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Abstract: This paper studies the problem of the spectral radius of the uniform hypergraph
determined by the signless Laplacian matrix. The upper bound of the spectral radius of a uniform
hypergraph is obtained by using Rayleigh principle and the perturbation of the spectral radius under
moving the edge operation, and the extremal hypergraphs are characterized for both supertree and
unicyclic hypergraphs. The spectral radius of the graph is generalized.
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1 Introduction

The goal of spectral graph theory is to study the relation between combinatorial proper-
ties of graphs and the eigenvalues of matrices associated to the graph, such as the adjacency
matrix, the Laplacian matrix and the signless Laplacian matrix. In 2008, Lim ([1]) proposed
to study the spectral hypergraph theory via eigenvalues of tensors. In 2012, Cooper and
Dutle ([2]) defined the eigenvalues of the adjacency tensor for studying the spectra of hy-
pergraphs, and proved a number of basic results in spectral graph theory. Recently, a lot of
results have been developed on the spectral hypergraph theory via tensors ([3-7]). However,
it is hard to obtain eigenvalues of tensors because most tensor problems are NP-hard ([8]).
Therefore, it remains important to study the spectral hypergraph theory through eigenvalues
of matrices.

In ([9]), Kaué introduced the definition of the signless Laplacian matrix of hypergraph,
which is another approach to deal with spectral properties of hypergraphs. Let H be a
hypergraph whose incidence matrix is B. The signless Laplacian matrix of H is defined as
Q(H) = BB™. The signless Laplacian spectral radius of H, denoted by p(Q(H)) or p(H), is
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the largest eigenvalue of the signless Laplacian matrix Q(H). In this paper, we shall study
the signless Laplacian spectral radius with respect to connected k-uniform hypergraphs.

A k-uniform hypergraph H = (V, E) consists of a vertex set V' = V(H) and a hyperedge
(or edge) set E = E(H), where each edge e € E(H) is a subset of V(H) containing exactly
k vertices. In particular, a 2-uniform hypergraph is a graph. The incidence matrix of H is
defined to be a matrix B = (b;;) whose rows and columns are indexed by the vertices and
edges of H, respectively. The (i, j)-entry of B is 1 if v; € e; and 0 otherwise.

Let E, = E,(H) be the set of edges of H containing v. For a vertex v € V(H) the
degree dy(v) (or d(v)) is defined as dy(v) = |E,(H)|. Vertex with degree one is called
pendent vertex, and an edge e is called a pendent edge if e contains exactly k — 1 pendent
vertices. We denote by N(v) the neighborhood of a vertex v € V(H). A walk of length
I in H is a sequence of vertices and edges: wvpejvies ... ey satisfying that {v;,v;11} C e;
fori =0,1,...,1 — 1. A walk is called a path if no vertices or edges are repeated. We say
a walk is closed if vg = v;. A closed walk is called a cycle if all vertices and edges in the
walk are distinct. For any w,v € V(H), if there is a path from u to v, then we say that
H is connected. A connected k-uniform hypergraph with n vertices and m edges is r-cyclic
ifn—1=(k—1)m—r. For r = 0,1 or 2, it is called a supertree, a unicyclic hypergraph
or a bicyclic hypergraph. We say a hypergraph is linear if any two edges share at most
one common vertex. For other undefined notations and terminology from graph theory, the

readers can refer to ([10]).

2 Preliminaries and Some Lemmas

Let H = (V, E) be a connected hypergraph. The clique graph C of H is a multigraph
whose vertex set V(C) = V(H), and the number of edges between two vertices of C is equal
to the number of hyperedges containing them in H ([11]). If H is a graph, then the clique
graph of H is itself. The line graph £ of H is obtained by transforming the hyperedges of
H into the vertices of £, and the number of edges between two vertices of L is equal to the
number of common vertices in the two corresponding hyperedge.

