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W X ANLPRYE Banach 78], B(X) £ X AR FENMEHE 71 H Banach fCEL.
FHL A, B, C f1 D € B(X). 4 4[1] Jacobson 5| EAIL T AB Fl BA WWE/EE S AMEAHSE
1)

o(AB)\{0} = o(BA)\{0}. (L.1)
IEER, 2% EH BT W Jacobson 5| # DA S #5550 (1.1) #E) 2 HARIE . 1998 4F,
Barnes ) #t—0H 5 7 AB M1 BA X T 22 AAVE I A 3L FIVE BT, FEUEB T EAT0 s
LRS- AT (1.1) 5L, 3R (2, 3] b, 2 A M B i 25 75550

ABA = A* fil BAB = B? (1.2)

Duggal 1 Schmoeger iE#H T A F1 BA )5S0 I AL At K AN P i 45 2% 28 3l 42 02 A [ 179
2013 4£, Corach, Duggal 1 Harte 1Y) 7451 ABA = ACA THWH7T T LRI AC A1 BA )
WELEE SANEAHZER). B, Zeng A1 Zhong P M IE N M FEE— D070 T e A3 [F H 1
PR, 7ESCHR [6,7]) HH, Yan BIN T #2614

{ ACD = DBD

, (1.3)
DBA = ACA

FEAT SRS (YEmE A, R SCIR [4,5] FHIEE B4 21 T AC M1 BD b fEARSCH, A5
AT BT EER

C*BC* = AC*
CkBAIc _ Ak+1’ (1'4)
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FE 7T T AE RO, A F1 BO* HIREME . 1996 4, Kordula A1 Miiller 81 5]\ 1E T 4 () 4%
&, AT NS AL RS, BT OR, MR IENER B A RIE S
X T e B(X), R(T) FN(T) 4 ilZos T WAEEFIZ 230, € T R A &
I
R(T®) = NS, R(T™) N (T>) := U N (T™).

BN 1.1 T4 R C B(X) FRHIEMAE, 22 LU R -
(1) ST A € B(X) AUT &1 E 84 n,

AeB(X) < A" € B(X),
(2) XFHHZ M LA T A, B, C, D € B(X), #Hilid AC+BD =1, H
ABER < AcRBCR.
IHERM T € B(X), T KTIEWEE R FIENE ox(T) &SN
or(T)={\€C: A\-T ¢ R}.
ST AR n, &
cn(T) = dimR(T™)/R(T™), ¢, (T) = dimN (T /N (T™).
FHOCHR [9] HH A5 3E 3.2 %01
en(T) = dimX/(R(T) + N(T™)), ¢.(T) = dimN (T) N R(T™).

FEH T ) stable defect ¢(T") Fl stable nullity ¢/(T) 7 5E XA

oo oo

o(T) = ea(T) F(T) = d,(T).

