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Abstract: This paper studies the problem of the spectral radius of the uniform hypergraph

determined by the signless Laplacian matrix. The upper bound of the spectral radius of a uniform

hypergraph is obtained by using Rayleigh principle and the perturbation of the spectral radius under

moving the edge operation, and the extremal hypergraphs are characterized for both supertree and

unicyclic hypergraphs. The spectral radius of the graph is generalized.
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1 Introduction

The goal of spectral graph theory is to study the relation between combinatorial proper-

ties of graphs and the eigenvalues of matrices associated to the graph, such as the adjacency

matrix, the Laplacian matrix and the signless Laplacian matrix. In 2008, Lim ([1]) proposed

to study the spectral hypergraph theory via eigenvalues of tensors. In 2012, Cooper and

Dutle ([2]) defined the eigenvalues of the adjacency tensor for studying the spectra of hy-

pergraphs, and proved a number of basic results in spectral graph theory. Recently, a lot of

results have been developed on the spectral hypergraph theory via tensors ([3-7]). However,

it is hard to obtain eigenvalues of tensors because most tensor problems are NP-hard ([8]).

Therefore, it remains important to study the spectral hypergraph theory through eigenvalues

of matrices.

In ([9]), Kauê introduced the definition of the signless Laplacian matrix of hypergraph,

which is another approach to deal with spectral properties of hypergraphs. Let H be a

hypergraph whose incidence matrix is B. The signless Laplacian matrix of H is defined as

Q(H) = BBT . The signless Laplacian spectral radius of H , denoted by ρ(Q(H)) or ρ(H), is
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the largest eigenvalue of the signless Laplacian matrix Q(H). In this paper, we shall study

the signless Laplacian spectral radius with respect to connected k-uniform hypergraphs.

A k-uniform hypergraph H = (V,E) consists of a vertex set V = V (H) and a hyperedge

(or edge) set E = E(H), where each edge e ∈ E(H) is a subset of V (H) containing exactly

k vertices. In particular, a 2-uniform hypergraph is a graph. The incidence matrix of H is

defined to be a matrix B = (bij) whose rows and columns are indexed by the vertices and

edges of H , respectively. The (i, j)-entry of B is 1 if vi ∈ ej and 0 otherwise.

Let Ev = Ev(H) be the set of edges of H containing v. For a vertex v ∈ V (H) the

degree dH(v) (or d(v)) is defined as dH(v) = |Ev(H)|. Vertex with degree one is called

pendent vertex, and an edge e is called a pendent edge if e contains exactly k − 1 pendent

vertices. We denote by N(v) the neighborhood of a vertex v ∈ V (H). A walk of length

l in H is a sequence of vertices and edges: v0e1v1e2 . . . elvl satisfying that {vi, vi+1} ⊆ ei

for i = 0, 1, . . . , l − 1. A walk is called a path if no vertices or edges are repeated. We say

a walk is closed if v0 = vl. A closed walk is called a cycle if all vertices and edges in the

walk are distinct. For any u, v ∈ V (H), if there is a path from u to v, then we say that

H is connected. A connected k-uniform hypergraph with n vertices and m edges is r-cyclic

if n − 1 = (k − 1)m − r. For r = 0, 1 or 2, it is called a supertree, a unicyclic hypergraph

or a bicyclic hypergraph. We say a hypergraph is linear if any two edges share at most

one common vertex. For other undefined notations and terminology from graph theory, the

readers can refer to ([10]).

2 Preliminaries and Some Lemmas

Let H = (V,E) be a connected hypergraph. The clique graph C of H is a multigraph

whose vertex set V (C) = V (H), and the number of edges between two vertices of C is equal

to the number of hyperedges containing them in H ([11]). If H is a graph, then the clique

graph of H is itself. The line graph L of H is obtained by transforming the hyperedges of

H into the vertices of L, and the number of edges between two vertices of L is equal to the

number of common vertices in the two corresponding hyperedge.