Example 1. The clique graph C and line graph £ of H are illustrate in Figure 1, where
V(H)={1,2,3,4,5}, E(H) = {(1,2,3),(1,4,5),(3,4,5)}.
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Figure 1 Hypergraph H, clique graph C and line graph £




No. 1 The spectral radius of uniform hypergraph determined by the signless Laplacian matrix 3

Lemma 2.1 Let H be a k-uniform hypergraph, B its incidence matrix, D its degree
matrix, Ac and A, the adjacency matrices of its clique graph and line graph, respectively.
Then BBT = D + A¢, BTB = kI + A.

It is easy to see that Q = BBT = D + A if H is a simple graph, where A is the
adjacency matrix of H. That is, the definition of @ for hypergraphs coincides with the
signless Laplacian matrix introduced by graph theory. For k& > 2, let H be a k-uniform
hypergraph with V(H) = [n], where [n] = {1,2,...,n}. A column vector x = (z1,...,2,)"
can be considered as a function defined on V(H) which maps vertex i to x;, i.e., x(i) = z;
for i = 1,...,n. For a subset U € [n], we write 2(U) = zy = ) _,.;, #; and d; = d(i). By

Lemma 2.1, using the product of matrices, we have

(Qz); = d;x; + Z x; = Z z(e). (2.1)

JEN () eckE;

Let H be a k-uniform hypergraph with V(H) = [n]. For € R", by Lemma 2.1 we get

' Qr = Z dix? + 2 Z Z Tr; = Z[x(e)]2. (2.2)

i€V e€E {i,j}Ce e€l

Let H be a k-uniform hypergraph and @ = (g;;) be a matrix with row sums r;(i = 1,...,n),

according to Lemma 2.1, we have r; = Z;;l gi; = kd;. By matrix theory, we get
ké < p(H) < kA. (2.3)

Where ¢ and A are the minimum degree and maximum degree of H, respectively. It is clear
that the signless Laplacian matrix () is symmetric, non-negative and semi-definite positive.
Furthermore, if H is connected, then @ is irreducible. These properties allow us to apply

the Rayleigh principle and Perron-Frobenius theorem for the matrix Q.
Theorem 2.2 (Rayleigh principle ([12])) Let H be a k-uniform hypergraph, and

R} = {x € R"|x > 0}. If \; is the largest eigenvalue of @, then
M = p(H) = maz{z"Qz|z € R, ||z|| = 1}.

Further, x € R with ||z[| = 1 is an eigenvector of () corresponding to p(H) if and only if it

is an optimal solution of the maximization problem.
By Perron-Frobenius theorem, for irreducible nonnegative matrix @, it has a unique

positive eigenvector x with [|z|| = 1 corresponding to p(H), and we call = the principal
eigenvector of (). Let x be the principal eigenvector of (). By Eq.2.1, the eigenequation of
Q for p(H) can be written as follows:

p(H)x; = d;x; + Z ;= Z z(e). (2.4)

JEN () eckE;
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Lemma 2.3 Suppose that A and B are m x n and n X m matrices, respectively.

Then AB and BA have the same non-zero eigenvalues.

Proof According to the matrix operations, we can get the following equality

(-0
)0

It implies that the matrix (4 J) is similar to ( % 2, ). Thus they have the same character-

istic polynomial, that is A"det(\I,, — AB) = X"™det(\],, — BA). Obviously, A is a non-zero
eigenvalue of AB if and only if it is one of BA.

It is clear that

According to Lemma 2.3, BBT and B” B have the same non-zero eigenvalues. Therefore

the following theorem is given.

Theorem 2.4 Let H be a k-uniform hypergraph with n vertices and m edges, and
L(H) be the line graph of H, then

Applying this theorem, we can obtain p(H) from the adjacency spectral radius of L(H).
Now we state another method to prove the result.

