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Abstract: Deep neural networks (DNNs) are effective in solving both forward and inverse
problems for nonlinear partial differential equations (PDEs). However, conventional DNNs are
not effective in handling problems such as delay differential equations (DDEs) and delay integro-
differential equations (DIDEs) with constant delays, primarily due to their low regularity at delay-
induced breaking points. In this paper, a DNN method that combines multi-task learning (MTL)
which is proposed to solve both the forward and inverse problems of DIDEs. The core idea of this
approach is to divide the original equation into multiple tasks based on the delay, using auxiliary
outputs to represent the integral terms, followed by the use of MTL to seamlessly incorporate the
properties at the breaking points into the loss function. Furthermore, given the increased training
difficulty associated with multiple tasks and outputs, we employ a sequential training scheme to
reduce training complexity and provide reference solutions for subsequent tasks. This approach sig-
nificantly enhances the approximation accuracy of solving DIDEs with DNNs, as demonstrated by
comparisons with traditional DNN methods. We validate the effectiveness of this method through
several numerical experiments, test various parameter sharing structures in MTL and compare the
testing results of these structures. Finally, this method is implemented to solve the inverse problem
of nonlinear DIDE and the results show that the unknown parameters of DIDE can be discovered
with sparse or noisy data.
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1 Introduction

In recent years, machine learning, particularly deep learning, has achieved notable de-
velopments in fields such as computer vision, natural language processing, and pattern recog-

nition. Simultaneously, the robust approximate capabilities of deep neural networks (DNNs)
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and their proficiency in handling nonlinear systems have increasingly facilitated their applica-
tion in computational sciences for solving classical applied mathematical problems, including
partial differential equations (PDEs). The physics-informed neural networks (PINNs), as ref-
erenced in [1], effectively integrates physical information from PDEs with neural networks,
and some libraries have been developed for this method [2, 3]. Successful applications of
PINNs have been made which involve PDEs and various engineering problems, such as e-
lastic mechanics [4], fluid mechanics [5, 6], stochastic differential equations [7, 8], fractional

order differential equations [9, 10], and phase-field model [11].

Delay integro-differential equations (DIDEs) find extensive applications across various
scientific disciplines, such as biosciences, economics, control theory, and material science
[12-14]. For these equations, analytical solutions are overly complex, necessitating the use of
reliable numerical methods for qualitative analysis. However, efforts to apply DNN to DIDEs
and DDEs have been limited. Xing et al in [15] proposed a single-hidden-layer Chebyshev
neural network, combined with the extreme learning machine algorithm, to solve delay-
integro-differential algebraic equations by dividing the time interval into subintervals, while
overlooking the discontinuities due to delay. In the case of integro-differential equations,
Lu et al in [2] employs automatic differentiation to compute integer-order derivatives and
classical numerical techniques to approximate integral operators. To avoid discretization
errors, Yuan et al in [16] replace the integrals in governing equations with auxiliary output
variables and employ automatic differentiation of these variables instead of the integral

operator.

Multi-task learning (MTL) involves the simultaneous processing of multiple tasks by
utilizing a shared learning representation [17]. From an architectural perspective, MTLs are
commonly categorized into two types: hard parameter sharing and soft parameter sharing.
Hard parameter sharing involves explicitly dividing the parameter set into a shared layer with
generic parameters and task-specific layers, which raises the question of which layers should
learn the shared information [18]. When different parts of the model share tasks, assuming
that sharing is reasonable, those parts of the model become more constrained to good values,
which often leads to improved generalization. In contrast to traditional MTL, DNN method
for solving PDEs involves explicit equations that describe the relationships between neural
network outputs [19, 20]. On the other hand, in traditional MTL, the relationships between
tasks are usually unknown and obtained after the training process [21]. Therefore, it is
reasonable to utilize MTL techniques when using deep learning methods to solve PDEs and

other equations.

In this paper, we propose a DNN method combining MTL and sequential training
scheme to solve the forward and inverse problems of DIDEs. We define the auxiliary out-

put variables to represent the integrals in the governing equation, and use the automatic
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differentiation of the auxiliary output instead of the integral operator, then divide the time
interval based on the delay term, converting the equation into multiple tasks. Subsequently,
DNN combined with MTL can be used to incorporate breaking point properties into the loss
function, but traditional DNN methods lack these properties. Moreover, to tackle the com-
plexity and optimization issues of the network loss function, we adopt a sequential training
scheme. This strategy enables the network to produce the reference solution for the delay
term in subsequent tasks, thereby effectively reducing the difficulty of training. To test the
effectiveness of different hard parameter sharing structures, we compared the following three
parameter sharing structures in numerical experiments: no sharing, full sharing, and partial
sharing. The results showed that the partial sharing structure had higher accuracy to some
extent than other structures. In addition, we will compare this method with traditional
DNN method to demonstrate its superiority. Finally, by training the unknown parameters
as hyper-parameters together with the parameters of DNN and adding new residuals of the
measurement data to the loss function, we made slight modifications to this method to solve
the inverse problem of DIDEs. The numerical simulation results show that even with noisy
data, our method can accurately discover unknown parameters in DIDEs.

The remainder of this paper is organized as follows. Section 2 describes the general
form of the forward and inverse problems for DIDEs, and the definition of breaking points.
In Section 3, we briefly introduce the A-PINN method for DIDEs, subsequently propose the
DNNs combining MTL and sequential training scheme for solving DIDEs. In Section 4, we
demonstrate the effectiveness of our method for solving the forward and inverse problems
of various DIDEs through several examples. Some conclusions and discussions are given in

Section 5.