n=0 n=0
T T e B(X) UASAEE AL n, /745 T FFHLEZL:
R(T")/R(T™) — R(T™)/R(T™?),

18k, (T) &G FEMEI R 45, RN id
K(T) = kn(T).
n=0

HISCHR [10] F A5 B 2.3 AT, SHER AR S n, A

o (T) = dim(N(T) N R(T™)) /(N (T) N R(T™))
= dim(R(T) + N (T"*)) /(R(T) + N(T™))
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A
k(T) = dimN (T)/(N(T) N R(T>°)) = dim(R(T) + N (T>))/R(T).
NTHFRAIZ 1 19 B EARRIENSE R; C B(X), Hrh 01 <4 <19, FEWICHR (7, 11].
EX 1.2 MMEEM T € B(X),
(1) By ={T € B(X) : ¢(T) =0},
(2) Ry ={T € B(X): ¢(T) < oo},
(3) Ry ={T € B(X) : 3d € NflifF cy(T) = 0 H R(T*) AL},
(4) Ry ={T € B(X): X T VneNFH c,(T) < oo},
(5) Rs = {T € B(X) : 3d € N cy(T) < co H. R(T*HY) NI},
(6) Rg = {T € B(X): ¢(T) =0 H R(T) NH%},
(7) R = {T € B(X) : ¢(T) < oo H.R(T) N},
(8) Rg = {T € B(X) : 3d € Nfiif3 ¢/,(T) = 0 H R(T4) R},
(9) Ry ={T € B(X): XTVneNEH(T) < oo HR(T) NHHE},
(10) Rio ={T € B(X) : 3d € Nfiif5 ¢),(T) < oo H R(T**") NIHE},
(11) Ryy = {T € B(X) : k(T) =0 H R(T) NH%},
(12) Ry, = {T € B(X) : k(T) < oo H R(T) NI},
(13) Ris={T € B(X): 3deN, Vn>d A k,(T) = 0 H R(T") NI},
(14) Ry = {T € B(X) : Vn €N, k,(T) < co H R(T) NH%},
(15) Ris ={T € B(X): 3d €N, Vn > dH k,(T) < oo H R(T*1) HIH£},
(16) Rig = {T € B(X) : 3d € Nfii15 c4(T) = 0 H. R(T) + N(T?) NIHE},
(17) Ri7 = {T € B(X) : 3d € Nffif5 c4(T) < 0o H. R(T) + N (T%) FIH%},
(18) Rig={T € B(X): IdeN, Yn>dH k,(T) =0 H R(T) + N(T%) NIH%E},
(19) Rig={T € B(X): 3d €N, Vn > d H k,(T) < oo H R(T) + N(T?) NH%E}.

H1, Ry v Rov Ry« Ry F1 Ry ST 23 HIFR A 51 T 2 Browder 57\ £ Drazin
A 2 Fredholm 874 A Drazin AJi5H T, Rgv R+ Rgs Ro 1 Ryg FINE
TN T ERET . 3 Browder 27+ /£ Drazin AJ 087, 3 Fredholm & 1 HlA
AJ5t Drazin ATWSET. Riyy Rioy Riz M1 Ry "R 20 0 FR 9B IENW B A5 IR 55
F ) Fredholm &7 FIEA &30 M5 T B HE T

AL FES | R [7,12] PG, 12 SRR T R B Banach AEN, Bt
TV LH A (1.4) 19 A F1 BOF 5aF 19 JIE MRS 3L R TR, #E— A 7 A 21 X
Drazin-Riesz A )34 HAX Y BC* /&) X Drazin-Riesz A% [1].

2 FTEFIE

AT T SCHR [7]) R IE, A (1.4) BROLRIRTHE T, 88l 37— e i 2 A f (] 44
e, EM T A BCF (#119 KIENIEARRF], B 0k, (A) = ok, (BCF), Hr 1 <4 <19. #¥E
R 19 BIEMEEME X, RATTFEL BT (513 2.1 ) X A M BCOF %2750 5EHE1
BEAKAR.

5138 2.1 X T REAEMES L H A, B, Cc B(X) g C*BC* = AC* 1 C*BA* =
Ak"'l, )[“J

(1) C*R(BC* —I)" C R(A—1I)",
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(2) C*N(BC* —I)" C N(A—1)",

(3) BA*R(A —I)" C R(BC* —I)",

(4) BA*N(A — )" C N(BCk — ).

I (1) Wy € R(BC* — )™, WAFHE x € X f§if% y = (BC* —I)"z. tH C*BC*F = AC*
CIES;

Cry=C*(BCF — )"z = (A—-I)"C*x € R(A—1I)".

Rk, C*R(BC* — I)" C R(A—1I)".

(2) fEHL 2 € N(BC* — I, #3# C*BC* = AC* "J A1

(A—I)"C*z = C*(BC* — I)"z = 0.

