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1 ¹»º
¼±½#¾#¿ÁÀzÂ±Ã!Ä±Å&ÆÈÇ±ÉËÊzÌ!Í!Î

- Ï Í±Î»ÐÒÑ&Ó(Ô#Õ&ÖØ×!Ù!Ú#Ä&Û!ÜÁÝTÞ&Õ!ß#¾!à ,á¨âËã±ä»å`æ Ä#ÅèçÈéAÍ#Î æÈê
, ë Â#Ã&Ä#ÅËÆ<Ç#ì�í&î¨Í&Î - Ï Í#ÎËß&¾ ,

á í&î¨Þ¨Õ#Ñ
ÓÈÝTß!¾

. Holt
Ô

Polis
î#ï#ð

[1]
ÀAñ å�ò(ó±ô#õ#öØ÷¨ø±ù±úËû(ü±ý ç¨é7Í±Î æ¨ê

:















du

dt
= u

(

be

cv + eu
− dv − η

)

, x ∈ Ω, t > 0,

dv

dt
= v

(

bc

cv + eu
+ du − κ

)

, x ∈ Ω, t > 0.

(1.1)

þ#ÿ
, u = u(t)

Ô
v = v(t) ������� Î��#Ô!Í±Î��<ÝzÄ±Å
	�� , b ��
������ , c

Ô
e � Ñ&Ó���

, d � Í!Î�� , η
Ô

κ �����
� Î��&Ô#Í#Î��»Ý��������
� . Fang ��� î ÷Ëø (1.1)
Ý ��!

ü�"�# ÊAÄ±Å Ý%$'&
(�) æËê
[2], * æ Ä±Å Ý (�) â&ã�+�,.-�/�0�1�2(÷43%5 Ý åTæ ; Wang

�
� î¨ï¨ð [3]
À76�8#Í#Î��&Ä#Å ÉÈÊ�$%&�(�)Ëà âËã±ä
9
: Î
��;.<>=#Ý�? ô

, @4A Ê7BC
-
(�)

- D�E ÷Èø ,
úÁû * æ Í#Î��&Ä#Å
F
�èÝ%<>=7? ô î.G
<�H�I ò�J#âËã�+�,K-�/±�L 5 Ý åzæ

.M�N&ù
,
¼�O�� ö�P Ù�� * æ ¼�O#Ä!ÅQ�SRÁÝ / Ç'T�U&Ô�V�W ä D
X RÁÝ7Y ô Ì�Z
[ Ý\.]

, ^ î ÷Ëø Ý D
E
_ À `�a -�b¨ù�c#ý þ Ä�T�U . Shi ��� î&ï&ð [4]
À7d 2�e�f&ô O Ý

g
h 3
/ Ç'T�U
, '�i�j4k Ý Fick

<�l#Ô#Ä!Å»Ý7T�U ÷43
, m å Ê7n ò î�o!Ä!ÅèÀ'p±×q�%r
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(�)#Ô��
±�T�U�(�) Ý � öØ÷Ëø
:











∂u

∂t
= D1∆u + D2 div (u∇uτ) + f(u), x ∈ Ω, t > 0,

∂u

∂ν
= 0, x ∈ ∂Ω, t > 0,

(1.2)

²»À
, u = u(x, t), uτ = u(x, t − τ), u(x, t) � / Ç x ∈ Ω

Ô - Ç
t ≥ 0 ³�´ O#Ä ÝTÄ!Å
	�� ,

ν ����µ�¶ ∂Ω
ü Ý7o�·#à�¸>=º¹

, D1 > 0 ��� Fickian
(�)&¾��

; D2 ∈ R ��� �
±�T�U<Ý(�)¨¾��
, D2 > 0 �
� ô O
»
¼�	��½=º¾
	���Y ô , D2 < 0 �
� ô O
»�¾
	��½='¼�	���Yô

,
-%b

τ ¿�À
Á T
U � L .
ï¨ð

[4] ��Â Ê ÷Èø (1.2)
À�Ã�Ä 5 Ý'Å4<�Æ<Ð�Ç&½ 5 Ý7È M Ç

<�Æ
, ÉSÊ Â±Ã�(�)&¾�� D Ç#½ 5 Ý \.] .

