
ut € L=((0,T); H* (R)) N C((0,T); ' (R)).
It can be seen from (3.3) that u(!? satisfies the transport equation

ot [(u)" = S ) ()" + )+ ()) + 5 ()’

3.5
+ (Ugl))gugf) + (ug))Z(u;z))Z + u561)(u;2))3 + (ugz))4)]u;12) _ h(u(12),u(1),u(2)) ( )
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with
2

2 () (w4 u)]

h(u?, 0 @) = — [((um)? + (u<2>)2)( M 4 @)@ —

xu(12)+G*F1+8$G*F2+8§G*F3

Since H*~! is an Banach algebra for s > %, we can get the following result,

1

)" = 3 @) (@) +u i + (W)) + 2 (W)’
+ (ug)) u(2) + (u(l))2(u§f ) +u 1)(u(2)) + (u§2))4)
(. + 0 1.):

[

Note that convolution with the derivatives of the fundamental solution O*G can increase the

regularity in the Sobolev spaces by (4 — k) orders. Thus, using Lemma 2.2, we get

PR el [

Then, apply Lemma 2.1 to the equation (3.5), we get u(*? € C((0,T); H** (R)) and

17 (2w, u@) .0 < C(]Ju

42 0 s <€ [ (0 + 2 0 ) 602 0

+[|ut (0)

(3.6)
[

Accordingly, applying Gronwall’s inequality to (3.6), we obtain (3.4) and the proof of
Lemma 3.1 is complete.

Now, let us start the proof of Theorem 3.1, which is motivated by the proof of local
existence theorem about the mCH (1.3) equation. Firstly, we shall use the classical Friedrichs
regularization method to construct the approximate solution of the ghmCH equation (1.1).

Lemma 3.2 Suppose ug € H* (R), s > % Starting from u(® = 0 and by induction,
there exists a sequence of smooth functions {u(™},cy € C (R*; H®) solving the linear

transport equation iteratively:

(@ + ((u™)” = (@) ?0,)m™ ) = —((u™)* = (uf)*)’m™, t>0,z€R,
mt) = (1 — 04205) (1 - 6285) u( ) t>0,zeR, (3.7)
ul" Y o= U((Jnﬂ) (z) = Sn+1uo, z eR.

In addition, there exists a constant T > 0, such that the following properties hold:

(1) {u™}, ey is uniformly bounded in C((0,7); H* (R)) N C*((0,T); H*~* (R)).

(ii) {u™},en is a Cauchy sequence in C((0,7); H*~* (R)).

Proof Notice that H*~! is an Banach algebra for s > %, thus we have

() = @) < ) = @) s < O G8)
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Since ||u(™V||g- is equivalent to ||m("*V||g.—4, utilizing Lemma 2.2 with s; = s — 4, 55 =

s — 3, we can obtain that

()" = () om® s < CIC) = @) s

3.9
< Cllu,. o
Further, applying Lemma 2.1 to equation (3.7), and utilizing (3.8) and (3.9), we get
[l @) . < ™ O ] .-
(3.10)

t
<CeCls ™ (Dllfgs dr | [ +g/ oC L™ ()14s dn [ut™ (7) HZ dr,
0
where we need to use |[|[m™* (0)|| yo—s < Cllu™™ (0)]| 4. < C||Sns1uollye < Clluoll . -
Let T > 0 such that 320C° ||uo||£;{5 T < 1 and suppose by induction that for every

0<t<T
2C [[uoll -

1 — 64C% ||uo|[ 3. t) *

[ut @) [| . < ( (3.11)

Apparently, the expression (3.11) holds for ¢ = 0 forever. Notice the first term of (3.10), and

using (3.11), after integration by parts we can get

t t 4 4
1 . 1
c/ [u™ () ||}, dr < c/ 6c ”“°”H4 dr = —~1In (1 - 64C° |Jug|37. t).-
0 o 1 —6405||u0||H57' 4
(3.12)

Plugging (3.12) into (3.10), we can deduce that

Hu(n+1) (t) H . < Cliuolls- n </t 32C° HUOHZS dr — 1>
T (16407 ol 1) \ o (1= 6407 [l . 7)

2C [luo |l 5.
(1 64C7 [Juo 3y 1) *

(e

Therefore, {u(™}, cx is uniformly bounded in C((0,7); H* (R)).
Now, we begin to estimate the H*~° norm of the following two terms. Using Lemma
2.2, choose s; = s — 5, s = s — 2, we can obtain
()" = (uf)") Dm0 .,
<O (™) = @) |y ll0em™ D .
<C ([ s A+ a4 )

<Clfu™ [ .