i, CEN(BC* — I)» C N(A —I)™.
(3) MEH y € R(A—I)™, WHFHE 2 € X {815 y = (A — I)"x. tH CFBAF = AR W[{5

BA*y = BA¥(A - I)"x = (BC* — I)"BAFx € R(BC* — I)™.
Kk, BAFR(A —I)" C R(BCF — I).
(4) fEHL 2 € N (A — )", 1R¥E C*BA* = AR+ A4
(BC* — I"BA*z = BA*(A—I)"z = 0.
Kk, BA*N (A — )™ C N(BCF — I)™.
513 2.2 A% FREAERES & H A, B, C € B(X) i#2 C*BC* = AC* fl C*BA* =
AR ¢ (A= T) = ¢, (BCk —I). #ififs (A1) =c(BC* —1I).
WE N TUEBIR SR N (BCR — )™ N (BCY — )™ 5750 N (A — )" N (A= T)"
ML EARSE, TATE X CF RN [
N(BCF — )" N (BCk — )™ — N(A - )" N (A—-T)"
PAJH BAR 5 S B2 IS g:
NA-D)"N(A-T)" — N(BC* — )" /N(BC* — I)™.
MRS 2.1 (2) A1 (4) B0 IR AN BT 35 2 R UL IR LR BER f fl g #R2

B —Ji, AEI 2 € N(BCF — )" 2 Che € N(A— D)™ R4EFIH 2.1 (4) A
BA*C*x € N(BC* — I)*. i1 C*BC* = AC* W13 BAFCF = (BC*)*!, #tifif
r=1x— BA*C*z + BA*C*x = BA*C*x + » — (BC*)" 'z
= BA*C*z — [(BC*)* 4 --- + BC* + I[(BC* — Iz € N(BC* — I)".
XU f RS, WM (A-1) > ¢, (BCY —1). 53— Ji, Al z € N(A—I)"*! 2
BAFz € N(BC* — I)". R¥ESIEE 2.1 (2) 51 C*BA*x € N(A —I)". BT C*¥BAF = A+
ANz A3 LA 7 i
z=x—C"BA*zx + C*BA*x = C*BA*x + . — A*ly
=CBAYr — (A4 + A+ D(A-Dr e N(A- D)™
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XYL g B, W (A1) =, (BC* —1TI).

3138 2.3 X FREANEAEE E H A, B, C e B(X) i CFBC* = AC* il C*BA* =
AR ¢ (A —1T) = ¢, (BC* — I). WA (A —1I)=c(BC* —1).

WE A TIEM R A R(BCY — I /R(BCF — )"t 5= R(A — )" /R(A — I)"*H!
AERARSE, FATE X CF MU [

R(BC* — I)"/R(BC* — )"*' — R(A—I)"/R(A —I)"*!
LAJ H BA® 7 S &R g:
R(A—D"/R(A—T)""' — R(BC* — I)"/R(BC* — 1)1,

MRS B 2.1 (1) A1 (3) AIAT R PIAN BRI 35 /2 RoE I, T RIBAT A TREE f g
#WaEHg. — T, I 2 € R(BCF — D" Wi /& Ckz € R(A - I)"L. |5 # 2.1 (3) M
BA*Ckx € R(BC* — I)"+'. RIE5IFE 2.2 P HIERAFE AT 40 2 4 LA R 4R

z = BAFCFx — (BC* — I)((BC*)* + -+ BC* + Iz € R(BC* — I)"*".

BAkz € R(BC* — )"t 513 2.1 (1) %1 C*BA*z € R(A — )" SURMESIEE 2.2
WEBR I FE AT 0 0 A DUR 43 i

r=C"BA*z — (A +.. 4+ A+ I)(A— D)z € R(A - I)"*,

XU g RS, W cn(A - I) = ¢, (BCF - I).

5138 2.4 X T REAEMES L H A, B, C e B(X) i C*BC* = AC* 1 C*BA* =
AR k(A — 1) =k, (BC* — I). 3t k(A — 1) = k(BC* - I).