p�Ë ��Ì ,
/ Ç 1
2 Ç!½ 5 Ý Ç�<�Æ�Í�Î
Ï
Ð�±#Â

Ã�(�)&¾��#ÆÈÇ#ÝTß!¾
, Ñ T�U -'b�Ò ß .Ó�Ô

, Õ ù Õ.Ö Ý ö ��×�Ø�Ù úÈû Þ&ß<Ý7T�U -'b ,
ï#ð

[5–7]
ÀºÚ D o±Ä±Å ��� "�# Ê

��Û -'b Ð Â±Ã�ÜÞÝ ß�) -'b ÉàÊ / Ç'á�â � ô#õ&öØ÷Ëø ;
Ý -

,
î Ö Ä±Å»À "�#4/ Ç7T�U -b¨â É �&Ü!ï&ð [8–12].

þ�ã ÷Ëø ÀzÙ���ä
å úÈû Ê T�U -%b É�Ê �4±�T�U»Ý7(�)¨¾�� D ÷ø(ô#õ#ö�æ � Ý \4] .

X ï±î ÷¨ø (1.1)
Ýº��! ü

,
6�8(Î�� ä �
±�T�U�ç æ <K=º? ô

,
»�è @
A n ò�÷¨ø :



































∂u

∂t
= d1∆u + ρ∇ · (u∇uτ ) + u

(

be

cv + eu
− dv − η

)

, x ∈ Ω, t > 0,

∂v

∂t
= d2∆v + v

(

bc

cv + eu
+ du − κ

)

, x ∈ Ω, t > 0,

∂u

∂ν
= 0,

∂v

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, t) = u0(x, t), v(x, t) = v0(x), x ∈ Ω, t ∈ [−τ, 0],

(1.3)

²»À
u = u(x, t), v = v(x, t), uτ = u(x, t − τ).

î ÷Ëø
(1.3)

À
, d1 > 0, d2 > 0 �����
� Î��Ô!Í±Î��<ÝÞ��rà(�)&¾��

, ρ(ρ 6= 0) ��� Î����
±�T�U<Ý (�)¨¾�� , τ ��� Î�� Ý À�Á T�U �L
, ρ∇ · (u∇uτ)

c!ý Ý ¿ Î�� e�f �SRÁÝ7T�U τ
è�é�ê�ë M

(ρ < 0) ì ��í
ß (ρ > 0) ´�î .

Ω ¿ / Ç R
N (N ≥ 1)

éºï!Ì�ð�ñ µ4¶ ÝTÌ ¶�ò
ó Ø>ô�õ , ν ¿�µ4¶ ∂Ω
Ý'o�·&à�¸�= ¹

.
÷

ø Ýºö�Ù�H�I�÷�ø
:















u0(x, t) ≥ 0(6≡ 0), v0(x) ≥ 0(6≡ 0),

u0(x, t) ∈ C2+α, α
2 (Ω̄ × [−τ, 0]), v0(x) ∈ C2+α(Ω̄), α ∈ (0, 1),

∂u0

∂ν
(x, t) = 0, (x, t) ∈ ∂Ω × [−τ, 0].

(1.4)

Ý -
,
¾&¿

(1.3)
À!Ý7²�ù����

b, c, d, e, η, κ Á
�
k Û�� ,
¼�O4ú�û�n ÷Ëø

(1.1). X ï Ý½üAÝ
¿ "�# �
±�T�U<Ý (�)&¾�� ρ

Ô -'b
τ D ÷¨ø(ô#õ#ö�æ � Ý \4] .î�ý�þ±ï�ÿÈÀ

, N ����� Ì k ý��<Ý��!× , N0 := N ∪ {0} ����� Ì 0�� ý��<Ý��!× .

2 ���
	
���

2.1 
 ¾#¿ (1.3)
Ýºö�Ù�H�I�÷�ø

(1.4), � ¾#¿ (1.3)
í!î���GÈÝ 5

u(x, t), v(x, t) ∈
C2+α, α

2 (Ω̄ × (0,∞)), α ∈ (0, 1), ^�� u(x, t) > 0, v(x, t) > 0.