Example 1. The clique graph C and line graph L of H are illustrate in Figure 1, where

V (H) = {1, 2, 3, 4, 5}, E(H) = {(1, 2, 3), (1, 4, 5), (3, 4, 5)}.

 

Figure 1 Hypergraph H, clique graph C and line graph L
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Lemma 2.1 Let H be a k-uniform hypergraph, B its incidence matrix, D its degree

matrix, AC and AL the adjacency matrices of its clique graph and line graph, respectively.

Then BBT = D + AC, B
TB = kI + AL.

It is easy to see that Q = BBT = D + A if H is a simple graph, where A is the

adjacency matrix of H . That is, the definition of Q for hypergraphs coincides with the

signless Laplacian matrix introduced by graph theory. For k ≥ 2, let H be a k-uniform

hypergraph with V (H) = [n], where [n] = {1, 2, . . . , n}. A column vector x = (x1, . . . , xn)
T

can be considered as a function defined on V (H) which maps vertex i to xi, i.e., x(i) = xi

for i = 1, . . . , n. For a subset U ∈ [n], we write x(U ) = xU =
∑

i∈U xi and di = d(i). By

Lemma 2.1, using the product of matrices, we have

(Qx)i = dixi +
∑

j∈N(i)

xj =
∑

e∈Ei

x(e). (2.1)

Let H be a k-uniform hypergraph with V (H) = [n]. For x ∈ Rn, by Lemma 2.1 we get

xTQx =
∑

i∈V

dix
2
i + 2

∑

e∈E

∑

{i,j}⊂e

xixj =
∑

e∈E

[x(e)]2. (2.2)

Let H be a k-uniform hypergraph and Q = (qij) be a matrix with row sums ri(i = 1, . . . , n),

according to Lemma 2.1, we have ri =
∑n

j=1 qij = kdi. By matrix theory, we get

kδ ≤ ρ(H) ≤ k∆. (2.3)

Where δ and ∆ are the minimum degree and maximum degree of H , respectively. It is clear

that the signless Laplacian matrix Q is symmetric, non-negative and semi-definite positive.

Furthermore, if H is connected, then Q is irreducible. These properties allow us to apply

the Rayleigh principle and Perron-Frobenius theorem for the matrix Q.

Theorem 2.2 (Rayleigh principle ([12])) Let H be a k-uniform hypergraph, and

Rn
+ = {x ∈ Rn|x ≥ 0}. If λ1 is the largest eigenvalue of Q, then

λ1 = ρ(H) = max{xTQx|x ∈ Rn
+, ‖x‖ = 1}.

Further, x ∈ Rn
+ with ‖x‖ = 1 is an eigenvector of Q corresponding to ρ(H) if and only if it

is an optimal solution of the maximization problem.

By Perron-Frobenius theorem, for irreducible nonnegative matrix Q, it has a unique

positive eigenvector x with ‖x‖ = 1 corresponding to ρ(H), and we call x the principal

eigenvector of Q. Let x be the principal eigenvector of Q. By Eq.2.1, the eigenequation of

Q for ρ(H) can be written as follows:

ρ(H)xi = dixi +
∑

j∈N(i)

xj =
∑

e∈Ei

x(e). (2.4)
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Lemma 2.3 Suppose that A and B are m × n and n × m matrices, respectively.

Then AB and BA have the same non-zero eigenvalues.

Proof According to the matrix operations, we can get the following equality

(

Im −A

0 In

)(

AB 0

B 0

)(

Im A

0 In

)

=

(

0 0

B BA

)

.

It is clear that
(

Im −A

0 In

)(

Im A

0 In

)

=

(

Im 0

0 In

)

.

It implies that the matrix (AB 0
B 0 ) is similar to ( 0 0

B BA ). Thus they have the same character-

istic polynomial, that is λndet(λIm − AB) = λmdet(λIn − BA). Obviously, λ is a non-zero

eigenvalue of AB if and only if it is one of BA.

According to Lemma 2.3, BBT and BTB have the same non-zero eigenvalues. Therefore

the following theorem is given.