IE N TIEME 2 (R(BCF — 1) + N(BCk — I)"+Y) /(R(BC* — I) + N (BC* — I)")
H5EEm (RA-I) + NA - D" /(R(A—=1)+ N(A - I)") F4EEZE, BA1E Xk CF
roasa 0l N s ]

(R(BC* — I) + N(BC* — I)"™)/(R(BC* — I) + N(BC* — ™)

3175 = ]
(RAA-D)+NA-I)"")/(R(A=I)+ N(A—1)")

ML £ DL R BAR 55 0 AR 23 1)
(RA=D) +NA =D/ (RA=T) + N(A—1)")
B/ 4 A
(R(BC* — I) + N(BC* — I)")/(R(BC* — I) + N(BC* — ™)

MIERVER g, AREESIHE 2.1 T FOR AN WU 1 RoE Y. B2 FoRIRAT A TREAE] f M g
LR, — 7, fEB 2 € R(BC* —I)4+N(BCk—I)" 1 i C*x € R(A-I)+N(A-I)",
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MAEEye X U ze N(A-D)" 15 Cro = (A—Dy+z, Nl y = Ay+2— CFx. H513H
2.1 (4) A[%1 BC*BA*z € N(BC* — ). 1 C*BC* = AC* W[ H1 BC*BAkC* = (BCF)*2
BT 3) « A LA N 7 fid:
r=x— BA"C*x + BA*C*z = v — BA*C*x + BA*(A - I)y + BA*z

=2 — BA*C*x + (BC* — I)BA*(Ay + 2 — C*z) + BA*z

=1z — BC*BA*C*z 4 (BC* — I)BA*'y + BO*BA*~

= (BCk — I)(BA*'y — [(BC*)* ™ + ... + BC* + I|z) + BC*BA* 2

€ R(BC* —I) + N(BC* — I)".

XYL f R Wk, (A—T) > ko (BCF —1). %— 07T, AFH z € R(A— 1) + N(A—I)"*!
Wi/ BA*z € R(BC* — I) + N(BC* — )", WIfFTEy € X 2 € N(BC* — )™ flifg
BAFx = (BC*—Iy+z, \ifi y = BC*y—BA*z+2. 134518 2.1 (2) %1 AC*z € N(A-1)".
H1 C*BAF = AM a1 CF BCK BAY = A2 gy

r=x—C*BA*z + C*BA*z = & — C*BA*z + C*(BC* — Iy + C*2
=2 —CFBA*2 4+ C*(BCO* — IN(BC*y — BA*z + 2) + C*2
=z 4+ C*BC* - I)BC*y — C*BC*BA*x + C*BC* 2
= (A - D[AC*Yy — (A" ...+ A+ Da] + AC*2
ERA-I)+NA-I)".

XU g RS, Wk, (A — 1) =k, (BCF — 1),

513 2.5 AT FREAERES & H A, B, C € B(X) e C*BC* = AC* fl C*BA* =
AL R(A—T) + N(A =)™ Z2HAPHEANY R(BC* — 1) + N(BCF — )™ £,

W B RA-I)+N(A-D)™ 2K BT {z;} C R(BCY — 1)+ N (BCF—1)"

Cre = lim CFz; = lim (C*y; + C*z).

H5IEE 2.1 (1) A1 (2) AT Cry; € R(A—T) M1 CFz; e N(A-T)". BENR(A-D)+N(A-I)"
ST, FTUfAEy e X Mz e N(A—D)" 15 C*x = (A— D)y +2, \ifi y = Ay + 2z — C*a.
HEIHE 2.1 (4) W41 BC*BA*z € N(BCF — ). IG5 2.4 W HAEB AT &N 2 4 DL R 40 fif:

r = (BC* — )[BA*'y — ((BC*)*™ + ... + BC* 4 I)z] + BC*BA* 2
€ R(BC* —I) + N(BC* — ™).

Kk, R(BCk — I) + N(BC* — I)™ & H/.

BT, % R(BC* —I) + N(BC* — I)» Z2HK. EBFH {z,} € R(A-1I)+
N(A = D™ 352z, BT 2, WHEE 3y, e R(A—1) Ml 2z, e N(A - I)" f§15 2, = yn, + 2n.
NI}

BAFz = lim BAFz, = lim (BA*y, + BA*z,).

n—oo n—oo
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M5l E 2.1 (3) Al (4) A& BAky, € R(BC* — I) Al BA*z, € N(BCF — I)*. AN
R(BCF —I) + N (BCF — I)™ R, FiLAFAE y € X Al 2 € N(BC* — I)" {§if3 BA*z =
(BCk—T)y+z, M\ifi y = BC*y+2z—BCFz. H5I# 2.1 (4) W[k BC*BA*z € N(BC*—1I).
MO 2.1 (2) W& ACPz e N(A — D", iR¥E5I B 2.4 W RUEBI A AN « A BLT 0 fig:

= (A-—D[ACty — (A" ... A4+ D]+ AC*2 e R(A-I) + N(A—1)".

