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Abstract:In this paper, we study the dynamics of a Susceptible-Exposed-Infectious-Recovered
(SEIR) financial risk contagion model with time delay. Using stability theory and Hopf bifurcation
theory, equilibria stability and Hopf bifurcation are analyzed in detail. Based on the epidemic
model, we improve it by taking prior prevention and self-rescue into consideration, conclude pre-
ventive intensity and self-rescue capabilities effect the number of infections. At the same time,
the analytical conditions for Hopf bifurcation are obtained, and the relevant results are verified by
numerical simulations.
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1 Introduction

In recent years, financial liberalization and economic integration have continued to de-
velop. However, with the expansion of international financial markets, the frequency and
harm of financial risks are also increasing. Comparing the previous situation, we found that
global risks always broke out in one country and then spread to other countries through
trade, finance and other mechanisms. The process was obviously contagious and did huge
harm to infected areas. In our country, the possibility of suffering financial risks and the
harm caused by risks have been increasing in recent years. Therefore, the report of the 20th
National Congress of the Communist Party of China also pointed out that “it is necessary to
improve the financial regulatory system and maintain the bottom line of preventing systemic
financial risks.” How to effectively monitor and prevent financial risks has become a hot issue
studied by scholars.

In order to study the contagion mechanisms of different financial systems and reduce
economic losses, many scholars have applied various methods to study financial risks in recent
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years. For example, some statistical models have been used to empirically study the char-
acteristics of risk contagion among different financial markets in [1-3]. Some scholars have
also introduced complex networks into financial systems, studied the topological structures
and evolutionary rules of different financial markets, and described financial risk contagion
from the perspective of network structure [4-6].

Due to the similarities in the spread of infectious diseases and financial risks [7], the
epidemic model has provided new ideas for the study of financial risk contagion. Many
scholars have started to use the epidemic model to consider different propagation mecha-
nisms of financial risks. In this regard, Garas et al. [8] first applied a SIR model to study
global financial crisis contagion, and obtained 12 central susceptible sources that may trig-
ger the global financial crisis. On the basis of Garas, Toivanen [9] applied a SIR model and
simulations to further study the risk contagion among European banks, obtained the rele-
vant factors that easily cause risk contagion. Subsequently, many scholars studied financial
risks by establishing different epidemic models. For example, Bucci et al. [10] believed that
banks would only be affected by speculation, and infected banks would never develop immu-
nity after recovering from speculation, so they established a susceptible-infected-susceptible
(SIS) model of financial risk contagion, which truly describes the contagion process among
banks. Since exposed individuals exist in the financial risk system, Chenyu B et al. [11]
considered the strictness of government supervision, established a SEIR model by dividing
infected institutions into two types, and concluded that supervision stringency affected the
stability of system. Xu Kai [12] considered the existence of latent subject (H) based on the
SIR model, constructed a SHIR model of associated credit risk contagion, and analyzed the
relevant factors that affected associated credit risk contagion. In addition, considering the
impact of time delay and the characteristics of Internet P2P lending platforms, Zhao et al.
[13] constructed a SEIR model with time delay, used equilibrium and thresholds to analyze
the effect of different factors on credit risk contagion behavior. To sum up, we can see that
existing research cannot better describe the complex financial systems. Therefore, based on
the SEIR model, the financial risk contagion model is improved in this paper.

We arrange the paper as follows: In Section 2, the construction process of the risk
contagion model is explained in detail. In Section 3, equilibria stability and Hopf bifurcation
analysis are investigated, and the corresponding numerical simulations are given in Section
4. Finally, relevant conclusions are drawn, the theoretical results provide a theoretical basis

for governments and enterprises to monitor and prevent financial risks.