Theorem 2.4 Let H be a k-uniform hypergraph with n vertices and m edges, and

L(H) be the line graph of H , then

ρ(H) = ρ(L(H)) + k.

Applying this theorem, we can obtain ρ(H) from the adjacency spectral radius of L(H).

Now we state another method to prove the result.

Proof For the k-uniform hypergraph, let vertex set V (H) = [n] and edge set E(H) =

e1, e2, . . . , em. Let L(H) be the line graph of H with vertex set V (L(H)) = e1, e2, . . . , em

and edge set E(L(H)) as defined above. We denote by di and dei the degree of a vertex i in

H and the degree of a vertex ei in L(H), respectively. Suppose the positive vector x is the

principal eigenvector corresponding to the spectral radius ρ(H). Let et = {t1, t2, . . . , tk} be

an edge of H . For each vertex ti in et, combining with (2.1), we have

ρ(H)xti =
∑

e∈Eti

x(e).

Summing over all vertices in et, we obtain that

k
∑

i=1

ρ(H)xti =

k
∑

i=1

∑

e∈Eti

x(e) = kx(et) +
∑

j 6=t

|ej ∩ et|x(ej).

ρ(H)x(et) = kx(et) +
∑

j 6=t

|ej ∩ et|x(ej).

ρ(H) = k +
∑

j 6=t

|ej ∩ et|
x(ej)

x(et)
. (2.5)
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Where |ej∩et| is the number of common vertices of the edges ej and et in H . Notice that the

line graph L(H) may be a multiple graph, and the number of edge ejet in L(H) is exactly

|ej ∩ et|. Define two positive vectors a = (a1, a2, . . . , am)T and y = (y1, y2, . . . , ym)T , where

ai = x(ei) and yi =
ai

‖a‖ . It is easy to verify that ‖y‖ = 1. Then we have

ρ(L(H))yt =
∑

ejet∈E(L(H))

yj =
∑

j 6=t

|ej ∩ et|yj ,

ρ(L(H)) =
∑

j 6=t

|ej ∩ et|
yj
yt

=
∑

j 6=t

|ej ∩ et|
aj
at

=
∑

j 6=t

|ej ∩ et|
x(ej)

x(et)
. (2.6)

Combining (2.5) with (2.6), we have ρ(H) = ρ(L(H)) + k.

Lemma 2.5 ([9]) Let H be a connected uniform hypergraph. If H0 is a subgraph of

H , then

ρ(H0) ≤ ρ(H).

The following inequality is easy to verify, which will be used in the following proof.

f(x) = ax2 + b(c− x)2 ≥ abc2

a+ b
. (2.7)

For a connected irregular graph G with n vertices, maximum degree ∆ and diameter d,

Ning et al. ([13]) showed that ρ(G) < 2∆ − 1
(d− 1

4 )n
, and Guo and Zhou ([14]) showed that

ρα(G) < ∆− 2(1−α)
(2d−α)n

. Where ρ(G) and ρα(G) are the signless Laplacian spectral radius and

α-spectral radius of G, respectively. Motivated by ([13,14]), we give an upper bound for the

signless Laplacian spectral radius of irregular hypergraphs.

Theorem 2.6 Let H be a connected irregular k-uniform hypergraph with n vertices,

m edges, maximum degree ∆ and diameter d, we have ρ(H) < k∆− k∆(n∆−km)
2dmk(n∆−km)+n∆

.

Proof Let x be the principal eigenvector of Q(H), and u, v be the vertices of H such

that xu = max{xi : 1 ≤ i ≤ n} and xv = min{xi : 1 ≤ i ≤ n}. Because k∆ ≥ ρ(H), we

consider the difference k∆− ρ(H). By Eq. 2.2, we have

k∆− ρ(H) = k
∑

i∈V

∆x2
i − xTQx

= k
∑

i∈V

∆x2
i −

∑

i∈V

dix
2
i − 2

∑

e∈E

∑

{i,j}⊂e

xixj

= k
∑

i∈V

(∆− di)x
2
i + (k − 1)

∑

i∈V

dix
2
i − 2

∑

e∈E

∑

{i,j}⊂e

xixj

= k
∑

i∈V

(∆− di)x
2
i +

∑

e∈E

∑

{i,j}⊂e

(xi − xj)
2.