Proof For the k-uniform hypergraph, let vertex set V(H) = [n] and edge set E(H) =
€1,€,...,6m. Let L(H) be the line graph of H with vertex set V(L(H)) = e1,€a,...,€m
and edge set E(L(H)) as defined above. We denote by d; and d., the degree of a vertex 7 in
H and the degree of a vertex e; in L(H), respectively. Suppose the positive vector x is the
principal eigenvector corresponding to the spectral radius p(H). Let e; = {t1,t2,...,tx} be

an edge of H. For each vertex ¢; in e;, combining with (2.1), we have
o)z, = 3 a(e).
CISY

Summing over all vertices in e;, we obtain that

k

Zp(H)xti = Z Z z(e) = kx(e) + Z le; Nedz(e;).

i=1 i=1 e€Ey, j#t
p(H)ax(er) = kale)+ Y lej Nerlz(e)).
J#t
p(H) = k+Y le;n et|i<(23. (2.5)

it
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Where |e;Ne,| is the number of common vertices of the edges e; and e, in H. Notice that the
line graph L(H) may be a multiple graph, and the number of edge eje; in L(H) is exactly
le; Ne¢|. Define two positive vectors a = (ay,as,...,am)" and y = (y1,92, ..., ym)", where

a

a; = z(e;) and y; = g It is easy to verify that ||y|| = 1. Then we have

p(L(H))y: = Yo yi=> lejnely;,

ejet€E(L(H)) J#£t
Yj aj (e )
pLI) = D lejnel =3 lejnelt=> lenel——4.  (26)
it oo “w o z(er)

Combining (2.5) with (2.6), we have p(H) = p(L(H)) + k.
Lemma 2.5 ([9]) Let H be a connected uniform hypergraph. If Hy is a subgraph of
H, then
p(Ho) < p(H).
The following inequality is easy to verify, which will be used in the following proof.

abc?

a+b

f(z) = azx® +blc —z)* > (2.7)

For a connected irregular graph G with n vertices, maximum degree A and diameter d,
Ning et al. ([13]) showed that p(G) < 2A — (d_%)n, and Guo and Zhou ([14]) showed that

pa(G) < A— éfil__aa))n. Where p(G) and p,(G) are the signless Laplacian spectral radius and

a-spectral radius of G, respectively. Motivated by ([13,14]), we give an upper bound for the

signless Laplacian spectral radius of irregular hypergraphs.

Theorem 2.6 Let H be a connected irregular k-uniform hypergraph with n vertices,

m edges, maximum degree A and diameter d, we have p(H) < kA — 3 dmkkA(é’;{;fn”;in X

Proof Let x be the principal eigenvector of Q(H), and u, v be the vertices of H such
that z, = maz{z; : 1 <i <n} and x, = min{z; : 1 <i < n}. Because kA > p(H), we
consider the difference kA — p(H). By Eq. 2.2, we have

EA —p(H) = kZAmf — 27 Qux

i€V
= kZAmf - Zdzxf - 22 Z T
9% 9% e€E {i,j}Ce
= ]CZ(A — dZ)SE'f + (k?— 1)2(&58? — 22 Z iUiLEj
eV eV ecE {i,j}Ce
= kY (A—d)a?+) 0 > (wi— )’
i€V e€E {i,j}Ce

Note that ) .., d; = km, then we have

KA = p(H) > k(nA —km)a2 +3 " Y (2 — ;)% (2.8)

ecE {i,j}Ce
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Let P = (vg,e1,v1,€2,...,0-_1, €, 0,.) be a shortest path between u and v with vy = u and

v, = v. We have

Yo @wi—x)? = > D ()
ecE {i,j}Ce e€E(P) {i,j}Ce
> Z(xvi—l - xvi)z + Z Z <<$U171 - xt)z + (‘Tt - ‘TU'L)2>
i=1 1=1 tee;\{vi—1,vi}
S S NS DI
i=1 1=1 tee;\{vi—1,vi}

(z, — x,)°. (2.9)