2 Model Building

2.1 Model Assumptions and Parameter Settings

In this paper, we construct a risk contagion model by taking into account the prior
prevention of regulatory agencies, the self-rescue of individuals, and temporary immunity
period. We consider four types of subjects who are susceptible to infect risks (S), exposed
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to risk shocks and in a latent state (E), infected with risks (I), and recovered from infection
(R). Based on [11], the assumptions made in this paper are as follows:
Assumption 1: The system network is not closed but limited, and each financial individual
is a node in the network system. Financial individuals enter or exit the system at the same
proportion during the risk contagion process.
Assumption 2: There are differences among financial individuals. After being infected,
some individuals can become recovered groups through various preventive measures, while
some individuals exit the financial system because they cannot acquire immunity.
Assumption 3: All susceptible individuals can establish lending relationships or hold com-
mon assets with infected individuals or exposed individuals, which further spread financial
risks through connection relationships.
Assumption 4: Exposed individuals can perceive the existence of risks and control the
spread of financial risks through their own financing capabilities or external policy support.
Based on the above assumptions, the financial risk contagion model established in this

paper is as follows:

eR(t—1)

u(l — )T PLSE + f,S1 uwT

Fig.1. Flow chart of risk contagion.

(45() _ p(l —w)T = BiS()E(t) — B2 S()I(t) + abE(t) + eR(t — ) — pS(t),

dt
9EW) _ 5, 5(t)B(t) + B2S()I(1) — aB(t) — uB(),

dt
(2.1)
%t) = a(l=b)B(t) — ol(t) = mI(t) — pl(t),
%Et) = uwT +ml(t) — eR(t — 7) — pR(t),

where the initial conditions of Eq.(2.1) are S(0) > 0, E(0) > 0, I(0) > 0, R(0) > 0, and let
N(0) be the total number of individuals when ¢t = 0, i.e.

N(0) = S(0) + E(0) + I(0) + R(0) > 0. (2.2)

The parameters used in Eq.(2.1) and the meanings are shown in the following table.
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Table 1 Parameter Settings

Parameter Range Practical significance
w [0, 1] The intensity of prior prevention
b1 [0, 1] The infection rate of S come into contact with E
Ba [0, 1] The infection rate of S come into contact with I
b [0, 1] The rescue effect of individuals themselves or external policies
e [0, 1] The transfer rate of exposed individuals
o [0, 1] The bankruptcy rate of infected individuals
m [0, 1] The probability of infected individuals regaining immunity
I [0, 1] The exit rate of individuals in each state
€ [0, 1] The probability that individuals lose immunity
T [0, +00) Temporary immunity period
T [0, +00) The number of new individuals entering the system

2.2 Positive Invariant Set of the Model

In order to ensure that Eq.(2.1) has practical significance, in this part we will discuss
the positive invariant set of Eq.(2.1) to illustrate its positivity and boundedness.

Proposition 2.1 The positive invariant set of Eq.(2.1) is Q = {(S, E, I, R)|S, F, I,
R>0,S+E+I+R<T}.

Proof The initial conditions of (2.1) are S(0) > 0, £(0) > 0, I(0) > 0, R(0) > 0.

When t > 0,

ds
E|S:0 =u(l —w)T +abE +cR(t—71) > 0,

dE
— | g = I>0
dt |E=0 = (251 > 0,

dl
—|jmo=a(l—b)E >0
I l1=0 = JE >0,
dR
—|g=0 = pwT +mI > 0.
dt
Since S(t), E(t), I(t), R(t) are continuous functions about ¢, all solutions in Eq.(2.1) are
non-negative when ¢ > 0. So Q; = {(S, E,I, R)|S, FE, I, R > 0} is positive and invariant to
(2.1).
Then, we set N(t) = S(t) + E(t) + 1(t) + R(t).
According to (2.1) we can get
dN
EzuT—,uN—UIS,uT—uN. (2.3)
So, thereis 0 < N < T.
Therefore, the positive invariant set of Eq.(2.1) is Q = {(S, E,I,R)|S, E, I, R > 0,
0<S+E+I+R<T}.
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3 Dynamic Analysis

In the financial risk system, equilibria of Eq.(2.1) are the key to risk contagion pro-
cess. Therefore, in this section we will analyze the existence and dynamic characteristics of

equilibria in the positive invariant set €.
3.1 Existence of Equilibria

In this part we will discuss the existence of equilibria in Eq.(2.1).

Due to the non-negative characteristics of Eq.(2.1), we can get that Eq.(2.1) has two
equilibria: the risk-free equilibrium Py(Sy, Eo, Iy, Ro) and the risky equilibrium P*(S*, E*,
I*,R").

First, for the risk-free equilibrium Py, the solution can be obtained as Sy =
Ey=0,1,=0, Ry = % Since T, &, t, e+ >0 and 0 < w < 1, Py exists.