Note that
∑

i∈V di = km, then we have

k∆− ρ(H) ≥ k(n∆− km)x2
v +

∑

e∈E

∑

{i,j}⊂e

(xi − xj)
2. (2.8)
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Let P = (v0, e1, v1, e2, . . . , vr−1, er, vr) be a shortest path between u and v with v0 = u and

vr = v. We have

∑

e∈E

∑

{i,j}⊂e

(xi − xj)
2 ≥

∑

e∈E(P )

∑

{i,j}⊂e

(xi − xj)
2

≥
r
∑

i=1

(xvi−1
− xvi)

2 +
r
∑

i=1

∑

t∈ei\{vi−1,vi}
((xvi−1

− xt)
2 + (xt − xvi)

2)

≥
r
∑

i=1

(xvi−1
− xvi)

2 +
r
∑

i=1

∑

t∈ei\{vi−1,vi}

(xvi−1
− xvi)

2

2

=
r
∑

i=1

(xvi−1
− xvi)

2 +
k − 2

2

r
∑

i=1

(xvi−1
− xvi)

2

=
k

2

r
∑

i=1

(xvi−1
− xvi)

2 ≥ k

2r
(xv0 − xvr)

2 ≥ k

2d
(xu − xv)

2. (2.9)

In the above inequalities, the first and the second ones are obvious, the third and the sixth

ones follow from the Cauchy–Schwarz inequality, and r ≤ d implies the final one. By

combining (2.8) and (2.9), and using (2.7), we get

k∆− ρ(H) ≥ k(n∆− km)x2
v +

k

2d
(xu − xv)

2 ≥ k(n∆− km) k
2d
x2
u

k(n∆− km) + k
2d

. (2.10)

On the other hand, by the Cauchy–Schwarz inequality, we have

ρ(H) =
∑

e∈E

[x(e)]2 ≤ k
∑

i∈V

dix
2
i ≤ k2mx2

u.

Therefore, we get x2
u ≥ ρ(H)

mk2 . If x2
u = ρ(H)

mk2 , it means xu = xi for i ∈ V . In this case, we

can conclude that x = ( 1√
n
, 1√

n
, . . . , 1√

n
). It implies H is a regular hypergraph. This is a

contradiction. Thus,

x2
u >

ρ(H)

mk2
. (2.11)

According to (2.10) and (2.11), we obtain that ρ(H) < k∆− k∆(n∆−km)
2dmk(n∆−km)+n∆

.

Theorem 2.7 Let H be a k-uniform linear hypergraph with n vertices and m edges

and L(H) be the line graph of H , then

ρ(H) ≤ 2
√

∆L − 1 + k.

where ∆L is the maximal degree of L(H). And the equality is achieved if and only if H is

an unicyclic hypergraph without pendent edges.



No. 1 The spectral radius of uniform hypergraph determined by the signless Laplacian matrix 7

Proof If H is a k-uniform linear hypergraph with m edges, then the line graph L(H)

is a tree or unicyclic graph with m vertices. It should be noted that if H is a hypergraph

rather than a linear hypergraph, then the graph L(H) might be a bicyclic graph. If L(H) is

a tree, then it is a spanning subgraph of a unicyclic graph G, and we have ρ(L(H)) ≤ ρ(G).