B, R(A—1I)+ N(A—1)" ZH.

MEIHEE 2.5 P n =0 K, o] IEEILLFHER:

#iL 2.6 X TFEANEGESHE H A, B, Cc B(X) #/E C*BC* = AC* Fl C*BA* =
AR R(A — 1) 724 BACY R(BCY — 1) 52 .

#L 2.7 A TFEANEGEBESH E H A, B, C c B(X) #/& C*BC* = AC* Fl C*BA* =
AR R(A — 1™ S HACY R(BCY — I)™ &Y.

WE X TAEE R IERES n, &

n n

A,=> (") (1A =T —(I-A)" M B, =) (Z) (1Y~ 'B(C*B)’ .

j=1 J Jj=1

j’\j Can — Ck Z?:l (?)(-1)j_1B(CkB)j_l =] — (I o CkB)n u& (CkB>ncvk — Aan,
T A B HeTH 5 AT A
C*B,C* = (I — (I - C*B)")C* = C* — (I - C*B)"C*
=Ck - C*(I - BCH" =C*F — (I — A)"C*
= (I (I - A)")C* = A4,C*.

NFNFIH (I — CkB)r AR = AR(T — A) 715

C*B AL = (I —(I—A)")* = (I =C*B)"(I - (I - A)")*

— =y - (1=t (1)

— ==y = - ara s (1) oy

Jj=1

= (I = (T = A" = (I = A)"(1 — (T = A"} = A+,

FieA C*B,C* = A, C* UL} C*B, Ak = ARFL {R4ESIHE (2) TR R(A, — 1) = R(A—1)"
Y4 HAY R(B,CF — 1) = R(BC* — I)™ =M.

FIRTESIFH 2.2, 2.3, 2.4, 2.5 FIHEIL 2.7 C4 M T 19 25 1IE WA KRR B8 43, LA
N BT

EHE 2.8 AXFFEANEGENE H A, B, Cc B(X) /& C*BC* = AC* Fl C*BA* =
AL ok (A){0} = o, (BCF){0}, Hd 1 <i<19.

3 "X Drazin-Riesz ¥
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1958 4, Drazin 181 fEE5A AL B KGN T Drazin HMMES. FHBRATEES 7
VST IAEZE N R Drazin W€ L. #HXT T € B(X), 715 S € B(X) FIEEE n i
af

TS =8T, STS =S, T"'S =17,

JFR T /& Drazin AJIH), id TP = S, AR L LR8N EREE n B8 T 1
Drazin 540 MR B E B8 = A KA B 08 T —ZIUEZE K, Koliha 7E Banach 4
B L SINIEWFFE 7T X Drazin 33, ¥ WSCHR [14]. 3B, @S LR ENHE P
N Fredholm 242N (B): Fredholm i or,r, (T) = {0}) HIF T, Zivkovié-Zlatanovié S
C Il Cvetkovi¢fE Banach %508 _E5%E X T X Drazin-Riesz ¥, JH45i+ 7 HISEM ZIm. *tF
T € B(X), £HifFE—"1 S € B(X) i 2

TS = 8T, STS =S, TST — T 52 Riesz H T,

MIFR S #& T )~ X Drazin-Riesz ¥, T WLICHR [15].

W A, B, C, D N& LG NIKITE. Cline 19 7£ 1965 4EiFA] T: # AB #& Drazin
Al Y, W BA & Drazin Al H (BA)P = B[(AB)P]?2A. X MNERBEHA Cline A
AER, Y2545t Cline AT THIFT. Liao 25 A 171 il Wang 25 A 18] 43 BIRFF 78 171
Drazin ¥ . ) Drazin i# ] Cline A3, BfiJ5, Zeng, Wu 1 Wen 19 7E5&44F (1.3) T 7 1
REEL. BTk, BATES E—NEAUT X Drazin-Riesz ¥ Cline A UK.