462 � � � � Vol. 5

� d��
, � 0 ≤ t ≤ τ

-
, u(x, t − τ) = u0(x, t − τ),

Ó - @
A


















































∂u

∂t
= d1∆u + ρ∇u0(x, t − τ) · ∇u

+ρ∆u0(x, t − τ)u + u

(

be

cv + eu
− dv − η

)

, x ∈ Ω, t ∈ [0, τ ],

∂v

∂t
= d2∆v + v

(

bc

cv + eu
+ du − κ

)

, x ∈ Ω, t ∈ [0, τ ],

∂u

∂ν
= 0,

∂v

∂ν
= 0, x ∈ ∂Ω, t ∈ [0, τ ],

u(x, 0) = u0(x, 0), v(x, 0) = v0(x), x ∈ Ω.

(2.1)

<�û
f := (ρ∆u0(x, t − τ))u + u

(

be

cv + eu
− dv − η

)

,

g := v

(

bc

cv + eu
+ du − κ

)

,

� f, g
ß�±

x, t
÷�ø

Höld ò�� ,
ß�±

u, v
÷�ø

Lipschitz
H�I

.
e�f ï#ð

[13]
Ý'<��

4.2,
í

î
T ∈ (0, τ ], ��@�� 0 ≤ t < T

-
, (2.1)

í#î ��GÁÝ 5
u, v ∈ C2+α, α

2 (Ω̄ × [0, T )).
ò�!�" Ìâ É$# 5 » t ∈ [0, T ) %�&�A [0, τ ], É(' [0,∞).r*)�+�[�,�-���W

u(x, t) ≥ 0, v(x, t) ≥ 0, �½É Ì

u

(

be

cv + eu
− dv − η

)

≤ u

(

b

u
− η

)

= b − ηu. (2.2)

»�è '�i (2.1)
Ô

(2.2)
â @



















∂u

∂t
≤ d1∆u + (ρ∇u0(x, t − τ)) · ∇u + (ρ∆u0(x, t − τ))u + b − ηu, x ∈ Ω, t ∈ [0, τ ],

∂u

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x, 0) ≥ 0(6≡ 0), x ∈ Ω.

(2.3)r�±
u0 ∈ C2+α, α

2 , �½É r/.�O�0�1 Ý�2(3�-���W ,
í!î

B0 > 0, ��@ u(x, t) ≤ B0.
»�è e�f

(2.1)
Ý*4�5±Ã�0�1 â @



















∂v

∂t
≤ d2∆v + b + dB0v − κv, x ∈ Ω, t ∈ [0, τ ],

∂v

∂ν
= 0, x ∈ ∂Ω, t > 0,

v(x, 0) = v0(x) ≥ 0(6≡ 0), x ∈ Ω.

(2.4)

6�7 � b + dB0v − κv
ß�±

v ¿�8 ÆÁÝ ,
7 Ó½r

(2.3)
Ô

(2.4)
W

u(x, t), v(x, t)
ã %�&�A [0, τ ]ü

. 9�:�;�< 1 , � â # 5 ÝAí!îÞô!Ç %�&�A [τ, 2τ ];
B : ç æ ;�= Ù , D ±�>4ú m ∈ N,

â #5 ÝAí!îÞô!Ç %�&�A [mτ, (m + 1)τ ], ? ¾#¿ (1.3)
Ý 5 î

t ∈ [0,∞)
éàÎ�@(í!î

.
Ý -�e�f )

+�[�,�-�� â @
A u(x, t) > 0, v(x, t) > 0.

3 ACB�DFEHG�ICJLKNMOIP�
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Q W
,
¾#¿

(1.3)
Ì#Â±Ã�R À�S Û���Ç!½ 5 E1 =

(

b

η
, 0

)

, E2 =

(

0,
b

κ

)

. � H�I

(H1)
η

e
<

bd

eκ − cη
<

κ

c

T�U -
,
¾#¿

(1.3)
á í!î���GÈÝ k Û���Ç!½ 5 E∗ = (u∗, v∗),

² À

u∗ =
κ

d
− bc

eκ − cη
, v∗ = −η

d
+

be

eκ − cη
.