Thus we only consider that L(H) is a unicyclic graph. Let y be the principal eigenvector

corresponding to ρ(L(H)). Assume that C is the unique cycle of L(H) and k is its length. We

label the vertices of L(H) such that V (L(H)) = {v1, . . . , vm} and V (C) = {v1, . . . vk}. For t ∈
V (L(H)), denote by d(t, C) the minimum distance between t and vertices of C. We give an

orientation to the graph L(H) in which the edges of C are arcs (v1, v2), . . . , (vk−1, vk), (vk, v1)

and an edge uv outside C as (u, v) if d(u,C) > d(v, C). Thus, for any i = 1, . . . ,m, there is

a unique arc from vi to some other vertex vj , where vi and vj are called the tail and head of

the arc, respectively. For the oriented graph, the number of vj as head of arcs appearing in

the arc set is equal to dL(H)(vj)− 1. From Cauchy-Schwarz inequality and dL(H)(vj) ≤ ∆L,

we have

ρ(L(H)) = yTALy = 2
∑

vivj∈E(L(H))

xixj = 2
n
∑

i=1

xixj

≤ 2

√

√

√

√

n
∑

i=1

x2
i

n
∑

j=1

(dL(H)(vj)− 1)x2
j

= 2

√

√

√

√

n
∑

j=1

(dL(H)(vj)− 1)x2
j

≤ 2

√

√

√

√

n
∑

j=1

(∆L − 1)x2
j = 2

√

∆L − 1.

By Theorem 2.4, we have ρ(H) = ρ(L(H)) + k ≤ 2
√
∆L − 1 + k. If ρ(L(H)) = 2

√
∆L − 1,

it implies that L(H) is regular, and L(H) is a cycle. Thus, H is an unicyclic hypergraph

without pendent edges, and the reverse is also true.

3 The Operations of Moving Edges

Let H = (V,E) be a k-uniform hypergraph with u ∈ V (H) and e1, . . . , er ∈ E(H) such

that u /∈ ei for 1 ≤ i ≤ r. Suppose that vi ∈ ei and write e′i = (ei\{vi})∪{u} for i = 1, . . . , r.

Let H ′ = (V,E′) be the hypergraph with E′ = (E \ {e1, . . . , er})∪{e′1, . . . , e′r}. Then we say

that H ′ is obtained from H by moving edges (e1, . . . , er) from (v1, . . . , vr) to u.

Theorem 3.8 Let r ≥ 1, H be a connected k-uniform hypergraph, H ′ be the hy-

pergraph obtained from H by moving edges (e1, . . . , er) from (v1, . . . , vr) to u. Let x be the

principal eigenvector of Q corresponding to ρ(H), and suppose that xu ≥ max{xv1 , . . . , xvr},
then ρ(H ′) > ρ(H).
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Proof Let Q′ be the signless Laplacian matrix of H ′. By Theorem 2.2, we have

ρ(H) = xTQx and ρ(H ′) ≥ xTQ′x. By the hypothesis, one can see that x(e′i) − x(ei) =

xu − xvi ≥ 0 for i = 1, . . . , r. Thus

ρ(H ′)− ρ(H) ≥ xTQ′x− xTQx

=
∑

e∈E′

(x(e))2 −
∑

e∈E

(x(e))2

=
r
∑

i=1

((x(e′i))
2 − (x(ei))

2)

=
r
∑

i=1

(x(e′i) + x(ei))(x(e
′
i)− x(ei)) ≥ 0.

Suppose that ρ(H ′) = ρ(H). Applying eigenvalue equations and equation (2.4), we have

0 = ρ(H ′)xu − ρ(H)xu =
∑

e∈E′

u

x(e)−
∑

e∈Eu

x(e) =

r
∑

i=1

x(e′i) > 0.

It is a contradiction. It follows that ρ(H ′) > ρ(H).

Theorem 3.9 Let H be a connected k-uniform hypergraph with e, f ∈ E and e∩f =

∅. Let U1 ⊂ e, U2 = e \ U1, V1 ⊂ f , V2 = e \ V1, and 1 ≤ |U1| = |V1| ≤ k − 1. Let

e′ == U1 ∪ V2 and f ′ = U2 ∪ V1. Suppose that x is the principal eigenvector of Q(H). Let

H ′ = H−{e, f}+{e′, f ′}, and e′, f ′ /∈ E(H). If xU1
≥ xV1

, xU2
≤ xV2

and one is strict, then

ρ(H ′) > ρ(H).