#L 3.1 A TFEAMNEGESH E H A, B, C e B(X) #/E CFBC* = AC* Al C*BA* =
AR A & Riesz H T4 HALY BO* /& Riesz BT

IE HERE 2.8 A% or,nr, (A){0} = 0r,nr, (BOCF){0}, # A & Riesz H 74 HALY
BCF & Riesz HT.

I 3.2 A FEAMNEGEH E H A, B, CcB(X) #/E CFBC* = AC* Al C¥BA* =
ARFLU A &) X Drazin-Riesz AL 1124 HAY 24 BC* /&) ¥ Drazin-Riesz A1

W R A & X Drazin-Riesz AJ ¥ [, AT S W2 LT % MF:AS = SA,
SAS = S UK A— ASA J¢ Riesz H¥. % T = BS?C*, # FR#EATRFIEY BCFT =
TBC*, TBC*T =T VA BC* — BC*TBC* J& Riesz HT.

B, BO*T = BC*BS?C* = B(C*¥BA*)Sk+2C* = BS?(AC*) = BS?C*BC* = TBC*.
HIR, TBC*T = BS?*(C*BC*)BS?C* = BS?A(C*BAF)Sk+2C* = BS2C* =T.

a, WREHTQ=1—AS, A’ = AQ = QA LI} B' = BQ, 4 A— ASA = A’ /& Riesz
Hr. HEHE A

C*B'C* = C*B(I — AS)C* = C*BC* — C*B(AS)C*
= AC* — (C*BA*)S*CF = AC* — A2SC*
= (I — AS)AC* = QAC* = A'C*

PAK
CkB/(A/)k — CkBQAk — (CkBAk>Q — Ak+1Q — (A/)kJrl'
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W CRBICk = A'C* B CFB/(A')F = (AR, il 3.1 AT

BC* — BC*TBC* = BC* — BC*BS?*(C*BC*) = BC* — BC*BS*AC*
= BC* — B(C*BAF)S**1C* = BC* — B(AM s CF
= B(I — AS)C* = B'C*

#& Riesz 7. Rk, BO* j&J X Drazin-Riesz AJ i [¥].

A — 50, ¥ BC* &) X Drazin-Riesz o] i ). A FF4E U i &2 BLF & 14
BC*U = UBC*, UBC*U = U VL J BC* — BO*UBCF #& Riesz H¥. %V = C*U*2BA*,
BETFRBANMRFIEH AV = VA, VAV = V IZ A — AVA & Riesz HT. Bk, AV =
(AC*HUM?2BA* = C*U*2B(CFBA*) = CFU*2BAM! = VA, ik, HH C*BC*k = AC* 7]

%ﬂ BAk'HCk — (Bck)k+2, U‘lu VAV = CkUk+2 (BAk+lck)Uk+2BAk — CkUk+2(Bck)k+2Uk+2BAk
=V. &5, Q=1—-CFUF'BA* A" = AQ LA} B’ = BQ, M4

QA — A— CkUk+1BAk+1 — A CkUkJrchkBAk
= A— C*"BCFUM'BAY = A — ACTURT BAF = AQ.

T+ BC* — BC*UBC* = BC* — BC*U*+(BCF)k+1 = BC* — BC*U*'BAFC* = B'C*,
M| B'C* j& Riesz HT. tH C*BC*F = AC* W[4 (BC*)k+2 = BAMICF MM

Cc*B'C* = C*B(I — c*U*'BA*Ck = c*BC* — c*BC*UR T BARCF
= ACF — AC*U* ' BA*CF = A(I — C*U* BAR)C*
= AQC* = A'C*

L% CEBI(AYF = C*BQAF — CEBARQ = ARFLQ — (A1 % T CEB/CE = A'CH Al
CFB/(AkF = A™ Wi 3.1 ATAT A — AVA = A’ & Riesz 7. I, A &1 X
Drazin-Riesz BJ i f].