In a similar manner, using Lemma 2.2, choose s; = s — 4, sy = s — 2, we have

()" = @) )om e < CIH™) = @), e[l s < Ol

x
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Therefore, according to equation (3.7), we can get that d,u"*Y € C((0,T); H*~' (R))
is uniformly bounded, which means that the sequence {u(™}, ¢y is uniformly bounded in
C((0,7); H* (R)) N CH((0,T); H*~1 (R)).

Next we will prove that {u(™},,cy is a Cauchy sequence in C((0,T); H*~* (R)). In order
to achieve this goal, it is necessary to construct the form of u(*?) — (. Thus, according
to equation (3.7), we obtain that, for all n,l € N

[3t (( n+l)) ( é"+l))2)231] (m”“Jrl — m"+1) = fo (3.13)

where

P = (= () () )

(t
= () = )2 0 = )
= ) = ) = () = (7))

Set ¥ := u("H*Y — 4+ Then (3.13) is equivalent to
[0+ ((u™)? = (ult0)*)?0,] P5 = fmD,
Further by transformation we can get
PO+ ()" = () 0.)7] = 9 .14
where
g =0, 708 ((u V) = (uH)*) = (a2 4 52) () = (u0))’]
+ 0040?50 (") = (' 0)")" —2 (0 + 57) 0 ((u0)" — (ul0))]
+020[6023%02 ((u )" — (ul*0)?)] + 825402620, ((u™*1)” — (ul*0)*)"]
+ Po, + ((u™0)” = (u{9)?)* P, 3.
Notice that Pd; + (D)2 — (u{"™)2)2Pg, 5 = 0 thus we assume that
g™ == Ny + Ny + N3 + 0, (3.15)
Applying the operator P~! to (3.14), which gives rise to
(0 + (™) = (u{9)*)?8,)5 = P1gm, (3.16)

Due to |[|[P~1g™|| -1 is equivalent to ||g(™!|| -5, we just need to estimate the H*~°
norm of ||g(™|| and the H*~ norm of ((u™*+9)2 — (u{"™)2)2 . First of all, it can be obtained

by direct calculation
(G0)" = @l 0)*) s < CfJu™ .

Before calculating the H*~® norm of ¢(™! in (3.15), we first estimate the H*~° norm of
fY. Using Lemma 2.2, the boundedness of the f(™! is obvious,

n n n n n " !
£ s < CJ =Y || (™ |y + [0+ (a2
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Finally, using Lemma 2.2 and choosing the appropriate s; and sy, we can obtain the H*~°
norm of N for j =1,2,3,4. Plugging ||N;| ;.5 and || f(™] s into (3.15), we have
(n,0) (n+0) _ 4, (n) ()| (n+1)||4
g™ <C||(u M igems (g + ™2

(3.17)
(a0 )+ 1o g a0y

Applying Lemma 2.1 to (3.14) and using (3.17), we deduce that

15 ()| groms < €€ Ja 1P =@ 22 @ an dr 15 (0 |

Hsfl
t

+/ e TN =@ 2 )l o dn 0D () s dr
0

< LI IO @ e ar 15 ()]

Hs—1
¢
+ C/ eC N m)llggs dn | 15 (7)o - ||u(n+l) () ”?1{5 dr
0
¢
+ C/ C ST s dn g, (D) (7)) — (™) (1) || s
0
(™ () e + a0 () e + ([0 (7) 572) dor.