Proof By Theorem 2.2, we have

ρ(H ′)− ρ(H) ≥ xTQ(H ′)x− xTQ(H)x =
∑

e∈E(H′)

(x(e))2 −
∑

e∈E(H)

(x(e))2

= (x(e′))2 + (x(f ′))2 − (x(e))2 − (x(f))2

= (xU1
+ xV2

)2 − (xU1
+ xU2

)2 + (xU2
+ xV1

)2 − (xV1
+ xV2

)2

= 2(xV2
− xU2

)(xU1
− xV1

) ≥ 0.

Suppose that ρ(H ′) = ρ(H). Without loss of generality, we assume xU2
< xV2

. For u ∈ V1,

applying eigenvalue equations, we have

0 = ρ(H ′)xu − ρ(H)xu =
∑

e∈E′

u

x(e)−
∑

e∈Eu

x(e)

= x(f ′)− x(f) = xV1
+ xU2

− xV1
− xV2

< 0.

It is a contradiction. It follows that ρ(H ′) > ρ(H)).

Corollary 3.10 Suppose that H is a connected k-uniform hypergraph, and e, f ∈
E(H) such that {u1, u2} ⊂ e and {v1, v2} ⊂ f . Let x be the principal eigenvector of Q(H),
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and xu1
> xv1 , xu2

≤ xv2 . Then there exists k-subsets e′, f ′ of V (H) with {u1, v2} ⊂ e′,

{u2, v1} ⊂ f ′ such that ρ(H ′) > ρ(H), where H ′ = H − {e, f}+ {e′, f ′}.

Proof If xe\{u1,u2} ≥ xf\{v1,v2}, then xe\{u2} > xf\{v2}. Let e′ = (e \ {u2}) ∪ {v2},
f ′ = (f \ {v2}) ∪ {u2}. By theorem 3.9, we get ρ(H ′) > ρ(H).

If xe\{u1,u2} ≤ xf\{v1,v2}, then xf\{v1} ≥ xe\{u1}. Let e′ = (f \ {v1}) ∪ {u1}, f ′ =

(e \ {u1}) ∪ {v1}. By theorem 3.9, we have ρ(H ′) > ρ(H).

Let P be a path from u to v in a hypergrap H . If dH(u), dH(v) ≥ 3 and dH(w) = dP (w)

for any w ∈ V (P ) \ {u, v}, then P is called an internal path of H . If dH(u) ≥ 3 and

dH(w) = dP (w) for any w ∈ V (P ) \ {u}, then P is called a pendant path of H . We denote

by Ps the path with length s. Given a connected k-uniform hypergraph H with two vertices

(not necessarily distinct) u, v ∈ V . Let Hu,v(p, q) be the hypergraph obtained from H by

attaching the pendant paths Pp to u and Pq to v.

Theorem 3.11 Let u, v be two non-pendant vertices of the connected k-uniform

hypergraph H . Suppose that Ps is an internal path between u and v with length s. If

p ≥ q ≥ 1 and p− q + 1 ≥ s ≥ 0, then ρ(Hu,v(p+ 1, q − 1)) < ρ(Hu,v(p, q)).

Proof Assume that (u, e1, u1, . . . , up, ep+1, up+1) and (v, f1, v1, . . . , vq−2, fq−1, vq−1) are

two pendant paths of Hu,v(p + 1, q − 1) at u and v, respectively. Let u0 = u, v0 = v, and x

be the principal eigenvector of Q(Hu,v(p+ 1, q − 1)).

Suppose that ρ(Hu,v(p+ 1, q − 1)) ≥ ρ(Hu,v(p, q)), we can get the following claim.

Claim 1. xup−i
> xvq−i−1

for i = 0, . . . , q − 1.

We use the mathematical induction to prove the claim. For i = 0, suppose that xup
≤

xvq−1
. Let H ′ be the hypergraph obtained from Hu,v(p+1, q−1) by moving ep+1 from up to

vq−1. Obviously, H ′ ∼= Hu,v(p, q). By Theorem 3.8, we get ρ(Hu,v(p, q)) > ρ(Hu,v(p+ 1, q −
1)), it is a contradiction. Therefore xup

> xvq−1
.