8
µn � òØý�V�W ,YX(Z<Ý V�W ,







−∆ϕ = µϕ, x ∈ Ω,
∂ϕ

∂ν
= 0, x ∈ ∂Ω,

(3.1)

� 0 = µ0 < µ1 ≤ µ2 ≤ · · · ≤ µn ≤ · · · → ∞, D C>± µn

Ý V[W�\ �ÞT � ϕn(x). �
Ω = (0, lπ)

-
,
Ì

µn =
(n

l

)2

, ϕn(x) = cos
nx

l
(n ∈ N0, l > 0). X�]_^�` ä�å ��Â Â#Ã�R À

S Û���Ç!½ 5 E1, E2

Ý Ç
<�Æ
.

���
3.2 (i) � 0 <

bd

eκ − cη
<

η

e
ÉàÊ d1 ≥ |ρ| b

η

T�U -
,
¾&¿

(1.3)
ÝaR À�S Û���Ç

½ 5
E1 =

(

b

η
, 0

)

¿ @�b�È M Ç
<ÈÝ ; c�� E1 ¿ Ü�Ç
<ÈÝ .

(ii) � bd

eκ − cη
>

κ

c

-
,
¾#¿

(1.3)
ÝdR À�S Û���Ç!½ 5 E2 =

(

0,
b

κ

)

¿ @�b�È M Ç
<ÈÝ ; c
� E2 ¿ Ü�Ç
<ÈÝ .�

(i) # ¾#¿ (1.3)
î

E1 ³�8 Æ�e ,
â @
A%D C V�W 0�1 :

(

λ + d2µn −
(

cη

e
+

bd

η
− κ

))(

λ + d1µn + ρ
b

η
µne−λτ + η

)

= 0. (3.2)

e�f
(3.2)

â @ , λ1n = −d2µn +

(

cη

e
+

bd

η
− κ

)

ì

λ + d1µn + ρ
b

η
µne−λτ + η = 0. (3.3)

rº±
0 <

bd

eκ − cη
<

η

e
,
â W

λ1n < 0
T�U

. '�i ï&ð [4]
À!Ýgf�h

3.9
â W

, � d1 ≥ |ρ| b
η

-
,0�1

(3.3)
À � Ì Ý e λ2n Á ï!Ì�i�j Ý ��k b . ? Ó -lV�W , λ1n, λ2n

×!Ì ��k b
, ë'À�mn

E1 =

(

b

η
, 0

)

¿ @�b�È M Ç
<ÈÝ .


 d1 < |ρ| b
η
,
Ý*o r7ï&ð

[4]
À!Ýgf�h

3.9
â W

, D ±�ø�p�[<Ý n,
í#î

λ2n

ï!Ì k k b ,

? E1 ¿ Ü�Ç�<ÁÝ ; 
 bd

eκ − cη
≥ η

e

T�U
,
í#î

n1 ∈ N0, ��@ λ1n1
> 0
T�U

, ? E1 ¿ Ü�Ç�<Ý
.
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(ii) # ¾#¿ (1.3)
î

E2 ³�8 Æ�e ,
â @
A%D C<Ý V�W 0�1 � :

(

λ + d1µn −
(

eκ

c
− bd

κ
− η

))

(λ + d2µn + κ) = 0.

� Ì V�W , λ′

1n = −d1µn+

(

eκ

c
− bd

κ
− η

)

, λ′

2n = −d2µn−κ. � bd

eκ − cη
>

κ

c

-
,
Ì

λ′

1n < 0

T�U
;
è

λ′

2n < 0 q � T�U , ?�À�m n E2 =

(

0,
b

κ

)

¿ @�b�È M Ç4<<Ý . 
 bd

eκ − cη
>

κ

c

Ü
T�U

, ë í!î n2 ∈ N0, ��@ λ′

1n2
> 0
T�U

, ë E2 ¿ Ü�Ç
<ÈÝ .

4 rCEHG�ICJLKNMOIP�
	Psut
vLtYw
òl!�x h k Û���Ç!½ 5 (u∗, v∗)

Ý Ç
<�Æ
. # ¾#¿ (1.3)

î
(u∗, v∗) ³�8 Æ�e , @
A











∂u

∂t
= d1∆u + ρu∗∆uτ + a11u + a12v,

∂v

∂t
= d2∆v + a21u + a22v,

(4.1)

² À
a11 = − be2u∗

(cv∗ + eu∗)2
, a12 = − bceu∗

(cv∗ + eu∗)2
− du∗,

a21 = dv∗ − bcev∗

(cv∗ + eu∗)2
, a22 = − bc2v∗

(cv∗ + eu∗)2
.