£

pn(l—w)T+eT
e+p ’

Before analyzing the existence of P*, we first discuss the basic reproduction number
(Ro). The basic reproduction number is a critical indicator that reflects whether risks are
contagious among individuals, and is of great significance to our study of risk contagion.

For the calculation of Ry, we use the next generation matrix method in [14] to obtain
~  BiSo(c +m+p) + f2Soa(l —b)

Fo (a+ p)(o+m—+p) ' (3:1)

Next we will discuss the existence of P*. According to the expression of ]Aéo, we get that
the existence of P* satisfies the following theorem.

Theorem 3.1 When R, > 1, the risky equilibrium P*(S*, E*, I*, R*) of Eq.(2.1)
exists; when ﬁo <1, P* does not exist.

Proof Solving the risky equilibrium of Eq.(2.1), we can get

o+m+u

Substituting I'* = %E* into 51 S*E* + (5% — aFE* — pE* = 0, we can get

mIl* + pwT
e+u

(a4 p)(o+m+p)
Bi(o+m+p) + Boc(l —b)
Substituting Eq.(3.2) into u(1 — w)T — 1 S*E* — 325" [* 4+ abE* + eR* — puS* = 0, we

§* = (3.2)

et
i (o m+ wl(e + Wl — )T + T — ule + )5

(0 +m+ p)(e+ p)(p+ ol — b)) +ema(l —b)
S5* > 0 is obviously established. Next we prove that E* > 0.

E*>0
< (e4+ p)p(l —w)T + epwT — p(e + p)S* >0
& (e4+u)So—(e+p)S*>0
< P1So(o +m+ p) + B280(1 = b) > (a + p) (o +m+ p)
e Ry>1

E* = (3.3)




418 Journal of Mathematics Vol. 44

Therefore, if and only if Ry > 1, the risky equilibrium P*(S*, E*, I*, R*) exists.
3.2 Stability and Hopf Bifurcation Analysis of F,

Since the stability of P, determines whether financial risks will eventually be elimi-
nated, in this part we will analyze the stability of P, and the analytical conditions for Hopf
bifurcation. And the relevant results are shown in the following theorem.

Theorem 3.2 When Ry < 1 and ¢ < w, Po(So, Fo, Iy, Ry) of Eq.(2.1) is locally
asymptotically stable. When ¢ > u, Eq.(2.1) undergoes a Hopf bifurcation at 7 = 71, and
when 7 € (0,71), Py is locally asymptotically stable; when 7 > 7y, a cluster of periodic
solutions bifurcate from P.

Proof For Eq.(2.1), the Jacobian matrix of P, is

—p =315+ ab —3250 ce 7
Jy = 0 pBiSo—a—p B2.S0 0
0 a(l —b) —(oc+m+p) 0
0 0 m —p —ee AT

Calculating its characteristic equation to get
A+ )N+ p+ee )N+ ai X +ay] =0, (3.4)

where a; = (6 +m+p) — (6150 —a—p), as = —(o +m+ pu)(51.So — o — ) — B2 Socr(1 — b).
Obviously, A\; = —p has a negative real part.
For
A+ aA+as =0. (3.5)

From Eq.(3.1), we can obtain when Ry < 1, then 3,5y < a + p, thus a; > 0; when Ry < 1,
then 31S0(0 +m + u) + B2Soa(l — b) < (a4 p)(o +m + ), thus as > 0.
Therefore, ajas > 0 is established. According to the Routh-Hurwitz criteria, all roots
of Eq.(3.5) have negative real parts.
For
At p+ee™™ =0. (3.6)

Let A =in(n > 0) be the root of Eq.(3.6), then substituting it into Eq.(3.6) we obtain
in+ p+ecosnT —iesinnT = 0. (3.7)

Separating the real and imaginary parts of Eq.(3.7) we can get

— esi =0,
{17 mnT (3.8)

w4+ ecosnT =0.

From Eq.(3.8), we can see that n? = ¢ — u?, so n exists when ¢ > p.
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When ¢ > p, the time delay corresponding to Eq.(3.7) is

) 1 27
) By 2T i —0,1,2, ... (3.9)
n € n

Let 7y = min {Tl(j)} ,7=0,1,2, ..., then differentiating two sides of Eq.(3.6) with respect to

T, we can obtain

]! 1 T
= - - - .10
|:d7':| AA4+p) A (3.10)
And then .
] 1
— = — . 11
Re |:d7'}7__7_1 ,’72 + ILLQ 7é 0 (3 )

Therefore, using the Hopf bifurcation theorem in [15], we can get that the Hopf bifur-
cation occurs in Eq.(2.1) when 7 = 7.