By the previous proof we know that {u(™}, ¢y is uniformly bounded in C((0,T) ; H* (R))
NCY((0,T); H*~1 (R)). Based on Littlewood-Paley decomposition, we have

nti+1

= (nHHD) () _

Vo = Uy — Uy = Sntir1Uo — Snp1Uo = Agug,
g=n+1

and there exists a constant C'r independent of n and [ such that for every 0 <t < T,

t
I3 @)l e < Cr (277 + / a0 () = u® (7) | .- ).
0
By making argument inductive with respect to n, we can easily obtain that

) (TCr) npy (TCT)"
||v(t)\|L%oHs,1gﬁH O e e +CT§2< vt

Similarly [[u® |1 g+) can be bounded independently of I. We conclude that there exist
some new constant C/. independent of n and [ such that

1T ) e 51y < 27" C

Therefore, {u(™}, ey is a Cauchy sequence in C((0,T); H*~! (R)).

Proof of Theorem 3.1  With the help of Lemma 3.2, we know that {u, },en is a
Cauchy sequence in C((0,7),H*"!(R)), thus there is a function v € C((0,T); H*~! (R))
that serves as the limit of {u,, },,en. Now we need to prove that u belongs to C' ((0,7); H* (R)) N

C'((0,T); H*~' (R)) and solves the Cauchy problem (1.1). According to Lemma 3.2, {u,},, o
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is uniformly bounded in L> ((0,7); H* (R)). The Fatou property guarantees that u also be-
longs to L ((0,7T) ; H® (R)).

Additionally, since {uy}, . converges to u in C((0,T); H*~! (R)), an interpolation ar-
gument guarantees that the convergence also holds in C((0,7); H* (R)) for any s’ < s. By
taking the limit in the equation (3.7), we can conclude that u is indeed a solution to the
Cauchy problem (1.1). Considering that u belongs to L> ((0,7); H* (R)), where s > I, the
right-hand side of the equation

om + (u2 — ui)2 Oym = — (u2 — u2)im
belongs to L®((0,T); H*~*(R)). It is evident that u € C((0,T); H* (R)) for any s’ < s.
Finally, by observing the equation we can deduce that d,u € C((0,T); H*~! (R)). Further-

more, a standard use of a sequence of viscosity approximate solution (u¢) for the Cauchy

£>0
problem (1.1) which converges uniformly in

C((0,7); H* (R)) N C*((0,T); H** (R))
gives the continuity of the solution u in C ((0,T); H* (R)) N C*((0,T); H** (R)).

4 Peakon Solitons

In this section, we initially derive the weak formulation of the ghmCH equation (1.1), and
utilize it to demonstrate the existence of single peakon solution, and subsequently establish

a general N-peakon dynamic system.
4.1 Weak Formulation

Firstly, by substituting m expressed in terms of u into the ghmCH equation (1.1), we
can yield a fully nonlinear partial differential equation. By applying the operator P~ =
(1 —a?d?) (1 — 3%20?%))~! to this equation, we can easily obtain that

Uy = —811371( (u - (a2 + 52) um) (u2 - ui)n — 2nafB2u,

X (u - um)umM (u2 - ui)n_l ) - 0426289%]3_1 ((u2 — ui)n uxm) .
An equivalent form can be obtained by using (3.1),

up = — 0,G % ( (u - (a2 + ﬁz) um) (u2 - ui)n — 2na’f%u,

X (u — um)umw (u2 — uiyﬁl ) — 856’ * ((u2 — ui)n umw) .

(4.1)

Subsequently, we multiply (4.1) by a test function ¢ (¢, z)-a smooth function with com-
pact support, and integrate over —oo < x < 0o and 0 <t < co. Then, the weak formulation
of the ghmCH equation (1.1) can be obtained through integration by parts,
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/OO /OO wpy + G * ( (U - (a2 + 52) um) (U2 — ui)n — 2na®B*u, (U - Um) (“2 - ui)nil
0 —o0

X umm)gom —a?3%G ((u2 — ui)numm) Op dxdt + / uo () ¢ (0,z) dz = 0.