R

[1] Barnes B A. Common operator properties of the linear operators RS and SR[J]. Proceedings of the
American Mathematical Society, 1998, 126(4): 1055-1061.

[2] Duggal B P. Operator equations ABA = A% and BAB = B?[]]. Functional Analysis Approximation
and Computation, 2011, 3(1): 9-18.

[3] Schmoeger C. Common spectral properties of linear operators A and B such that ABA = A% and
BAB = B?[J]. Publications de I'Institut Mathematique, 2006, 79(93): 109-114.

[4] Corach G, Duggal B, Harte R. Extensions of Jacobson’s lemma[J]. Communications in Algebra,
2013, 41: 520-531.

[6] Zeng Q P, Zhong H J. Common properties of bounded linear operators AC and BA: Spectral
theory[J]. Mathematische Nachrichten, 2014, 287(5-6): 717-725.

[6] Yan K, Fang X C. Common properties of the operator products in local spectral theory[J]. Acta
Mathematica Sinica, 2015, (31): 1715-1724.



544

G

B ¥ R Vol. 6

7]

Yan K, Fang X C. Common properties of the operator products in spectral theory[J]. Annals of
Functional Analysis, 2015, 6(4): 60—69.

Kordula V, Miiller V. On the axiomatic theory of spectrum[J]. Studia Mathematica, 1996, 119(2):
109-128.

Wang H, Huang J J. Reverse order law for the Drazin inverse in Banach spaces[J]. Bulletin of the
Iranian Mathematical Society, 2019, 45(5): 1443-1456.

Grabiner S. Uniform ascent and descent of bounded operators[J]. Journal of the Mathematical
Society of Japan, 1982, 34(2): 317-337.

Mbekhta M, Miiller V. On the axiomatic theory of spectrum I1[J]. Studia Mathematica, 1996, 119(2):
129-147.

Yan K, Zeng Q P, Zhu Y C. On Drazin spectral equation for the operator products[J]. Complex
Analysis and Operator Theory, 2020, 14(1): 2839-2848.

Drazin M P. Pseudo-inverses in associative rings and semigroups[J]. The American Mathematical
Monthly, 1958, 65(7): 506-514.

Koliha J J. A generalized Drazin inverse[J]. Glasgow Mathematical Journal, 1996, 38(3): 367-381.
Zivkovié-Zlatanovié¢ S C, Cvetkovié M D. Generalized Kato-Riesz decomposition and generaliz-ed
Drazin-Riesz invertible operators[J]. Linear and Multilinear Algebra, 2017, 65(6): 1171-1193.
Cline R E. An application of representations for the generalized inverse of a matrix[J]. MAC Tech-
nical Report 592, 1965.

Liao Y H, Chen J L, Cui J. Cline’s formula for the generalized Drazin inverse[J]. Bulletin of the
Malaysian Mathematical Sciences Society, 2014, 37(2): 37-42.

Wang Z, Chen J L. Pseudo Drazin inverses in associative rings and Banach algebras[J]. Linear
Algebra and its Applications, 2012, 437(6): 1332-1345.

Zeng Q P, WuZY, WenY X. New extensions of Cline’s formula for generalized inverses[J]. Filomat,
2017, 31(7): 1973-1980.

THE COMMON PROPERTIES OF SPECTRA UNDER THE NEW

OPERATOR EQUATIONS

KONG Yao-bing, YAN Kai
(School of Mathematics and Statistics, Fuzhou University, Fuzhou 350108, Chma)

Abstract:  The spectral properties of bounded linear operators A and BC* on infinite-

dimensional Banach spaces that satisfy a system of operator equations are studied in this article,
where k is some non-negative integer. Specifically, let A, B, C be bounded linear operators defined
on the infinite-dimensional Banach space X satisfying C*BC* = AC* and C*BAF = AFHL
This paper proves that the 19 types of spectra of operators A and BC* are consistent from the
perspective of the regular set. In particular, we use the fact that the Fredholm spectra of A and
BC* are equal to obtain that the generalized Drazin-Riesz invertibility of A and BC* is equivalent.
These results are a generalization of the conclusions in Yan [7].
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