Now assume that xup−i
> xvq−i−1

for i = 1, . . . , q − 2, and let us show that xup−(i+1)
>

xvq−(i+1)−1
. Suppose that xup−(i+1)

≤ xvq−(i+1)−1
. Then, there exist e′, f ′ such that {up−i, vq−i−2}

⊂ e′, {up−i−1, vq−i−1} ⊂ f ′. Obviously, H ′ = Hu,v(p + 1, q − 1) − {ep−i,fq−i−1
} + {e′, f ′} ∼=

Hu,v(p, q). According to Corollary 3.10, we have ρ(Hu,v(p+1, q− 1)) < ρ(Hu,v(p, q)), which

is a contradiction. Thus xup−(i+1)
> xvq−(i+1)−1

. The proof of claim 1 is complete.

Let Ps = (w0,m1, w1, . . . , ws−1,ms, ws) be the internal path from v to u, where w0 = v

and ws = u. Suppose that G is the hypergraph obtained from Hu,v(p+ 1, q − 1) by moving

Ev \{m1, f1} from v to up−q+1. Because xup−q+1
> xv, it implies ρ(G) > ρ(Hu,v(p+1, q−1)).

Case 1. If s = 0 or s = p − q + 1, then G ∼= Hu,v(p, q). We have ρ(Hu,v(p, q)) >

ρ(Hu,v(p+ 1, q − 1)). This is a contradiction.

Case 2. If 1 ≤ s ≤ p − q. In this case, let y be the principal eigenvector of Q(G),

we can prove ywi
< yup−q+1−i

for i = 0, 1, . . . , s, and the method of proof is similar to



10 Journal of Mathematics Vol. 45

Claim 1. Let G′ be the hypergraph obtained from G by moving Eu(G) \ {ms, e1} from u to

up−q+1−s. Obviously, G′ ∼= Hu,v(p, q) and ρ(G′) > ρ(G). Therefore, ρ(Hu,v(p, q)) > ρ(G) >

ρ(Hu,v(p+ 1, q − 1)). This is a contradiction.

4 The Extremal Spectral Radii of Supertrees and Unicyclic Hypergraphs

LetH be a k-uniform supertree with n vertices, ifH is a path (v0, e1, v1, . . . , vm−1, em, vm)

such that the vertices v1, . . . , vm−1 are of degree two, and all the other vertices of H are of

degree one, then H is called a loose path, denoted by Pn,k. If H is a supertree such that all

edges share a common vertex, then H is called a hyperstar, denoted by Sn,k.

Theorem 4.12 If T is a connected k-uniform supertree with n vertices, then 2cos (k−1)π
n+k−2

+

k ≤ ρ(T ) ≤ n+k2−2k
k−1

. Where the left equality holds if and only if T ∼= Pn,k, and the right

equality holds if and only if T ∼= Sn,k.

Proof Let V2(T ) be the vertex set in T with degrees at least two, and x be the

principal eigenvector of T . We use the mathematical induction on the number of V2(T ). If

|V2(T )| = 1, then T is the hyperstar Sn,k. Now assume that |V2(T )| ≥ 2, namely T is not

a hyperstar. Let u, v ∈ V2(T ), as T is connected, there exists a path P connecting u and

v. Without loss of generality, let xu ≥ xv. Moving the edges incident with v, which are not

included in E(P ), from v to u, we will get a new supertree T ′. Then by Theorem 3.8 we

have ρ(T ) < ρ(T ′). On the other hand, because of the fact that |V2(T
′)| < |V2(T )|, by the

inductive hypothesis we have ρ(T ′) ≤ ρ(Sn,k). Combining the above two relations we get

ρ(T ) ≤ ρ(Sn,k), and the right equality holds if and only if H ∼= Sn,k.