2 Delay Integro-Differential Equations

The general form of the initial-value problem for DIDEs can be expressed as

{ u () = f(tult), ult — ) + X [1070) K(t, s)u(s)ds, t € [0,T), 21
u(t) = o(t), tel-70],

where 1™ (t) is the n-order ordinary derivative, 7 > 0 is the time delay, f (¢, u(t), u(t —7)) is
a linear or nonlinear function about ¢,u(t) and w(t — 7), besides, g(¢,7) and h(¢,7) are the
bounds of integration, K (¢, s) is the kernel function and ¢(t) is a given initial function. We
define t = 0,7,...,(M — 1)7, where M = [L], as the breaking points of the equation (2.1),
characterized by solutions with weak singularities.

We will consider both forward and inverse problems of DIDEs. In the forward problem,
we approximate the solution of u(t) for any t € [0,T], given the governing equations and

initial conditions. The inverse problem occurs when some parameters in the governing
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equation are undetermined, and measurement data from u(¢) are employed to identify these

parameters.

3 Methodology

In this section, we first introduce the application of the A-PINN method to solve DIDEs.
We then divide the original equations based on delay and solve them using DNNs with various

structures. Finally, a comprehensive explanation of the sequential training scheme is offered.
3.1 A-PINN for Solving DIDEs

We first consider the following DIDE:

(3.1)

{ u'(t) = ft,u(t),u(t—1)) + )xftt# K(s)u(s)ds, tel0,T],
u(t) = ¢(t), te[-r,0].

Let u(@;t) be a fully connected neural network consisting of one input layer, L — 1
hidden layers and one output layer with two outputs. To overcome the limitation of integral

discretization, we initially re-express equation (3.1) as follows:

w(t) = f(t,u(t),u(t — 7)) + Ao(t), tel0,T],

v(t) = ftt_T K(s)u(s)ds, te€[0,T], (3.2)
u(t) = ¢(t), tel-7,0],
v(0) = [° K(s)(s)ds

Subsequently, we use 4(0;t) as a surrogate for the solution u of the equation (3.1) by
ensuring that 4 satisfies the governing equation with the initial function. In addition, we
use 0(0;t) as the auxiliary output of the network to substitut v in equation (3.1), where 0
is the set of weights and biases of the network.

The input of the neural network consists of the coordinates of two types of train-
ing points: N; = {t},th, ...t} |} and Ny = {#{,85,....t], \}. Here, 1, € [-7,0] (n =
1,2,...,|N;|) are the initial points and ¢/ € (0,T] (n = 1,2,...,|A};|) are the collocation
points for the governing equation.

To ensure the approximate solution conforms to the initial function and governing e-
quation, we substitute 4(0;t) and 0(0;t) into equation (3.2). The computed values are then

integrated into a term within the loss function £, which is defined as follows:
L(0) =L (O;N;)+ L (O;Ny) + L, (0;N7). (3.3)

In the expression above,
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denotes the loss term for the initial time interval [—7, 0],

1 o0u(0;t) U
|Nj| v ot - f(t,U(H,t),u(G,t 7')) )\'U(e,t)

2

Ls(O;Ny) =

is the loss term of the governing equation calculated in (0,7, and
2

Lo (0;N7) = 3 ‘% 9 D k)a@:t) + K(t - 7)a(6;t — 7)
|N | teNy

denotes the loss term for the auxiliary output v(¢), with the relation of dv(t)/dt = K (t)u(t)—
K(t—7)u(t —1).

Finally, the neural network is optimized to identify the optimal 8* by minimizing the
loss function £(0). Due to the highly nonlinear and nonconvex characteristics of the loss
function, gradient-based optimization algorithms like Adam, gradient descent, and L-BFGS
are typically utilized to optimize the loss function.

The derivative of the network output with respect to the input ¢ can be computed using
the automatic differentiation (AD) technique [22]. This technique is also applicable for the
convenient computation of all required gradients with respect to the network parameters 6.
Unlike classical numerical differential methods such as finite difference, AD can produce exact
partial derivatives without truncation error [2]. Furthermore, AD can be easily implemented
on widely-used deep learning platforms such as TensorFlow and PyTorch, so we use PyTorch
and utilize the L-BFGS optimizer in this paper. Figure 1 shows the detailed schematic for
solving DIDEs using PINN.
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Figure 1 Schematic structure of A-PINN for solving DIDEs.

To discover the unknown parameters in the equations using measurement data, such
as the parameter A, a fine-tuning of the A-PINN framework is sufficient. This involves
incorporating A into the neural network, which is then trained with 8. In this scenario, the

loss function related to the measurement data is included in the overall loss function

(3.4)
+ [’a (07 AznvaNj) + ['inv (07 Aznvaj\/'zn'u) )
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where

2

Einv (07 )\Mwn/\/'zn'u) - L Z ’&(07 )‘MMH t) - ,u’”w(t)‘ .

|an | te-/\/inv

Here, Nj,, represents the set of measurement points within the time interval, 4™ (¢) denotes
the measurement data, and \;,, represents the unknown parameter in the DIDE. Noting
that the first three terms in (3.4) correspond to those in (3.3), and the last one includes the

trainable parameter.
3.2 DNNs with Different Parameter Sharing Structures

In this section, we utilize DNNs with diverse sharing structures to solve the DIDEs.
Similarly to A-PINN, we first transform equation (3.1) into the form (3.2) and subsequently
by dividing the time interval [0, 7] into subintervals 7y = [0, 7], T2 = [7,27],... and Ty =
[(M —1)7,T], where M = [ZL], the original equation can be expressed as

uy(t) = f(t,un(t), ur(t — 7)) + dvu(t), ¢ €[0,T7],
vi(t) = [,__K(s)ui(s)ds, te[0,T], (3.5)
ui(t) = ¢(t), te[-r0],
v (0) = [ K(s)p(s)ds
for the subinterval T, and
ul, (t) = f(t,um(t), um(t — 7)) + vy (8), t€[0,T],
U (t) :ft L K(s)um(s)ds, te[0,T], (3.6)
U (1) = Upm—1(t), t€[-T7,0],

(
Um (M — ) ) = Um—1((m —1)7)
for the subintervals T,,, (m =2,..., M).