8�0�1�y
(4.1)

Ì�n ò�z�3 Ý 5
: u(x, t) = c1e

λtϕn(x), v(x, t) = c2e
λtϕn(x),

²èÀ
c1, c2

Á�� Û�� , � (4.1)
î

(u∗, v∗) ³%D C<Ý V�W 0�1 � :

φn(λ) = λ2 + anλ + bn + (cnλ + hn)e−λτ = 0, n ∈ N0, (4.2)

² À
an = (d1 + d2)µn − (a11 + a22),

bn = d1d2µ
2
n − (d1a22 + d2a11)µn + a11a22 − a12a21,

cn = ρu∗µn,

hn = ρu∗µn(d2µn − a22).

Q W(î Ò T�U�(�)
(ρ = 0)

-
, k Û���Ç!½ 5 (u∗, v∗) ¿ @�b�È M Ç
<ÈÝ , ë

a11 + a22 = −b(e2u∗ + c2v∗)

(cv∗ + eu∗)2
< 0,

a11a22 − a12a21 = d2u∗v∗ > 0.

� -'b τ = 0
-

,
V�W 0�1

(4.2) {��
λ2 + (an + cn)λ + bn + hn = 0, n ∈ N0, (4.3)



No. 5 ������� : �������¡ w¢¤£¦¥�§�¨ - §�©�ª�«¡£­¬�®¯¬�° 465

² À

an + cn = (d1 + d2 + ρu∗)µn − (a11 + a22),

bn + hn = d2(d1 + ρu∗)µ2
n + (−ρa22u

∗ − d1a22 − d2a11)µn + a11a22 − a12a21.

^�` â @ n ò p�h .
���

4.3
8

(H1)
T�U

. � τ = 0
-

, 
 ρ ≥ −d1

u∗
, � Û���Ç!½ 5 E∗ ¿ @�b�È M Ç
<

Ý
; 
 ρ < −d1

u∗
, � E∗ ¿ Ü�Ç
<ÈÝ .

� 
 ρ ≥ −d1

u∗
, � bn + hn > 0;

r
a11 + a22 < 0

â W
an + cn > 0

T�U
.
7 Ó

,
e�f

Routh − Hurwitz |�� W (4.3)
Ý � Ì V�W�e Á Ì ��k b ,

»�è
E∗ ¿ @�b�È M Ç
<ÈÝ .


 −d1 + d2

u∗
≤ ρ < −d1

u∗
, � í¨îKG#Ã N0 > 0, � n > N0

-
,
Ì

bn + hn < 0,
Ó -�V

W ,
ï!Ì k k b , ? E∗
Ü�Ç�<

; � ρ < −d1 + d2

u∗

-
, ë d1 + d2 + ρu∗ < 0, 
 n

ø�p�[
,
Ì

an + cn < 0
T�U

, ë í!î k k bÁÝ V�W�e ,
»�è

E∗
Ü�Ç
<

.} ü&â W
, � τ = 0

-
, 
 ρ ≥ −d1

u∗
, E∗ ¿ @�b�È M Ç4<<Ý ; 
 ρ < −d1

u∗
, E∗ ¿ Ü�Ç4<Ý

.

'�i ï#ð [9]
Ý�0�¸

, ^�` "�#�V�W 0�1 (4.2)
Ýg+ ~g0�1

(n → ∞):

φ∞(λ) = d1 + ρu∗e−λτ = 0. (4.4)

8
λ = β ± iγ ¿ 0�1 (4.4)

Ý e
, � Ì
{

d1 + ρu∗e−βτ cos γτ = 0,

ρu∗e−βτ sin γτ = 0.
(4.5)

(i) � ρ ≥ 0. 
 sin γτ 6= 0,
e�f

(4.5)
Ý�4_5!Ã�0�1�W

ρ = 0, � a A (4.5)
44G±Ã�0�1

À @
A d1 = 0, ��� , ? sin γτ = 0.
r

sin γτ = 0,
â W

cos γτ = ±1:

(1) � cos γτ = 1
-

,
Ì

d1 + ρu∗e−βτ = 0,
r�±

d1 > 0 ÉSÊ ρ ≥ 0, ? Ò�5 ;

(2) � cosγτ = −1
-

,
Ì

d1 − ρu∗e−βτ = 0,
â @ β =

− ln d1

ρu∗

τ
.
7 Ó

, � ρ <
d1

u∗

-
, β < 0,

ë V�W�e�k b � � Ý ; � ρ >
d1

u∗

-
, β > 0, ë V�W�e�k b ��k Ý .