In the above inequalities, the first and the second ones are obvious, the third and the sixth
ones follow from the Cauchy—-Schwarz inequality, and r < d implies the final one. By

combining (2.8) and (2.9), and using (2.7), we get

k k(nA — km) &2
EA — p(H) > k(nA — km)z2 + —(z, — )% > 2d 8 2.10
pUH) 2 K0 = km)a + 5o = ) 2 S A (210)

On the other hand, by the Cauchy—Schwarz inequality, we have

p(H) = Z[w(e)]2 < k:Zdl:vf < k*ma?.

ecE eV

Therefore, we get z2 > 67(1[132) I 22 = ’;ifz), it means x, = x; for 4 € V. In this case, we

can conclude that r = (ﬁ, ﬁ, e %) It implies H is a regular hypergraph. This is a

n

contradiction. Thus,

H
2 > ﬂ;fmg‘ (2.11)
According to (2.10) and (2.11), we obtain that p(H) < kA — —~ana_km)

2dmk(nA—km)+nA*
Theorem 2.7 Let H be a k-uniform linear hypergraph with n vertices and m edges
and L(H) be the line graph of H, then

p(H) <2/Ap —1+k.

where Ay is the maximal degree of L(H). And the equality is achieved if and only if H is
an unicyclic hypergraph without pendent edges.
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Proof If H is a k-uniform linear hypergraph with m edges, then the line graph L(H)
is a tree or unicyclic graph with m vertices. It should be noted that if H is a hypergraph
rather than a linear hypergraph, then the graph L(H) might be a bicyclic graph. If L(H) is
a tree, then it is a spanning subgraph of a unicyclic graph G, and we have p(L(H)) < p(G).
Thus we only consider that L(H) is a unicyclic graph. Let y be the principal eigenvector
corresponding to p(L(H)). Assume that C' is the unique cycle of L(H) and k is its length. We
label the vertices of L(H ) such that V(L(H)) = {v1,...,vy} and V(C) = {v1,...v}. Fort €
V(L(H)), denote by d(t,C) the minimum distance between ¢ and vertices of C. We give an
orientation to the graph L(H) in which the edges of C are arcs (vi,vs), ..., (Vg_1, k), (Vk, v1)
and an edge uv outside C' as (u,v) if d(u,C) > d(v,C). Thus, for any i = 1,...,m, there is
a unique arc from v; to some other vertex v;, where v; and v; are called the tail and head of
the arc, respectively. For the oriented graph, the number of v; as head of arcs appearing in
the arc set is equal to dr(my(v;) — 1. From Cauchy-Schwarz inequality and dpq)(v;) < Ap,
we have

=1

Ui’UjEE(L(H))

IN
Do

Doy (dogn(v) — 1)a?
i=1 =1

= 2> (dpg(v;) — 1)a?

\&

< 2\ > (AL -2 =2y/A, 1.

j=1
By Theorem 2.4, we have p(H) = p(L(H))+ k < 2/Ap —1+ k. If p(L(H)) = 2/Ar — 1,
it implies that L(H) is regular, and L(H) is a cycle. Thus, H is an unicyclic hypergraph

without pendent edges, and the reverse is also true.

3 The Operations of Moving Edges

Let H = (V, E) be a k-uniform hypergraph with v € V(H) and ey, ...,e, € E(H) such
that u ¢ e; for 1 <14 <r. Suppose that v; € e; and write €; = (e; \ {v;})U{u} fori=1,...,r.
Let H' = (V, E’) be the hypergraph with £’ = (E\{ey,...,e.})U{e],...,el.}. Then we say
that H' is obtained from H by moving edges (eq,...,e,) from (vq,...,v,) to u.