Regarding parameter sharing in networks, we consider three representative sharing
structures: no sharing, partial sharing, and full sharing. Then we construct a neural net-
work with 2M outputs and present five network structures. Figure 2 illustrates schematic
diagrams of the various sharing structures for M = 3. The first three structures are partial
sharing structures, each comprising generic parameters and task-specific parameters. Here,
U, (6;t™) and 0,,,(0;t™) (™ € T,,) denote outputs used to approximate the solution w and
the integral v within the subinterval T;,, respectively. The accuracy of the various network
structures will be compared in each numerical experiment in Section 4, and the specific
architectures of these structures will also be presented in this section.

The loss function over all subintervals is defined as follows:

M
£(0) = > [£0 ON) + L7 (B N) + Li (ON) + £ (B5N7) |

m=1
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Figure 2 Schematic diagrams of networks with different sharing structures.

where

N a(i_l)ﬁmfl (07 t)
t=k—1 oti=n

L7 (O;N7) = Z[ et)

t_k_lr (3.7)

is the loss term of u(t) at the m-th breaking point,

ET(H f |Nm| Z

teENT?

2

‘9“’” O 1) bt (8:), i 1 (0 — 7)) — Aoy (8:1)

is the loss term of the governing equation on the m-th subinterval,
L (O;N) = [0 (05 (m = 1)7) = D —1(6; (m — 1)7)|”

denotes the loss term of the auxiliary output v(¢) at the m-th breaking point and

LZL(O f |Nm| Z

teNT

8“” O:8) K (#)ity (8:1) + K (t — 7 (60:1 — 7)

is the loss term of the auxiliary output v(t) on the m-th subinterval. Here N}* denotes
the set of collocation points within the m-th subinterval, and NJ* represents the set of the
m-th breaking point. Specifically, we have y(0;t) = ¢(t), 09(0;0) f K(s)p(s)ds. It is
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important to note that (¢ — 1) in (3.7) represents the supscript (¢ — 1)-th order derivative of
U (0;t) with respect to t.

The inclusion of these loss function terms and the integration of derivative information
is motivated by the regularity of the exact solution at the breaking points. In particular,
the DIDE (3.1) generally demonstrates C™ ! regularity at the breaking point t = (m —
1)7 [23, 24]. The specific form of the loss function L' varies among different equations
and is constructed by the properties at the breaking points, which may not always involve
derivatives.

After training, the final solution is obtained as the concatenated set of M outputs from
the neural network @(0;1):

M
Upred = U am<07tm>a " € Tm (38>

m=1
3.3 Sequential Training Scheme

Overly complex loss functions can increase the difficulty of network optimization, such
as the additional tasks and outputs introduced by MTL. Moreover, the training process
is significantly complicated by the influence of the previous state ., 1(0;t™ — 7) on the
solution ,,(0;t™) of the DIDE. To address the aforementioned difficulties, we employ a
sequential training scheme (STS) in which the approximation of the previous task serves as
a reference solution for the delay term in the subsequent task.

In STS, the outputs @, (8; t™) and o,, (0; t™) on the subinterval T}, are considered as the
m-th task. Subsequently, the first m tasks are trained sequentially using the equations (3.5)
and (3.6) to obtain a reference solution for the delay term in the next task. In the following,
we begin with computation of the reference solution on the interval 77. The corresponding

loss function for problem (3.5) can be defined as:
L(O) =Ly (0:;N]) + L} (6:;N}) + Ly, (0:Ny) + L (6;N})

where

L3 (6:N;) = 121(850) — 6(0)[°,

0
0(6:0) = [ K(»)o(s)ds
are the loss terms of u(t) and auxiliary output v(t) at the first breaking point ¢ = 0, and

Ly (O:N Z

teNl

Ll (N Z

teN1

2

Ly, (O:N]) =

2

8u10t

— f(t,01(05t),9(t — 7)) — Av1(0,1)

)

Ovlet 2

— K()u,(0;t) + K(t — 17)p(t — 1)




No. 1 Deep neural networks combining multi-task learning for solving delay integro-differential equations 21

are the loss terms of the governing equation and the auxiliary output v(¢) on the first
subinterval T;. Here N } denotes the set of collocation points on the first subinterval, and

= {0} represents the set of the first breaking point. After a specified training step
or when the loss function falls below a predetermined threshold, the outputs 4, (0;t') and
01(0;t') are saved as the reference solution @} (¢') and 9} (¢!). These reference solutions will

be utilized as initial functions for the subsequent task training.

Next, assuming that the reference solution af(t!),a3(t?),..., a5 (™ ') and o7 (t'),
05 (t%),..., 05 1 (t™1) on the subinterval Ty, Ty, ..., T,,_1 have been obtained, the loss func-

tion for the first m subintervals is defined as follows:
-y [cdl 0; NE) + L5 (0; NF) + L5, (0;NF) + £F (0 N7F) ] +5 2k, (0: A7)
k=1 k=2

where

Lh (O NE) = |an(8; (k — 1)7) — d_y (k= )7)[7,

9 Va,,(; 1) U Vay,_1(6;1)
k . k\ k\Y, _ k—1\Y,
£d2 (O’Nd) - [ otE—1) —h1 oti—1)

Lio (0:NF) = [04(6: (k — 1)r) — oy (k= 1))’
are the loss terms of u(t) and v(t) at the k-th breaking point, and

2.

teNF

['2 (9; f |Nk| Z

teENT

2
|
t=k—1

2

6

— f(t, 0, (0;t), uy_1(t — 7)) — Avg(0,1)

)

Ek( JI‘Q)_V\/’kl

G’Uket 2

— K(t)u,(0;t) + K(t — m)uy_,(t — 1)

are the loss terms of the governing equation and the auxiliary output on the k-th subinterval.
Here NV ;“ represents the set of training points on the k-th subinterval, while A% denotes the
set of the k-th breaking point. Specifically, 4g(t) = ¢(t), 05(0) = fET K(s)p(s)ds

Upon completion of training for the first m tasks, i, (0;t*), 0,(0;t*), k = 1,2,...,m are
saved as reference solutions 4} (t*), 9} (t*). Subsequently, the ultimate solution is obtained

using (3.8) after sequential training.