B (4.2)

The weak equation is crucial for deriving both the single peak solution and multi-peakon
dynamic system of the ghmCH (1.1) equation. In the forthcoming work, we shall leverage
the weak equation to deduce the single peakon solution and multi-peakon dynamic system.

4.2 Single Peakon Solution

It is known that a remarkable property to the mCH equation (1.3) is the existence of
single peakon solution, which is given by u, (t,2) = ae™1*=<!, ¢ = %az. Now we are concerned
with the existence of single peakon solution to the ghmCH equation (1.1).

Definition 4.1 Given initial data ug (z), the function w (¢,z) is said to be a weak
solution to the initial-value problem (1.1) if it satisfies the weak formulation for any smooth
test function ¢ (¢, ) € C ([0,T) x R). If u (¢, x) is a weak solution on [0,T") for every T' > 0,
then it is called a global weak solution.

Theorem 4.1 For any b # 0, the peaked functions of the form

b —Liz—c —Llz—c
u= gy (ae 3 = pem b, (4.3)

where
b? (—20° + 203 + 40 (% — 4023 — 2a8* +23°)
8(a2—32)° (a+p)

is a single peakon solution to the ghmCH equation (1.1) in the case of n = 1.

C = —

Proof The derivatives of the expression (4.3) with respect to the variables x and ¢ do
not exist in the traditional sense of the straight line x = ct. Consequently, the conventional
calculus method fails to prove that (4.3) is the solution of ghmCH equation (1.1) in the case
of n=1.

In the following proof, we consider only the case of & > ct, and the case of © < ¢t will
be proved in the same way. Now, we will consider each term in the equation (4.2) for the
case of n = 1. Firstly, we consider the term related to the t-derivative of the equation (4.2)

in the case of n = 1. When x > ct, a direct calculation leads to

/ / upy d:vdt—l—/ uo () ¢ (0,z) dz
0 —oo —oo
—bc

= [T " _sgn(x —ct) (e alemetl _emmle=ctly o, drdt 4.4
|| s o (4.4
o o —bc _z et _z et
= ———(e7ata —eTETH),
L] s )

I
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Next, we deal with the second term in the equation (4.2) in the case of n = 1 by utilizing

the method of integration by parts
/ / G * ( (U - (Oé2 + /82) uwm) (U2 - Ui) - 2a2ﬁ2um (U - uww)uwmw)wm dl’dt
0 —00

= _ / / 0,G * ( (u — (a2 + 62) um) (u2 - ui) — 202 %u, (u - um)uzm)go dxdt.
0 —o0
(4.5)
We split up the integral interval R into three parts: (—oo,ct), (ct,x) and (x,+00) when
x > ct. Then we define

0,G % ( (u — (a2 + ﬁ2) um) (u2 — ui) —20%3%u, (U — Ugy) umm)gp =1, + I+ Is.

Finally, we deal with the remaining terms in equation (4.2) in the case of n =1,

/ / G o (4 — 2) tas) e drdt = / / 526 * (1 — 2) tse) ¢ dadt. (4.6)
0 —o00 0 —00
Using the same method as above, we define
DG * (v = u2) Ugae) = 11y + I1y + IT.
Plugging (4.4), (4.5) and (4.6) into (4.2), we can conclude that,
/ / (ut+3zG* ((u— (042—1-52) um) (u2 —ui)
0 —o0
— 202 3%y (U — Upy) umm) + a?B2O2G * ((u2 — ui) umm) )cp dxdt =0

holds for any test function ¢ (¢, ). Hence, when x > ct, a direct computation gives rise to

Il + _[2 +Ig + 04262 (IIl +IIQ +Ifg)
V(207 + 2046 + 40357 — 402 3% — 203" + 23°) y (e_£+c_t
16 (a2 — 3)" (a + B)

In view of (4.4) and (4.7), we find that

(4.7)

t
*6_%-’_%).

b (—2a° + 2013 + 40 5% — 40233 — 2a* + 23°)
8(a2 - 32)° (a+ )

which completes the proof of Theorem 4.1.

c=— )

Moreover, in a similar manner, we can get
h4
1
(a@+p)

h
2w =)