Theorem 3.8 Let » > 1, H be a connected k-uniform hypergraph, H' be the hy-
pergraph obtained from H by moving edges (eq, ..., e,) from (vy,...,v,) to u. Let x be the

principal eigenvector of @) corresponding to p(H), and suppose that x,, > maz{z,,,...,z,, },
then p(H') > p(H).
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Proof Let Q' be the signless Laplacian matrix of H'. By Theorem 2.2, we have
p(H) = 27Qx and p(H') > 27Q'xz. By the hypothesis, one can see that z(e}) — z(e;) =

Ty — Xy, > 0fori=1,...,r. Thus

p(H') = p(H) > 2"Q'z—2"Qu

= Y (a(el) + x(en)) (z(e)) — x(er)) > 0.

=1

Suppose that p(H') = p(H). Applying eigenvalue equations and equation (2.4), we have

0=p(H)z\ — p(H)2\ = Z z(e) — Z z(e) = Zx(e;) > 0.

€, c€E, i=1
It is a contradiction. It follows that p(H') > p(H).

Theorem 3.9 Let H be a connected k-uniform hypergraph with e, f € Fandenf =
0. Let Uy C e, Uy =e\U, Vi C f, Vo =e\Vi,and 1 < |U;] = |V3] < k—1. Let
e ==U; UV and f' = Uy U V;. Suppose that z is the principal eigenvector of Q(H). Let
H =H—{e, f}+{e,f'},and ¢, f' ¢ E(H). If xy, > xv,, 2y, < xy, and one is strict, then
p(H') > p(H).

Proof By Theorem 2.2, we have

pH') = p(H) = 2"QH)e—2"QH)r= Y (2(e)*~ Y (a(e)’

ecE(H') e€E(H)

= (2()* + (=(f")* = (x(e))® = (x(f))?

= (zv, +2w)? — (v, + 20,)° + (20, + 21,)° — (21, +21,)°
= 2([5‘/2 - $U2><$U1 - $V1> > 0.

Suppose that p(H') = p(H). Without loss of generality, we assume zy, < zv,. For u € Vi,

applying eigenvalue equations, we have

0 = p(H)au—p(H)z, = 3 ale) = 3 ale)

ecE!, ec kb,
= z(f) —2(f) = 2w, + 2u, — V1 — 2%, <0
It is a contradiction. It follows that p(H') > p(H)).

Corollary 3.10 Suppose that H is a connected k-uniform hypergraph, and e, f €
E(H) such that {uj,us} C e and {v1,v2} C f. Let = be the principal eigenvector of Q(H ),
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and T, > Ty, Ty, < T,,. Then there exists k-subsets €', f of V(H) with {ui, v} C €,
{ug,v1} C f’" such that p(H') > p(H), where H' = H — {e, f} + {€/, f'}.

Proof If Ze\fuyus} = T4\ for,00}, then Zeygusy > Tp\(uo}- Let € = (e\ {ug}) U {v2},
1= (f \{v2}) U{uz}. By theorem 3.9, we get p(H') > p(H).

If To\(urus) < Tp\for,oe)s then Tpgoy > Taquy. Let € = (f \ {n}) U{w}, f =
(e \{u1}) U{v1}. By theorem 3.9, we have p(H') > p(H).

Let P be a path from u to v in a hypergrap H. If dg(u),dg(v) > 3 and dy(w) = dp(w)
for any w € V(P) \ {u,v}, then P is called an internal path of H. If dgy(u) > 3 and
dy(w) = dp(w) for any w € V(P) \ {u}, then P is called a pendant path of H. We denote
by P, the path with length s. Given a connected k-uniform hypergraph H with two vertices
(not necessarily distinct) u,v € V. Let H, ,(p,q) be the hypergraph obtained from H by
attaching the pendant paths P, to v and P, to v.