4 Numerical Experiments

This section utilizes DNNs with various parameter sharing structures in conjunction
with STS to solve different DIDESs, showcasing the effectiveness of the method. Next, we
provide the training conditions for the numerical examples. All examples are trained on a
GeForce RTX 4090 GPU using the tanh activation function and the L-BFGS optimization
algorithm. The fixed learning rate employed is 0.01. Latin hypercube sampling is employed
to select the training points [25]. All algorithms are coded in Python with PyTorch.
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In each numerical example of the forward problem, we initially compare the effectiveness
of the five network structures discussed in Section 3.2, followed by a comparison with A-
PINN using the most effective network that incorporates STS. In the following, 1 — N, —
N,/ — N; — N; — 2(*3) denotes a DNN with three tasks, the generic parameters consist of
two layers, each containing /N, neurons, while the task-specific parameters consist of three
parts, each with two layers of IN; neurons and two outputs. To assess the accuracy of the
solutions, the relative error (RE) is calculated using the formula |[tezact — Upred|ly / || Uezact ||o-
Here, || - ||2 represents the Lo norm, teyqce and upyyeq correspond to the exact solution and

the predicted solution obtained from the neural network, respectively.
4.1 The Forward Problem of DIDE

In this subsection we solve the following simple DIDE

W) = hult — 1)+ “/ttl u(s)ds, te0,3]

ut)=1, tel[-1,0].

(4.1)

Firstly, we induce an auxiliary output v(¢) to represent the integral, and rewrite equation
(4.1) as
u(t) = Mu(t — 1)+ po(t), telo,3],
t
o(t) = / u(s)ds, t€0,3]
t—1

u(t)=1, tel-1,0],
v(t)=1, te[-1,0].

Subsequently, by dividing the time interval [0, 3] into three subintervals based on 7 = 1,
and assuming that we have obtained the reference solutions for the first two subintervals,

we define the corresponding loss function over all three subintervals as

3 3
=> {Ldl SN+ L5 (0;NF) + L5, (0;NF) + LF (0, NF) } +> Lk, (6
k=1 k=2

where L41, L42 and Ly, are derived from subsection 3.3 at the special case of 7 = 1. Since
the DIDE (4.1) exhibits C*~! regularity at the breaking point ¢t = (k—1)7 = k — 1 (see
[25]).

2

0y (0;t)
uk — Ay

(t - 1) - :uvk<07 t) )

( j_ k|z

teNy

ck (6, N Z

teN’C

Gvkat 2

— U (0;1) + gy (= 1)
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are the loss terms of the governing equation and the auxiliary output on the k-th subinterval.
Specifically, u§(t) = 1, 05(0) = 1.

Let A =1, =1, we can obtain the exact solution of equation (4.1) as

e—et4+1, te]|0,1),
u(t) =q —te 4 lef 4 2ot Lol et 41, te1,2),

2 t—1

—2t%46t—5 —t+2 | —2t41 _ —t+1 t —t -
SRR 2 et pef —eTf S+ S 41, t€[2,3]

The exact solutions for other parameters of the equation can also be obtained.

Table 1 displays the configurations for five testing parameter sharing structures, all
having a nearly identical total number of network parameters, where L represents the number
of layers and N represents the number of neurons per layer. After solving equation (4.1) with
A = 1,u = 1 using the five tests and STS, Table 2 offers a quantitative comparison of the
results, with bolded loss values and RE highlighting the optimal results. The networks with
full sharing and no sharing structure performed worse than the referential test, but the no

sharing structure resulted in the shortest training time.

Table 1 Five testing structures used in subsections 4.1 and 4.4.

Test name Structure Layers Layers Number

shared Independent of Parameters

Partial sharingl = 1-30-30/-30-30-2(*3) 2L*30N 2L*30N 6756
Partial sharing2 1-30-30/-39-30-3(+2) 2L*30N  2L*39N 6768
Partial sharing3 1-30-30/-19-19-1(*6) 2L*30N 2L*19N 6924
Full sharing 1-46-46-46-46-6 4AL*46N OL 6860
No sharing 1-23-23-23-23-1(x6) 0L 41.*23N 7044

Next, we utilize the structure with the smallest relative error: partial sharing2 with
STS, to solve equation (4.1) with various Parameters. Subsequently, it will be compared
with A-PINN and partial sharing2 without STS.

For A-PINN, the numbers of collocation points on [—1,0] and [0, 3] are |[N;| = 50 and
|N}| = 153, respectively, and the network architecture is 1 — 47 — 47 — 47 — 47 — 2 with a
total of 6958 parameters. For partial sharing2 with or without STS, we set the numbers of
collocation points |N ;”| = 50,m = 1,2,3 for each subinterval and the breaking points are

1 ={0}, N? = {1}, N3 = {2}. Each scheme undergoes 500 iterations, with STS involved
in the second and third tasks at the 100th and 250th iterations, respectively.