To sum up, we can conclude that when Ry <lande < i, the risk-free equilibrium
of Eq.(2.1) is asymptotically stable, and risks will eventually disappear; when Ry > 1, the
risk-free equilibrium P, will lose stability, and the risky equilibrium P* will occur.

3.3 Stability and Hopf Bifurcation Analysis of P*

Before studying the stability of P* and the analytical conditions for Hopf bifurcation,
we first discuss the roots of the fourth degree polynomial.
For
vt 4+ 11103 + L190? + Lisv + 11y = 0. (3.12)

3
We assume that h(v) = v*+1103 +1100* + 130+, p1 = %—%lfl, ¢ = 131_21_%_”13’ D=

(2)% 4 (&), then the roots of Eq.(3.12) satisfy the following lemma.
Lemma 3.1 [16] Let vy, vq,v3 be the roots of h'(v) = 0, and then
(1) when l;4 < 0, Eq.(3.12) has at least one positive root;
(2) when ly4 > 0:
(i) if D > 0, Eq.(3.12) has positive roots if and only if v; > 0 and h(v;) < 0;
(i) if D < 0, Eq.(3.12) has positive roots if and only if there is at least one v* €
{v1,v2,v3} such that v* > 0 and h(v*) < 0.
Then, through Lemma 3.1 and related analysis, we can conclude the following theorem.
Theorem 3.3 For the conditions:
(Hio) Eo > 1;
(H11) One of the following cases holds:
a:lyy <O0;
b:li4 >0, D >0andv; >0, h(vy) <0
¢:liy >0, D <0 and there exists v* € {v1,v2,v3} such that v* > 0, h(v*) < 0;
(Hi2) W' (v10) # 0.
If (Hy9) — (H12) hold, then when 7 € (0, 72), P* is locally asymptotically stable; when 7 = 75,
Eq.(2.1) undergoes a Hopf bifurcation and a cluster of periodic solutions bifurcate from P*.
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Proof First, we linearize Eq.(2.1) at P* to get

ds(t A ; [ ;
—dg ) = a115(t) + alQE(t) + algl(t) + a14R(t B T)’
di_it) = anS(t) + anB(t) + axl(t),
x (3.13)
_dt = a31E<t) + a32j<t)’
\ %it) = anl(t) + anR(t) + aR(t — 1),

where . A A A
S=S-S""E=FE—-FE*I=1—-1I"R=R—-R".

ay = —(B1E" + o™ + p), a1z = —515" + ab, a1z = — 257, a4 = ¢,
a1 = B1E" + Bol”, aga = B1S™ — a — 1, ags = 257,
asy = a(l =b), asg = —(0 +m+p), ag =m, aso = —ft, a43 = —¢€.
The characteristic equation of Eq.(3.13) at P* is
M4 e N 4 e+ esh + eq + (AN + doX? + dsh 4 dy)e ™ =0, (3.14)
where
b1 = azz + aza, by = azpaze — azszaz,
c1 = —b1 — aga — a1, ca = by + bi(as2 + a11) + as2a11 — a21012,
c3 = —by(as2 + a11) — brasarr + ag1aio(ase + ase) — azasiays,
c4 = baagpa11 — 21012042032 + (21031013042,
dy = —ay3, dy = biayz + aszair, dz = —baayz — braszar; + aza12a43,
dy = baa11043 — A21A12032043 + (21031013043 — (210310410 14.