Theorem 3.11 Let u,v be two non-pendant vertices of the connected k-uniform
hypergraph H. Suppose that P, is an internal path between uw and v with length s. If
p=g=landp—q+1=s2>0,then p(Huu(p+1,9—1)) < p(Huw(p,q))

Proof Assume that (u,eq,u1,...,Up, €pt1, Upy1) and (v, f1,v1,...,0q—2, fg—1,V4—1) are
two pendant paths of H, ,(p + 1,¢ — 1) at u and v, respectively. Let uy = u,vy = v, and x
be the principal eigenvector of Q(H,, ,(p + 1,q — 1)).

Suppose that p(H,,(p+ 1,9 — 1)) > p(Hu»(p,q)), we can get the following claim.

Claim 1. z,, , >®,, , , fori=0,...,¢—1.

We use the mathematical induction to prove the claim. For 7 = 0, suppose that x,, <
Ty, ,. Let H' be the hypergraph obtained from H, ,(p+1,¢— 1) by moving e, from u, to
vg—1. Obviously, H" = H,, ,(p,q). By Theorem 3.8, we get p(H,,(p,q)) > p(Huo(p+ 1,9 —
1)), it is a contradiction. Therefore z,, > ., _,.

Now assume that z, , > z,, , , fori=1,...,¢ — 2, and let us show that z,,_, , >
Tog_ir1y-r - ey <oy, - Then, there exist e/, f’ such that {u, i, v4—i—2}
C e, {up—i—1,v4-i—1} C f'. Obviously, H' = H, ,(p+1,q—1) —{ep—iys,_, .} +{e, [} =
H, »(p,q). According to Corollary 3.10, we have p(H, ,(p+1,9—1)) < p(Hy»(p,q)), which

is a contradiction. Thus y,_ ., > Zv,_,,,_,- The proof of claim 1 is complete.

Suppose that z,,

Let P, = (wg, my,wy, ..., Ws_1, Mg, ws) be the internal path from v to u, where wy = v
and ws = u. Suppose that G is the hypergraph obtained from H, ,(p + 1,¢ — 1) by moving
E,\{my, f1} from v to up_q41. Because x,,_ ., > x,, it implies p(G) > p(Hyo(p+1,9—1)).

Case 1. f s=0o0rs=p—q+1, then G = H,,(p,q). We have p(H,(p,q)) >
p(Hyo(p+1,qg—1)). This is a contradiction.

Case 2. If 1 < s < p—q. In this case, let y be the principal eigenvector of Q(G),

we can prove Yy, < Yu, ..., for i = 0,1,...,s, and the method of proof is similar to
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Claim 1. Let G’ be the hypergraph obtained from G by moving E,(G) \ {ms,e1} from u to
Up—gtr1—s. Obviously, G' = H, ,(p,q) and p(G’) > p(G). Therefore, p(H., (p,q)) > p(G) >
p(Hyo(p+1,qg—1)). This is a contradiction.

4 The Extremal Spectral Radii of Supertrees and Unicyclic Hypergraphs

Let H be a k-uniform supertree with n vertices, if H is a path (vg, €1, 1, ..., Vm—1, €m, Um)
such that the vertices vy, ..., v,_1 are of degree two, and all the other vertices of H are of
degree one, then H is called a loose path, denoted by P, . If H is a supertree such that all
edges share a common vertex, then H is called a hyperstar, denoted by S, k.

Theorem 4.12  If T is a connected k-uniform supertree with n vertices, then 26085;:__71_)7274-
kE<pT) < % Where the left equality holds if and only if 7' = P, x, and the right

equality holds if and only if T' = S, .

Proof Let V5(T) be the vertex set in T' with degrees at least two, and = be the
principal eigenvector of T. We use the mathematical induction on the number of Vo(T). If
[Vo(T')| = 1, then T is the hyperstar S, . Now assume that |V2(T")| > 2, namely 7" is not
a hyperstar. Let u,v € V5(T), as T is connected, there exists a path P connecting u and
v. Without loss of generality, let x, > x,. Moving the edges incident with v, which are not
included in E(P), from v to u, we will get a new supertree 7’. Then by Theorem 3.8 we
have p(T') < p(T"). On the other hand, because of the fact that |Vao(T")| < [Va(T')|, by the
inductive hypothesis we have p(T") < p(S, ). Combining the above two relations we get
p(T) < p(Snk), and the right equality holds if and only if H = S, .