Figure 3 compares the loss functions during the training of the three schemes used to
solve (4.1). The loss function of partial sharing2 with STS is minimal, indicating a less

arduous optimization challenge for equation (4.1) with varying Parameters, and it sharply
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Table 2 Comparison of testing results among the five structures in Table 1 for solving DIDEs.
Term Test name Iteration-300 Iteration-400 Iteration-500 Time

Partial sharingl 1.84e-3 5.21e-5 4.49e-5 8.74s
Partial sharing?2 5.35e-4 1.03e-4 7.07e-5 9.72s
Loss  Partial sharing3 2.57e-4 5.91e-5 5.89e-5 9.79s
Full sharing 5.91e-1 3.59e-4 2.03e-4 8.84s
No sharing 3.82e-4 7.52e-5 6.76e-5 8.68s
Partial sharingl 1.75e-4 2.59e-5 2.50e-5
Partial sharing?2 4.59e-5 2.15e-5 1.70e-5
RE  Partial sharing3 1.06e-4 2.11e-5 1.98e-5
Full sharing 4.13e-2 1.01e-4 7.06e-5
No sharing 8.33e-4 5.24e-5 5.13e-5

increases with the addition of each subsequent training task. Notably, partial sharing2
without STS fails to converge for Parameters A = 5 and p = —3, and thus is not depicted in
the figures or table. Figure 4 compares the prediction results of various methods against the
exact solution at different equation parameters, along with the absolute values of point-wise
errors. Partial sharing2, with or without STS, yields good results in cases of convergence.
However, the error without STS gradually increases over time, while the addition of STS
has to some extent reduced this problem. Table 3 shows the relative errors and training
times for the three schemes. Due to A-PINN not taking into account the information at the
delay points, the relative errors of partial sharing2 with STS are 2-3 orders of magnitude
higher than those of A-PINN. It can be found that STS effectively reduces training difficulty,
decreases training time, and enhances approximation accuracy across various parameters.
Additionally, for equations with different weak singularities at the breaking points, partial
sharing2 exhibits high convergence difficulty in certain cases and may even fail to converge,
highlighting the necessity of STS.

4.2 The Forward Problem of NDIDE
In this subsection, we examine the following neutral delay integro-differential equation

(NDIDE) with a discontinuous initial function:

{ Llu(t) —u(t —1)] = Mt —1) +p [ uls)ds te[0,2], 12)

u(t) = 6(t) te[-1,0]

where ¢(t) =1 for t < 0 and ¢(0) = 2.
In NDIDEs, the evolution of phenomena is influenced by both the delay term and its
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Figure 3 Loss history of diverse schemes for DIDEs with different parameters.

Table 3 Comparison of diverse schemes for solving DIDEs with different parameters.
Parameters NN structure  STS RE Loss  Time

A-PINN 1.53e-3 5.42e-4 12.1s

A=1,u=1 Partial sharing2 8.44e-5 1.26e-4 15.6s
Partial sharing2 /  1.70e-5 7.07e-5 9.72s

A-PINN 1.47e-2  1.96e-5 9.41s

A=—3 p=1 Partial sharing2 2.08¢-4  7.59¢-6  7.68s
Partial sharing2 /  9.84e-5 1.73e-6 5.56s

A-PINN 2.11e-2  2.05e-3 27.2s

A=5, u=—-3 Partial sharing2 - - -
Partial sharing2 / 7.38¢-5 1.73e-6 8.18s

derivative. NDIDEs produce discontinuities determined by the delay function when the
initial function and the exact solution are not seamlessly connected. These discontinuities
disrupt the overall smoothness of the solution, making it more challenging to achieve precise
numerical results.

Similar to the approach used for solving DIDEs, we first rewrite equation (4.2) as the

following delay integro-differential algebraic equation:

Llw(t)] = Au(t — 1) + po(t), te[0,2],
o(t) = [, u(s)ds, tel0,2],

w(t) =u(t) —u(t—1), te]0,2],

u(t) = ¢(t), te[-1,0],

(t)=1, tel-1,0],

Next, we divide the time interval [0, 2] into two subintervals T} = [0, 1], T, = [1,2], and

then assuming that the reference solutions a7 (¢!), 97 (t'), and w;(¢') on the first subinterval



26 Journal of Mathematics Vol. 45

» A—PINN 1.0 ’ A—PINN
20] ¢ Exactu(t) 0.9 61 « Exactu(t)
_ 08
s 307
06

A — PINN
0.5 e Exact u(t)

00 05 10 15 20 25 3.0
t

7
25 1.0
Partial sharing2 e Exact u(t)
20 e Exact u(t) 0.9 6 .
5 .
.
= - 0.8 4 .
= 1 E] .
0.7 3 .
.
0.6 2 ettt
Partial sharing2 .
0.5 e Exact u(t) 1
00 05 10 15 20 25 3.0
0.0 0.5 1.0 1.5 2.0 25 3.0 t
t
= Partial sharing2 + STS 1.0 Partial sharing2 + STS
20 e Exactu(t) 0.9 6 e Exactu(t)
0.8
= =
> 207
0.6 - -
Partial sharing2 + STS
0.5 e Exactu(t)

o

.0 05 10 15 20 25 3.0
t

10t
— A-PINN o | — A-pPn —— A-PINN
100 | — Partial sharing2 10°1 __ partial sharing2 —— Partial sharing2 + STS
—— Partial sharing2 + STS —— Partial sharing2 + STS 10-1
1072
f 1072 — —
£ £ 21073
w w1074 w
1074
10-6 107°
10°¢
1078 1077
00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0
t t t
— — — 1 — 1 — —
(a))‘*Ly‘*l (b))‘*_§7,u‘*§ (C))\—5,M -3

Figure 4 The exact solution, predicted solutions and the absolute value of point-wise errors of diverse

schemes for DIDEs with different parameters.
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have been obtained, the loss function is defined as follows:

2
= 3 [£5 (O:NF) + Lhuy (B:NF) + L8, (O:NF) + Lhog (B NF) + L (B:NF) |,
k=1

where )

8wk °R t)

— Ay, (t—1) — pog(0,1t)

teNy

is the loss term of the governing equation on the k-th subinterval,

Lho (O NF) = |0n(0;k — 1) —d7_ (k= 1)|*,

Lk (0:NF) = | (8:k — 1) — i}, (k — 1)’

denote the loss terms of the auxiliary outputs v(t) and w(t) at the k-th breaking point,

according to the property of the exact solution, that is, v(¢) is continuous on the time

Ly (6:N, Z

teN’C

interval. )
G’Uk 0 t

— U (6;1) + iy (1)

)

ck, (O;NF) = |N’“| 3 ‘wk (0:1) — an(0:0) + a4t (t — 1)‘2

teENT
are the loss terms of the auxiliary outputs v(¢) and w(t) on the k-th subinterval. Specifically,
ag(t) =1, 95(0) =1 and wg(0) = 1.