Let A = i0(0 > 0) be the root of Eq.(3.14), then substituting it into Eq.(3.14) we obtain
0F —ic10° — co0® +ics + cq + (—id10° — da0® + id36 + dy)(cos O —isinf7) = 0. (3.15)

Separating the real and imaginary parts of Eq.(3.15) we can get

{E11(9) cos 0T + E15(0) sin 01 = E15(6), (3.16)

E12(9) cos Ot — E11(9) sinfr = E14(9),
where

E11<9) = d4 — d292, E12<9) = d39 — dleg, E13(9) = —94 + 6292 — C4, E14(9) = 0193 - 639.
Simplifying Eq.(3.16) we can get the following equation about 6:

08 + l1196 + l1294 + l1392 + 114 - O, (317)
where
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l11 = C%—QCQ—d%7 112 = 2C4+C§—26163—d§+2d1d3, 113 = Cg—QCQC4+2d2d4—d§, 114 = Ci—di
Let 02 = v, then Eq.(3.17) can be reduced to

’04 + 111’03 + 112’02 + 113’0 + l14 =0. (318)

According to Lemma 3.1, we can get that when the condition (Hy;) holds, Eq.(3.18)
will have at least one positive root. Without loss of generality, we assume that Eq.(3.18)
has four positive roots, denoted vy, v12, v13 and vi4 respectively, then Eq.(3.17) has four
positive roots 8, = /v, k =1,2,3,4.

Therefore, for each fixed 6, the time delay corresponding to Eq.(3.15) is

; 1 E11(0k)Er3(0k) + E12(0k) E14(0k) 24 .
) 1100k ) 213 (O 12(0k ) 14
Ty, = — arccos 4+ —.k=1,2,3,4.5=0,1,2, ...
0 [ EZ,(6) + B (00) 2 ’
(3.19)
Let 75 — min {72@} L1 = 02, 010 = Ol k= 1,2,3,4.
Differentiating two sides of Eq.(3.14) with respect to 7, we can obtain
AT AN 4300 4 20 + o Bdi\2+2dpA+dy T (3.20)
dr MM F N F A2 Fesh ) AMdiN3 HdeA2 FdsA+dy) N '
And then )
dA - hl(’Ulo)
Re | — = . 3.21
[dT} rery  Efi(010) + E75(010) (3:21)

So when the condition (Hyz) : ' (v19) # 0 holds, Re [%] #0

Based on above discussion and the Hopf bifurcation theorem in [15], we can get that

T=T2

the Hopf bifurcation occurs when 7 = 7.

Therefore, the critical value of temporary immunity period is not infinite, but there
is a threshold. When temporary immunity time is within the critical value, the risk will
eventually stabilize, and when it exceeds the critical value, the system will eventually become

unstable.

4 Numerical Simulations

In this section, we will give specific parameter values to support the theoretical analysis
in Section 3.

4.1 Simulation Results of P,

From Theorem 3.2, we conclude that when Ry < lande < w, Po(So, Eo, Io, Ro) is
locally asymptotically stable. Therefore, we take p = ¢ = 0.05, w = 0.8, T = 6, §; =
0.01, Bz = 0.02, a = 0.06, b = 0.5, 0 = 0.02, m = 0.08 here. The calculation shows that
Ry = 0.3535 < 1, and the system only has a risk-free equilibrium Py (3.6,0,0,2.4). At this
time, the number of infected individuals will continue to decrease, which is shown in Fig.2,
financial risks will eventually disappear.
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Fig.2. Eo <1 and ¢ < p, By is locally asymptotically stable.

Next, we take ¢ = 0.05, p = 0.02, and keep other parameters unchanged. At this
time € > pu, we can get Eo = 0.6364 < 1, and the system only has a risk-free equilibrium
Py(4.6286,0,0,1.3714). According to Eq.(3.8), we can conclude that n = 0.0458 exists, which
satisfies the conditions for Hopf bifurcation, and the time delay critical value 7, = 43.2576.

x10°
48 4
H46 \/\/\/\/\/\N\/Wv\/ 25
44 . . 0
0 500 1000 1500 0 500 1000 1500
4 t t
10p10 16
= =14
=5 o
0 12 L L 1
0 500 1000 1500 0 500 1000 1500

t t

Fig.3. 7 =37.6 < 11, P is locally asymptotically stable.

Fig.3 shows the case of 7 = 37.6 < 71. It can be seen that the system produces damped
oscillation and finally converges to Py. This means that under these parameter values, the
risk system will eventually stabilize and the risk will disappear.

s 5 x107

6

2

0 500 1000 500 o 500 1000 1500

6 x10® t t

4b ]

:4 = 2f 1

% 500 1000 0 o 500 1000 1500

t t

Fig.4. 7 = 44 > 71, a Hopf bifurcation occurs in Eq.(2.1).