According to Theorem 2.4, p(S, %)) = p(L(Snx)) + k. The line graph L(S, ) is a

complete graph with m vertices, where m = 2=1, and p(L(S,x) = m — 1. Therefore
p(Snp)) =m — 1+ k = nE =2k,

If T is a supertree minimizing the spectral radius, we have the following two claims.

Claim 1. There are at most two vertices on each edge of T' with degrees at least 2.

Otherwise, there exists such edges e; which include at least 3 vertices with degrees at
least 2. Let Us(T') be the vertex set of the edges e; with degrees at least 2. Let w be a vertex
of T, and t € Us(T) be the furthest vertex to w. Suppose that e, is the edge including the
vertex t, then there are pendant paths starting from ¢ and another vertex v € e;, respectively.
By Theorem 3.11, we use the operations of moving edges and obtain a new supertree 1".
One can see that p(T") < p(T), this is a contradiction.

Claim 2. V(T') does not contain the vertex with degrees at least three.

Otherwise, let V3(T) be the vertex set in T with degrees at least three, where |V3(T)| > 1.
Let u be a vertex of T', and v € V3(T') be the furthest vertex to u. Then there are at least
(d(v) — 1) pendant paths starting from v. By Theorem 3.11, we get a new supertree 7" with
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at least (d(t) —2) pendant paths starting from ¢. We have p(T") < p(T), it is a contradiction.
Combining the above claims, we arrive our desired result, that is p(P, ) < p(T).
By Theorem 2.4, p(P,x)) = p(L(P,x)) + k. The line graph L(P, ) is a path with

m vertices, where m = 7=, and p(L(P,}) = 2cos 5 = 200355:71_)’27. Thus p(P,x)) =
2c0s ;’:kl_)g + k.

Let Uy be a unicyclic k-uniform hypergraphs consisting of two edges sharing two common
vertices. Suppose that U, is obtained from the hypergraph U; by attaching a hyperstar with

its center at one vertex of degree 2.

Theorem 4.13 If U is a connected unicyclic k-uniform hypergraph with n vertices
(2k+m—1)+vm?2—2m+9
and m(m > 3) edges, then p(U) < 5
if U =U,.

, where the equality holds if and only

Proof Assume that Us is a connected unicyclic k-uniform hypergraph maximizing the
spectral radius, then Us contains a vertex adjacent to all other vertices. Otherwise, let = be a
the principal eigenvector of Us. We take one vertex u such that =, = max{z, : v € V(Us)}.
If there exists a vertex w not adjacent to u, then there exists a path connecting v and w,
say ueiuy - - - Up_16,w, where r > 2. Moving the edge e, from u; 1 to u, by Theorem 3.8, we
will get a new unicyclic hypergraph U’ which satisfies p(U’) > p(Us). It is a contradiction.
Considering this property, it is easy to see that Uz = Us.

Let x; be the entry of z corresponding to the vertex of degree 2 in Us;. Denote by
o the entry of x corresponding to the vertex of degree at least 3. By symmetry, the
entry of x corresponding to the vertex of pendent edge with degree 1 is denoted by x4,
and the other vertices of degree 1 are denoted by z3. Let p = p(Uz). By Eq.2.4, we have
(p—2)x1 =2(k —2)x3 + 229, (p— k + 2)x3 = 21 + T2, (p — M) 22 = 2(k — 2)x3 + 221 + (M —
2)(k — 1)xyg, (p — k + 1)z4 = z5. By simplifying the equations, we have

2k4+m—1)++vVm2—-2m+9

0= Rk+m—1p+k+(m-1Dk—-2=0, p= 5
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