Table 4 presents the configurations of the five testing parameter sharing structures
employed to solve the NDIDE. Table 5 provides a quantitative comparison of the solutions
to the equation (4.2) with A = 1, 4 = 1 utilizing these five structures. Similar to the results
obtained from solving equation (4.1), the loss functions and relative errors of the partial
sharing structures are smaller than those of the no sharing and full sharing structures.
Notably, partial sharing2 exhibits the smallest loss function, while partial sharing3 shows
the smallest relative error.

Next we use partial sharing3 for comparison with A-PINN. For A-PINN, the numbers
of collocation points on [—1,0] and [0, 2] are |N;| = 50 and |N;| = 102, respectively, and the
network architecture is 1 —47 — 47 — 47 — 47 — 3 with a total of 7006 parameters. For partial
sharing3 with or without STS, we set the numbers of collocation points [N }”| = 50,m =
1,2 for each subinterval and the breaking points are NJ = {0}, N7 = {1}. Each of the
three schemes undergoes 500 iterations, with STS engaging in the second task at the 200th
iteration.

Figure 5 illustrates a comparison of the loss functions during the training of the three

schemes used to solve (4.2). It is evident that partial sharing3 is more challenging to train
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Table 4 Five testing structures used in subsection 4.2.

Test name Structure Layers Layers Number of

shared Independent Parameters

Partial sharingl 1-30-30/-40-40-3(x2) 2L*30N  2L*40N 6996
Partial sharing? 1-30-30/-31-31-2(+3) 2L*30N  2L*3IN 7041
Partial sharingd 1-30-30/-19-19-1(*6) 2L*30N 2L*19N 6924
Full sharing 1-46-46-46-46-6 41L*46N OL 6860
No sharing 1-23-23-23-23-1(x6) 0L 41.*23N 7044

Table 5 Comparison of testing results among the five structures in Table 4 for solving NDIDE.
Term Test name Iteration-300 Iteration-400 Iteration-500 Time

Partial sharingl 6.02e-5 4.92e-5 4.91e-5 6.65s
Partial sharing?2 1.07e-4 2.27e-5 2.26e-5 7.42s
Loss  Partial sharing3 5.78e-5 3.88e-5 3.84e-5 6.33s
Full sharing 1.19e-3 4.11e-4 4.08e-4 7.62s
No sharing 1.31e-4 7.12e-5 7.11e-5 6.17s
Partial sharingl 3.53e-4 2.80e-4 2.77e-4
Partial sharing?2 5.31e-4 2.96e-5 2.91e-4
RE  Partial sharing3 3.97e-4 2.19e-4 2.12e-4
Full sharing 1.70e-3 9.44e-4 8.58e-4
No sharing 7.39e-4 6.17e-4 5.82e-4

without STS compared to when STS is included. Furthermore, the loss function of partial
sharing3d with STS the smallest among all three sets of parameters. Figure 6 presents a
comparison of the prediction results from various methods against the exact solution at
different equation parameters, along with the absolute values of point-wise errors. A-PINN
exhibits a significant error at the breaking points, which is mitigated by partial sharing3
and further improved with STS. However, when \ = %, 0= f‘;), partial sharingd without
STS incurs a greater loss and exhibits a higher error, whereas incorporating STS resolves
this issue, indicating that the nature of the equations influences the optimization difficulty..
Table 6 provides the relative errors and training times associated with the three schemes.
The relative errors of partial sharingd with STS are two orders of magnitude higher than
those of A-PINN.

4.3 The Forward Problem of Nonlinear Partial DIDE
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Figure 5 Loss history of diverse schemes for NDIDEs with different parameters.

Table 6 Comparison of diverse schemes for solving NDIDEs with different parameters.

Parameters Test name STS RE Loss  Time
A-PINN 1.39e-2  7.57e-4 8.62s

A=1Lpu=1 Partial sharing?2 5.03e-4  7.64e-4 13.1s
Partial sharing2 / 2.12e-4 3.84e-5 6.33s

A-PINN 1.98e-2 8.24e-5 8.63s

A= -3, u=2 Partial sharing2 1.17e-3  6.66e-5 9.63s
Partial sharing2 / 1.72e-4 1.63e-5 4.43s

A-PINN 2.34e-2 3.3le-4 8.66s

A= %, W= —% Partial sharing?2 6.43e-2 4.14e-3 13.8s

Partial sharing2 /  3.35e-4 6.92e-6 4.55s

In this subsection, we address the initial-boundary value problem for the following
nonlinear partial DIDE:

u(z,t) = —u(z,t — Dug(x,t) + /t_l estu(z, s)ds + f(x,t), (x,t) € Qx[0,3],
u(z,t) = sin(rz), (z,t) € Qx[-1,0],

u(0,t) = u(l,t) =0.

Here, f(x,t) is chosen by the exact solution

e'sin(rz), tel0,1),
u(t) = 6_%t+%sin(ﬂ—$)7 t e {17 2)7
eilsin(rz), te[2,3].