According to Theorem 2.4, ρ(Sn,k)) = ρ(L(Sn,k)) + k. The line graph L(Sn,k) is a

complete graph with m vertices, where m = n−1
k−1

, and ρ(L(Sn,k) = m − 1. Therefore

ρ(Sn,k)) = m− 1 + k = n+k2−2k
k−1

.

If T is a supertree minimizing the spectral radius, we have the following two claims.

Claim 1. There are at most two vertices on each edge of T with degrees at least 2.

Otherwise, there exists such edges ei which include at least 3 vertices with degrees at

least 2. Let U2(T ) be the vertex set of the edges ei with degrees at least 2. Let w be a vertex

of T , and t ∈ U2(T ) be the furthest vertex to w. Suppose that et is the edge including the

vertex t, then there are pendant paths starting from t and another vertex v ∈ et, respectively.

By Theorem 3.11, we use the operations of moving edges and obtain a new supertree T ′.

One can see that ρ(T ′) < ρ(T ), this is a contradiction.

Claim 2. V (T ) does not contain the vertex with degrees at least three.

Otherwise, let V3(T ) be the vertex set in T with degrees at least three, where |V3(T )| ≥ 1.

Let u be a vertex of T , and v ∈ V3(T ) be the furthest vertex to u. Then there are at least

(d(v)− 1) pendant paths starting from v. By Theorem 3.11, we get a new supertree T ′ with
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at least (d(t)−2) pendant paths starting from t. We have ρ(T ′) < ρ(T ), it is a contradiction.

Combining the above claims, we arrive our desired result, that is ρ(Pn,k) ≤ ρ(T ).

By Theorem 2.4, ρ(Pn,k)) = ρ(L(Pn,k)) + k. The line graph L(Pn,k) is a path with

m vertices, where m = n−1
k−1

, and ρ(L(Pn,k) = 2cos π
m+1

= 2cos (k−1)π
n+k−2

. Thus ρ(Pn,k)) =

2cos (k−1)π
n+k−2

+ k.

Let U1 be a unicyclic k-uniform hypergraphs consisting of two edges sharing two common

vertices. Suppose that U2 is obtained from the hypergraph U1 by attaching a hyperstar with

its center at one vertex of degree 2.

Theorem 4.13 If U is a connected unicyclic k-uniform hypergraph with n vertices

and m(m ≥ 3) edges, then ρ(U ) ≤ (2k+m−1)+
√
m2−2m+9

2
, where the equality holds if and only

if U ∼= U2.

Proof Assume that U3 is a connected unicyclic k-uniform hypergraph maximizing the

spectral radius, then U3 contains a vertex adjacent to all other vertices. Otherwise, let x be a

the principal eigenvector of U3. We take one vertex u such that xu = max{xv : v ∈ V (U3)}.
If there exists a vertex w not adjacent to u, then there exists a path connecting u and w,

say ue1u1 · · ·ur−1erw, where r ≥ 2. Moving the edge er from ut−1 to u, by Theorem 3.8, we

will get a new unicyclic hypergraph U ′ which satisfies ρ(U ′) > ρ(U3). It is a contradiction.

Considering this property, it is easy to see that U3
∼= U2.

Let x1 be the entry of x corresponding to the vertex of degree 2 in U2. Denote by

x2 the entry of x corresponding to the vertex of degree at least 3. By symmetry, the

entry of x corresponding to the vertex of pendent edge with degree 1 is denoted by x4,

and the other vertices of degree 1 are denoted by x3. Let ρ = ρ(U2). By Eq.2.4, we have

(ρ− 2)x1 = 2(k − 2)x3 + 2x2, (ρ− k + 2)x3 = x1 + x2, (ρ−m)x2 = 2(k − 2)x3 + 2x1 + (m−
2)(k − 1)x4, (ρ− k + 1)x4 = x2. By simplifying the equations, we have

ρ2 − (2k +m− 1)ρ+ k2 + (m− 1)k − 2 = 0, ρ =
(2k +m− 1) +

√
m2 − 2m+ 9

2
.
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