(ii) � ρ < 0. '�i ü�! Ý*o»Ýg0�¸ ,
â @ β =

− ln −d1

ρu∗

τ
, ? � ρ > −d1

u∗

-
, β < 0, ë V

W�e�k b � � Ý ; � ρ < −d1

u∗

-
, β > 0, ë V�W�e�k b ��k Ý .e�f&ü�! Ý < 1 ,

â Éà@
A òl! þ Ã
<�� :
���

4.4
8

(H1)
T�U

. � |ρ| >
d1

u∗

-
, � îË¾¨¿ (1.3)

À
, D ±�>KúÁÝ τ > 0, k Û��Ç!½ 5

(u∗, v∗) ¿ Ü�Ç
<ÈÝ .

4.1 Turing ���
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D ±��'<ÈÝ τ ≥ 0,
<�û

ρS1

n := − bn

(d2µn − a22)u∗µn

< 0, ρ∗

n(τ) :=
an

(τd2µn − τa22 − 1)u∗µn

, n ∈ N. (4.6)

� ρ = ρS1

n

-
,
V�W 0�1

(4.2)(4.3) Á í!î�� V�W�e .
r

ρS1

n D µn

Ý7o���Æ
,
â @ sup

n∈N

{ρS1

n } =

−d1

u∗
.
6�7 �

dλ(ρ)

dρ

∣

∣

∣

∣

ρ=ρ
S1
n

= − d2u
∗µ2

n − a22u
∗µn

an + ρS1

n u∗µn − (d2µn − a22)τρS1

n u∗µn

6= 0, (4.7)

? ß�±!¾#¿ (1.3)
Ý

Turing ��� ,
Ì òl! p�h

.���
4.5

8
(H1)

T�U
. � ρ = ρS1

n < 0 � ρS1

n 6= ρ∗

n(n ∈ N)
-

,
¾#¿

(1.3)
î

E∗ � Mí!î ÷
-n
Ý

Turing ��� ,
² À

ρS1

n , ρ∗

n

n
(4.6) � <�û , µn ¿ (3.1)

Ýg��o V�W�e
.

4.2 Hopf ���
� τ = 0

-
, 
 V�W 0�1 (4.3)

Ì
G D������ λ = ±iω(ω > 0),
Q "O�*���a�����������

�����
. ��� τ = 0

�
, ��� (1.3)

�����
Hopf ��� .

� τ > 0
�

,  �¡�¢�£�¤ (4.2) ¥�¦l§������ λ = ±iω(ω > 0), ¨
−ω2 + ianω + bn + (icnω + hn)e−iωτ = 0,

�
{

−ω2 + bn + cnω sinωτ + hn cosωτ = 0,

anω + cnω cosωτ − hn sinωτ = 0.

© �
,

ω4 + pnω2 + qn = 0,

ª[«
pn = a2

n − 2bn − c2
n,

qn = (bn + hn)(bn − hn).

¬
z = ω2, ­�®�£�¤ :

z2 + pnz + qn = 0. (4.8)

¯�°
ρS2

n :=
bn

(d2µn − a22)u∗µn

> 0, n ∈ N,

� ρ < ρS1

n ± ρ > ρS2

n

�
, qn < 0; � ρS1

n < ρ < ρS2

n

�
, qn > 0.²�³ ���

(H2) a2
22 + 2a12a21 > 0
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Ò�Ó
, ¨ a2

n − 2bn > 0.
¯�°

ρS3

n := −
√

a2
n − 2bn

u∗µn

< 0, ρS4

n :=

√

a2
n − 2bn

u∗µn

> 0, n ∈ N,

� ρ < ρS3

n ± ρ > ρS4

n

�
, pn < 0; � ρS3

n < ρ < ρS4

n

�
, pn > 0.Ô(Õ

sup
n∈N

{ρS1

n } = −d1

u∗
, inf

n∈N

{ρS2

n } =
d1

u∗
,

sup
n∈N

{ρS3

n } = −
√

d2
1 + d2

2

u∗
, inf

n∈N

{ρS4

n } =

√

d2
1 + d2

2

u∗
,

(4.9)