By introducing an auxiliary output v(¢) to represent the integral in the equation, (4.3)
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Figure 6 The exact solution, predicted solutions and the absolute value of point-wise errors of diverse
schemes for NDIDEs with different parameters.
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can be re-expressed as
u(z,t) = —u(z, t — Dug(z, 1) +v(z,1), (@,t) € 2 x[0,3],

¢
v(x,t) = / e*tu(x, s)ds,
t—1
u(0,1) = u(1,t) =0,

u(z,t) =sin(mrz), (z,t) € Qx[-1,0],

v(z,t) = (1 — e Hsin(rz), (z,t) € 2 x[-1,0].

After dividing the time interval [0, 3] into three subintervals based on the delay, the loss

function, which incorporates the boundary condition loss term, can be expressed as:

3
L(0) =Y |k (O:NEF) + L (0:NF) + L, (6: NF) + LL (0:NF) + LF (0:NF) ],
k=1

where )

)

~

ak<07 z, t) - ﬂ2—1<$7 t)

1
ch(O;N}) = T >

| d| (m,t)E/\/dk

1
Lo (O:NF) = iy D [ow(Os0) =y (1)

| d| (z,t)eN)

are the loss terms of u(z,t) and v(x,t) on t = k — 1 by the continuity of u at the breaking

points,
1 Oty (05 x,t) Dy, (0; ) 2
k . k\ __ ) * )
‘Cf (O,Nj)_w Z T—Fukfl(t—l)T—Uk(e,t) s
(z,t)ENT
1 00, (0; x,t R . R ?
LEONF) = o 2 O0O0,0) _ (058 + e Va6 — 1) + 5465, 1)
| f| (z,t)tENE ot

are the loss terms of the governing equation and the auxiliary output v(z,t) on the k-th

spatio-temporal domain, and

~ 1
LY (0;NF) =
b ( b ) |ka| (I7§N$

~ 2
ﬂk(e;.’E,t) -0

is the loss term for the boundary conditions. Specifically, 4§(t) = sin(wx), 05(0) = (1 —
e Hsin(mz).

Table 7 presents the five tests related to equation (4.3). Table 8 provides a quantitative
comparison of the results, highlighting the optimal outcomes through bolded loss values and
RE. It can be observed that no sharing structure exhibits a low initial error, but partial

sharing3 ultimately achieves the smallest error.
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Table 7 Five testing structures used in subsection 4.3.

Test name Structure Layers Layers Number of

shared Independent Parameters

Partial sharingl 2-30-30/-30-30-2(x3) 2L*30N 2L*30N 6786
Partial sharing2 2-30-30/-39-39-3(x2) 2L*30N 2L*39N 6798
Partial sharing3 2-30-30/-19-19-1(%6) 2L*30N 2L*19N 6954
Full sharing 2-46-46-46-46-6 41L*46N OL 6906
No sharing 2-23-23-23-23-1(x6) 0L 41.*23N 7182

Next, we employ partial sharing3 to compare with A-PINN. We take |[V;| = 3000
initial points in  x [—1,0], |[Ny| = 300 boundary points at * = 0,1 and [N}| = 9300
collocation points across the extire spatial-temporal domain for A-PINN. The network is
structured as 2-46-46-46-46-2, comprising 6718 parameters. For partial sharing3 with or
without STS, we take |[NJ*| = 100 (m = 1,2, 3) breaking points at ¢t = 0, 1, 2, respectively,
INy*| = 100 (m = 1,2,3) for each boundary conditions and [N7'| = 3000 (m = 1,2,3)
collocation points for each task. Each of the three schemes is subjected to 1000 iterations,
with STS participating in the second and third tasks at the 200th and 500th iterations,
respectively.

Figure 7 compares the loss functions during the training of the three schemes used to
solve (4.3). The results indicate that the loss function of partial sharing3 with STS is the
smallest, presenting a less challenging optimization problem for equation (4.3). Figure 8
presents the comparison of the prediction results of the diverse methods with the true solu-
tion, together with the point-wise errors. Both configurations of partial sharing3, with and
without STS, yield favorable results, but the error of the former increases more significantly
with the increase of t. Table 9 provides the relative errors and training times for the three
schemes. The relative error of partial sharing3 with STS is two orders of magnitude higher
than that of A-PINN.

— A-PINN
103 4 —— Partial sharing3
—— Partial sharing3 + STS

104

0 200 500 1000
iterations

Figure 7 Loss history of diverse schemes for solving equation (4.3).
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Table 8 Comparison of testing results among the five structures in Table 7 for solving equation (4.3).
Term Test name Iteration-600 Iteration-800 Iteration-1000 Time

Partial sharingl 3.46e-4 6.64e-5 6.08e-5 47.0s
Partial sharing2 5.37e-4 7.75e-5 7.46e-5 53.6s
Loss  Partial sharing3 3.87e-4 6.42e-5 6.42e-5 49.9s
Full sharing 1.20e-3 8.05e-5 6.99e-5 53.3s
No sharing 4.59e-4 7.50e-5 7.49e-5 40.1s
Partial sharingl 2.64e-3 1.34e-3 1.02e-3
Partial sharing2 1.68e-3 1.59e-3 9.73e-3
RE  Partial sharing3 1.55e-3 1.12e-3 8.70e-4
Full sharing 3.81e-3 1.19e-3 1.25e-3
No sharing 1.37e-3 1.07e-3 9.31e-4

Table 9 Comparison of diverse schemes for solving equation (4.3).