RN C g
u= e~ wlrmetl _ ge=5le Ct‘), where ¢ =

is a single peakon solution to ghmCH equation (1.1) in the case of n = 2.
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Using the above method, we can obtain the single peakon solution of the ghmCH equa-
tion (1.1) when n takes different integers. Since the method is similar and the calculation

process is cumbersome, we only give the single peakon solution when n = 1, 2.
4.3 Multi-Peakon Dynamic System

Now, we shift our focus to derive the multi-peakon dynamic system of the ghmCH
equation (1.1). Since the multi-peak solution is a linear superposition of the given peak

traveling waves, we assume

N
api(t) g Bpi(t) _1pp—gi
t — olT—qil 2PN BT N>2 48
u(t, ) ;2<a2_52>6 2(a2_52)e ’ = (4.8)
with time-dependent amplitudes p; (t) and positions g; (t).

Theorem 4.2  The multi-peakon (4.8) is a solution of the ghmCH equation (1.1) if

and only if p; (t) and ¢; (t) satisfy the following system of 2n ODE’s
pit =0

N . 3y 2
)

1 (4.9)

pj
2 -5
N P 29n
_ b g (e Elai—ail _ o~ Flai—al ) }
(;2(a2_ gy (s (o~ ) (e e dlal))) ]
Proof We can substitute the expression of the multi-peakon solutions (4.8) into the
weak formulation (4.2). Without loss of generality, we will assume that ¢; (t) < ¢2 (t) <
-+ < gn (t) at a fixed t > 0 and segregate the integral over z into corresponding intervals.
Then by employing integration by parts, we derive the expressions of p; (t) and ¢; (t). While
the calculation process resembles that of a single peakon but is more lengthy, we will adopt
another approach as utilized in [14]:
Let y (x) be a distribution with singular support at a finite number of points z = z; in
R, and define its non-singular part

wan=11"" T (4.10)
T S b b)), e=a |
at its jump discontinuities
Wl,, = (@) —y(a7) = [{y (@))],, - (4.11)

Firstly, we need to rewrite the expression (4.2) in the following equivalent form,

/0°° /Z (= (02 + B2) tgar) ¢ — (u— (% + 0%) ) (u® = u2)" @,

+ 052/82 (U2 - ui): UgpzzPx + 052/82 (U2 - ui)" Uz Prx + OZQﬁQUtQOm:m d.ﬁUdt =0.

(4.12)
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Notice from (4.10) that,

Ut — (Oé2 + /B2>ummt = —Oé2ﬁ2< <utwww>m >

We start by dealing with the terms in (4.12) related to the ¢ derivative of u,

/ / (ut — (on + ﬁQ) umt) 0+ ?B* U Prpre drdt
0 —0o0

N e (4.13)
= - a2ﬂ2 Z/ ((Pxxac [ut]qi - Soz:c {utm]qi + (Px [utzz]qi - (P Kutmmx)]ql )dt

i=1 V0

Next, we consider the remaining terms independent of the ¢-derivative of u in (4.12),

/ / (u— (02 + ) ) (a2 — 2)" s

+ 0?07 (0¥ = ) tgrpe + 0757 (0 = 2)" Uppatprn dadt (4.14)
N oo
:—a2622/ Oz [(U2 —Ui)nummc]q, dta
i=1 70 1

where we use u — (o + %) Upe = —02 3 (Ugzre)-

Combining the expression (4.13) and (4.14), we conclude that

(4.15)
The jump terms involving t-derivatives of u are given by

{ut]qi = 07 {utm]qi = 07 [utmx]qi = sz(h t) [<utzzz>]ql = 52]91 St (416)

0426
which can be derived from (4.11). The equation (4.15) will hold for all test function ¢ (¢, x)
if and only if

qi

Furthermore, a straightforward computation gives
2 2\ _ b 2 2\
[(u _ux) uw”]qi - a23? (u _uz) :

Substituting (4.17) and (4.16) into (4.15) yields the multi-peakon dynamic system (4.9). In
Theorem 4.2, p; ; = 0 implies that the peak amplitude does not change along with the time
t.
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