Fig.4 shows the case of 7 = 44 > 7;. It can be seen that when 7 passes through the
critical value 71, the Hopf bifurcation occurs and a cluster of periodic solutions bifurcate
from Fy. In addition, according to the definition of EO, when EO < 1, the maximum number
of individuals that can be infected by an infectious individual is less than 1, so when Ry <1
the risk can always be gradually eliminated.
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4.2 Simulation results of P*

According to Lyapunov’s first method, we use the linearized model Eq.(3.13) to study
the local stability of Eq.(2.1) near P*.

We conclude that P*(S*, E*, I*, R*) exists only when EO > 1in Theorem 3.1. Therefore,
we take p = 0.02, ¢ = 0.6, w = 0.5, T" = 500, B, = 0.07, B = 0.08, « = 0.1, b =
0.3, o = 0.02, m = 0.6. The calculation shows that EO = 322.8327 > 1. At this time,
the system has a risky equilibrium P*(1.5238,370.2347,40.4944,47.2527). In addition, we
can get l14 = —0.0733 < 0 and h'(vgy) = 282.5254 # 0, so the conditions (Hio) — (Hi2) in
Theorem 3.3 hold. From the above parameters, we can get 19 = 0.6277, so the corresponding
time delay critical value 7o = 2.6425.

We take 7 = 2.5 < 2.6425 in Fig.5, it can be seen that P* is locally asymptotically
stable. But when 7 passes through the critical value 2.6425, P* will lose stability and a
cluster of periodic solutions will bifurcate from P*. Therefore, we take 7 = 2.65 > 2.6425,
and the corresponding result is shown in Fig.6. Furthermore, the simulation results also
confirmed the similarity of local stability between Eq.(2.1) and Eq.(3.13).

380

a4 {370

1 360
0 50 100 150 200 250 300 0 50 100 150 200 250 300

60

50 100 150 200 250 300 0 50 100 150 200 250 300
t t

Fig.5. 7 = 2.5 < 1, P* is locally asymptotically stable.

MWWWWWWWWWWWWWWWWWWWWWY - a7

0 50 100 150 200 250 300 0 50 100 150 200 250 300

0 50 100 150 200 250 300 0 50 100 150 200 250 300
t t

Fig.6. 7 = 2.65 > 72, a Hopf bifurcation occurs in Eq.(2.1).

4.3 The Effect of w and b on I(t)

In this part we will test the effect of preventive intensity (w) and self-rescue capabilities
(b) on the number of I(¢). From Eq.(3.1) we can conclude that both w and b will effect the
value of Ry and the speed of risk propagation.

In addition, we can see from Fig.7 that when risks spread in the system, the improvement
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=06
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Fig.7. Trend chart of I(t) changing with (a) w, (b) b.

of self-rescue capabilities can significantly reduce the number of I(t), and even cause a
negative growth in I(t). In contrast, the prior prevention of regulatory agencies has little
effect in reducing the number of I(¢), which shows the restriction of relevant policies cannot
fundamentally solve risk infection in the operation of financial systems.

5 Conclusion

In this paper, we comprehensively consider the prior prevention of regulatory agencies,
the self-rescue of individuals, and the temporary immunity period in financial risk contagion,
build a dynamic model to describe the contagion process of financial risks. It has been shown
that the temporary immunity time delay has a significant impact on the stability of risk
contagion model. When relevant parameters satisfy certain conditions, the system will exist
a critical value 7; for immunity period. If the immunity period is shorter than 7;, the model
will be stable, but if the immunity period is longer than 7;, the model will undergo Hopf
bifurcation. This illustrates that when risks are transmitted among individuals, recovered
groups do not gain permanent immunity, but rather there exists a critical value that allows
the system to operate smoothly.

Furthermore, we derived the conditions for the disappearance and persistence of risks,
demonstrated that the system was stable and risks would eventually disappear when Ry < 1.
If EO > 1, risks will persist. This provides theoretical support for government and enterprises
to effectively monitor risks. Finally, it was found that when risks spread in a financial system,
the prior prevention of regulatory agencies can only serve as an auxiliary role. However, the
self-rescue capabilities of individuals have a significant impact on the number of infections.
Therefore, individuals should actively utilize their own resources to counteract risks when

infected with risks.
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