NN structure  STS RE Loss  Time
A-PINN 1.36e-2 1.44e-3 65.1s
Partial sharing3 1.51e-3 2.45e-4 84.0s
Partial sharingd /  6.69e-4 6.42e-5 49.9s

4.4 The Inverse Problem of Nonlinear DIDE

In this subsection, we consider the inverse problem of the following nonlinear DIDE:

{ W () = Mu(t — Du(t) +p [0 e tu(s)ds, te 0,3, 4

u(t) =1, te[-1,0].
We induce an auxiliary output v(t) to represent the integral, and rewrite (4.4) as
u'(t) = Au(t — Du(t) + po(t), tel0,3],

t

v(t) = e’ tu(s)ds, te€l0,3],

After dividing the time interval [0, 3] into three subintervals based on 7 = 1, assuming

that the reference solutions on the first two subintervals have been obtained, we define the
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Figure 8 The exact solution, approximate solutions and point-wise errors of different schemes for

equation (4.3).

corresponding loss function over all three subintervals as:
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where L1 L4 and Ly, are derived from subsection 3.3 under the special case of 7 = 1 and

adding trainable parameters.
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is the loss term of the governing equation on the k-th subinterval,

8’0k 0 )\MMMMMMM )
ot

- ak<07 )\inva Hinwv; t)

£k( znva,uznvv-/\/’f) |Nk| Z

teENT
2
+ 6_1112 1(t — 1) + ﬁk(eu )\inmﬂinv;t)

is the loss term of the auxiliary output v(¢) on the k-th subinterval and

1
[’fn'u (0’ )\i"”’ 'LL”””‘/\/”W) = TArk | Z ﬁk(07 )\znva t) - U;qnv(t)f

| Mw|t N

inv

is the loss term of measurement on the k-th subinterval. Here, N represents the set of

measurement points within the k-th subinterval and u{""(t) denotes the measurement data.
Specifically, 44(t) = 1, 95(0) =1 — e %

Table 10 demonstrates the training results for A = —1 and p = 1. We set the numbers
of measurement points |[N;" | = 50, m = 1,2,3 for each subinterval, and the corresponding
u!™(t),m = 1,2,3 are obtained by high-precision finite difference method. Partial sharing2
and partial sharing3 are found to be more effective, we selected the latter for the subsequent

phase of the experiment.

Table 10 Comparison of testing results among the five structures in Table 1 for training X and pu.

Term Test name Iteration-300 Iteration-400 Iteration-500 Time
Partial sharingl 1.13e-3 1.04e-3 9.21e-4 4.38s
Partial sharing2 5.48e-4 3.29e-4 3.40e-4 5.69s
IA = X\inw| Partial sharing3 2.48e-3 1.22¢-3 8.17e-4 5.24s
Full sharing 2.91e-3 5.75e-4 5.64e-4 5.34s
No sharing 9.41e-4 8.79e-4 8.41e-4 4.67s
Partial sharingl 2.12e-3 2.00e-3 1.84e-3
Partial sharing?2 2.92e-3 8.21e-4 8.74e-4
|t — tiny| Partial sharing3 2.42e-3 8.27e-4 3.31e-4
Full sharing 3.94e-3 1.43e-3 1.40e-3
No sharing 2.34e-3 2.26e-3 2.21e-3

To further analyze the effects of the number of measurement data and the noise level
on solving the inverse problem, we employed various amounts of measurement data with
distinct noise levels as training data. Noisy data is generated by adding Gaussian noise to
the exact values. We tested the number of measurement data ranging from 10 to 500 across

each interval, with noise levels varying from 0% to 10%. The absolute value of absolute
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errors of the parameters A and p across different scenarios are presented in Table 11. As
the number of measurement data increases, the error of the identified parameters decreases,
resulting in more accurate values for A and u. However, increasing the noise level in the
measurement data results in higher errors for the identified parameters. The results indicate
that with sufficient measurement data, there is no sensitivity to the noise level, and the

unknown parameters can be accurately identified even when the amount of data is limited.

Table 11 The absolute value of absolute errors in the identified A and p for different numbers of

measurement data and noise levels.

Term Ninw 0% noise 1% noise 5% noise  10% noise
10 1.70e-3 2.04e-2 9.93e-2 1.89%e-1
30 3.19e-4 2.32e-3 5.48e-3 5.86e-2
50 8.17e-4 2.58e-3 7.25e-3 3.43e-2

A = Aol 100 1.96e-3  3.70e-3  7.08e-3  8.5le-3
200 2.48e-4  1.38¢-3  6.56e-3  3.12e-3
500 2.65e-4  T7.l4e4  3.83e-3  3.69e-3
10 2.35e-3  3.13e2  7.58¢-2  9.5le-2
30 35le-3  3.55e-3  1.19e2  8.14e-2
50  3.3led  5.43e-3  9.04e-3  1.04e-2
|1t — Lino]

100 7.76e-4 5.44e-3 2.01e-3 8.95e-3
200 1.06e-3 1.17e-3 2.04e-2 2.13e-2
500  4.09e-4 8.63e-4 5.06e-3 7.14e-3

5 Conclusions

In this paper, we employed DNNs combining MTL with STS to address both the forward
and backward problems of DIDEs. To efficiently incorporate the regularity at breaking
points into the loss function, the original problem is divided into multiple tasks based on
the delay. We subsequently employed various parameter sharing structures for comparison.
To deal with the optimization challenges arising from the increased complexity of the loss
function, we adopted STS to generate reference solutions for subsequent tasks. Notably, the
additional degrees of freedom offered by the network structure in MTL enable the effective
incorporation of properties at the delay points of the equations and the auxiliary outputs
into the loss function.

Numerical experiments showed that the DNNs combined with MTL and STS had higher

accuracy than A-PINN in solving the DIDEs. Among the parameter sharing structures: no
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sharing, full sharing, and partial sharing, the partial sharing structure yields relatively better

results, whereas the full sharing structure is less effective than the others. It can be found

from the loss values and relative errors that using STS effectively reduced training difficul-

ty and improved approximation accuracy. In solving the inverse problem, we successfully

identified the unknown parameters in the equations. Furthermore, this method effectively

identifies these parameters even when sparse or noisy measurement data are present.
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