Ö�× � n Ø���Ù � , ¥ ρS1

n − ρS3

n > 0, ρS2

n − ρS4

n < 0
Ò�Ó

. ��Ú Õ £�¤ (4.8)
«dÛ �[Ü ���_�

¥_ÝlÞOÜdß�à .
á*â

4.6
³

(H1)(H2)
Ò�Ó

. (i)   ρ ∈
(

−∞,−d1

u∗

)

∪
(

d1

u∗
,∞
)

, ¨�£�¤ (4.8)
���

¦�ã Û � ; (ii) § Õ ��ä Ù�Ü n,   ρ ∈
[

−d1

u∗
,
d1

u∗

]

, ¨�£�¤ (4.8) å�¥ Û � .

æ �
(H2) Ü ��� Ý�ç Ö�× a2

n − 2bn > 0.

  qn < 0, è ρ < ρS1

n ± ρ > ρS2

n ,
� �

(4.8) ¦ ¯ ��� ¦�ã Û � . é Ô*Õ ρS1

n ê ρS2

n Ü�ëì�í ��î�ï −d1

u∗ ê d1

u∗
,
© � � |ρ| >

d1

u∗

�
, (4.8) ð ��� ¦�ã Û � .

  qn = 0,
�H�

(4.8)
Û �PÜ ���[�Oñ pn ¥OÚ , � pn ≥ 0

�
, (4.8)

����� Û � ; �
pn < 0

�
, (4.8)

��� ¦�ã Û � . ò�ó , � n Ø���Ù � , ��ô ρSi

n (i = 1, 2, 3, 4) ÜgÙ�õ�Ú�� ,
Ö�×

qn = 0 ê pn < 0
��ö ÷a�lø�ù

. ��§ Õ ρ = ρS1

n ± ρS2

n , � n
��ä Ù � , (4.8) å�¥ Û � .

  qn > 0,
÷*ú�û�ü ­�® pn Ü Û�ý , � pn ≥ 0

�
, (4.8)

����� Û � ; � pn < 0
�

, þ ûÿ��
(4.8) Ü ÿ î�� ∆ = p2

n − 4qn. ��� , � n Ø���Ù � , qn > 0 ê pn < 0
��ö ÷a�lø�ù

.
©

�
, § Õ −d1

u∗
< ρ <

d1

u∗
, � n

��ä Ù � , (4.8) å�¥ Û � .

��ô�£�¤ (4.8), ¥
zn =

−pn +
√

p2
n − 4qn

2
.

� ó ωn =
√

zn,
© � Ö���	

τ j
n =















1

ωn

arccos

[

hn(ω2
n − bn) − ancnω2

n

c2
nωn + h2

n

+ 2jπ

]

, ρ > 0

1

ωn

arcsin

[

ω(cnω2 − bncn + anbn)

c2
nωn + h2

n

+ 2jπ

]

, ρ < 0

, j ∈ N0, n ∈ N.

á�â
4.7

³
(H1)(H2)

Ò�Ó
.   ωn

���
, ¨�§ Õ ¡�¢�£�¤ (4.2), ¥�
_Ý ���_�����Ò�Ó

:
Re(dλ(τ))

dτ

∣

∣

∣

∣

τ=τ
j
n

> 0.

æ � ¡�¢�£�¤ (4.2)
«

, � λ ��
�Ú Õ τ Ü���� , è λ = λ(τ), ¨
(

dλ

dτ

)−1

=
(2λ + an)eλτ + cn

λhn + λ2cn

− τ

λ
.
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� ó ,

Re

(

dλ

dτ

)−1
∣

∣

∣

∣

∣

λ=iωnτ=τ
j
n

=Re

(

(2iωn + an)eiωnτj
n + cn

iωnhn + (iωn)2cn

− τ j
n

iωn

)

=
(2cnω2

n + anhn)ωn sinωnτ j
n + (2hn − ancn)ω2

n cosωnτ j
n − c2

nω2
n

c2
nω4

n + h2
nω2

n

=
2c2

nω4
n + (pnc2

n + 2h2
n)ω2

n + pnh2
n

(c2
nω2

n + h2
n)2

> 0.

��� τ = τ j
n

�
, ¥ Re(dλ(τ))

dτ

∣

∣

∣

∣

τ=τ
j
n

> 0
Ò�Ó

, è ��������� Ò�Ó .

(a) τ = 30, ρ = 8 (b) τ = 2, ρ = 29 (c) τ = 0.01, ρ = 4550

(d) τ = 30, ρ = 8 (e) τ = 2, ρ = 29 (f) τ = 0.01, ρ = 4550

�
1 ����� (P1) �������� , E∗ = (0.2308, 0.7949), ρ∗ :=

∣

∣

∣

∣

d1

u∗

∣

∣

∣

∣

= 5.6333. !�"�#�$&% τ > 0,
'�(�)�* "&+�,�-.% ρ, /�0�1�2 (1.3) %43�5���6�7�8 E∗ 9�: 6�;�% . <.= , (a)(b)(c) >�?�@A�B�C�DFE4GIH

, (d)(e)(f) >4J�?�K A�B�C�DFE4GIH .L
1 lim

n→+∞

τ j
n = 0( M�N Ö�O ­�P&Q [8] ÜSR 2).

ß�T&U�V&W�ãYX4Z Ö\[]��	 ß�à .
^ â

4.8
³

(H1)(H2)
Ò�Ó

.   ρ ∈
(

−∞,−d1

u∗

)

∪
(

d1

u∗
,∞
)

, ¨�§ Õ ��ä Ù[Ü n,

��� (1.3)
�

E∗ _�` ù ¦�a.bIc�d�e�f�g&h�i , j�ã�§�k[Ü�ë ì�í ï τ = τ j
n, j = 0, 1, 2, · · · ,l

lim
n→+∞

τ j
n = 0.
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5 monoprq
s ¦�t « , u�v�w�x�� í�y&z&{�|�} U�VOÜaß�à . ~ Ω = (0, lπ),

ª�� O � í��&� 
�Ý :

(P1) d1 = 1.3, d2 = 1, b = 0.9, c = 0.4, d = 0.3, e = 0.5, η = 0.8, κ = 0.9, l = 2,

���
, E∗ = (0.2308, 0.7949), ρ∗ :=

∣

∣

∣

∣

d1

u∗

∣

∣

∣

∣

= 5.6333.
� Ý { , u�v�� � § Õ��.� Ü τ > 0, ��ð ��� Ù Õ ë ì�í ρ∗ Ü ρ, � � E∗ � ��� ¯ Ü ,


\� 1:   τ → 0,
��� ¬

τ = 0.01,
��� ~ ρ1 = 4550 > ρ∗,

Ö&�I	
E∗ � �&� ¯ Ü , 
\� 1

Ü (c)(f);   τ ���&��� ,
��� ¬

τ = 2,
��� ~ ρ2 = 29 > ρ∗, � Ö���	 E∗ � ��� ¯ Ü , 
Y�

1 Ü (b)(e);   τ �&���&� ,
��� ¬

τ = 30,
� � ~ ρ3 = 8 > ρ∗,

÷*ú Ö���	
E∗ � ��� ¯ Ü ,


Y� 1 Ü (a)(d).
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BIFURCATION ANALYSIS OF A PREDATOR-PREY MODEL

WITH MEMORY DELAY

ZHOU Xin-yan, WANG Xiao-li

(School of Mathematics and Statistics, Southwest University, Chongqing 400715, China)

Abstract: In this paper, we study the stability and bifurcation issues of a predator-prey

model with memory delay under Neumann boundary conditions. The strong maximum principle

and the comparison principle of parabolic equations are used to obtain the well-posedness of the

model (existence, uniqueness and positivity), and then the stability of the constant steady-state

solution in the system is analyzed. At the same time, the Turing bifurcation and Hopf bifurcation

of the system are obtained by taking the memory-based diffusion coefficient as the bifurcation

parameter; it is shown that for any memory delay in this system, there will always be a memory

diffusion coefficient greater than the critical value, making the positive constant steady-state

solution unstable. Finally, the numerical simulation is used to verify the corresponding conclusion.

Keywords: reaction-diffusion equation; memory delay; well-posedness; Turing bifurcation;

Hopf bifurcation
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