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Abstract: In this paper, we consider generalized Christoffel-Minkowski problems as follows

ok (uij +udis) _ p-1

= S™
ou(ui; + udiy) f(x), xzeS",

where 0 <1 <k <n,p—1>0and f is positive, and we establish the weighted gradient estimate
and uniform C° estimate for the positive convex even solutions, which is a generalization of Guan-
Xia [1] and Guan [2].
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1 Introduction

In this paper, we consider the following form of Hessian quotient type equation
o (Ui + udi; _

oulty T Wy) _porp) g e, (1.1)

ol(u,;j + ’Uﬁv])

where oy, is the k-th elementary symmetric function and w;; is the second order covariant
derivative of u with respect to an orthonormal frame on S", and a function u € C?(S") is

called convex if
(uij +ud;j) >0, on S". (1.2)

In fact, the equation (1.1) corresponds to a class of Lp Minkowski type problem. The Lp
Minkowski problem introduced by Lutwak([3] is a generalisation of the classical Minkowski
problem.

Given a Borel measure p on the unit sephere S™, the Lp Minkowski problem concerns
with the existence of a unique convex body K in R™*! so that p is the Lp surface area
measure of K,

dp = u*"PdSy, (1.3)
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where S} is the ordinary surface area measure of K and u : S™ — R is the support function
of K. In the case of p = 1, the Lp Minkowski problem reduces to the classical Minkowski
problem. The classical Minkowski problem was considered by Minkowski in [4], which is
to find the necessary and sufficient conditions on a given measure so that it is exactly the
surface area measure of a convex body. The classical Minkowski problem corresponds to

solve a Monge-Ampere type equation

Many important contributions to Minkowski problems were done by Minkowski [5, 6],

Alexandrov [7], Nirenberg [8], and Cheng-Yau [9], et al. Since the classical Minkowski

problem, many Minkowski type problems have been introduced and extensively studied.
The L, Minkowski problem (p > 1) is the problem of prescribing L, surface area measure

which was introduced by Lutwak [3], and is to solve a Hessian type geometric PDE
det(uij + U(g”) = u”flf(x), x e S, (15)

and many important contributions to L, Minkowski problems were done by Lutwak|3],
Chou-Wang [10], Guan-Lin [11], Béroczky-Lutwak-Yang-Zhang[12], Lutwak-Oliker[13] and
Lutwak-Yang-Zhang[14] et al.

The Christoffel-Minkowski problem concerns with the existence of convex bodies with
prescribed k-th surface area measure, which corresponds to finding convex solutions of the

following geometric PDE
O'k(’u,ij + U6ij) = f(fE), xr eS". (16)

Important contributions to Christoffel-Minkowski problems were done by Guan-Ma [15] and
Guan-Ma-Zhou [16] et al. The key tool is the constant rank theorem for fully nonlinear
partial differential equations.

The L,-Christoffel-Minkowski problem corresponds to finding convex solutions of the

following geometric PDE
op(uy; +udyy) =P~ f(z), x €S (1.7)

Equation (1.7) has been studied by Hu-Ma-Shen [17] in the case p — 1 > k, and Guan-Xia[l]
for 1 < p < k+ 1 and even prescribed data, by using the constant rank theorem.

This article is organized as follows. In Section 2, we present some properties of oy ()
in Garding’s cone I'j, , which are important to the a priori estimates. In Section 3, we prove
Theorem 3.1. At last we prove Theorem 4.2 in Section 4.

2 Preliminaries

In this section, we recall the definition and some basic properties of elementary sym-

metric functions, which could be found in [18].
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Definition 2.1 For any £k =1,2,...,n, we set

or(\) = > XNiidiy - Aiy,  forany A= (\1,...,\,) € R (2.1)

1<i1 <ip < <ip<n,

For convenience, let g = 1 and o, = 0 for k& > n.
Denote by oy (A]i) the symmetric function with A; = 0 and ox(A|ij) the symmetric
function with A\; = A\; = 0.
The following standard formulas of elementary symmetric functions are needed.
Proposition 2.2 Let A = (\y,...,\,) € R" and k =0,1,...,n. Then

0k(A) = ok (A]D) + Niok—1(A]i), V1<i<n,

D Aok (i) = kow(N),
zzjok(Aﬁ):: (n — k)ok(A).

Proposition 2.3 Let W = {W;;} be an n x n symmetric matrix and A(W) =
(A1, A2, ..., Ay) be the eigenvalues of W. If W = {W,,} is diagonal and A\; = W;;, then

N o\ )
W, 1, W 0, otherwise,
0%\ 1
= i £ j and A\; #£ A,
W =, (7 ad A
9%\

————— = 0, otherwise.
e,y , otherwise

Definition 2.1 can be extended to symmetric matrices by letting o (W) = o (A(W)),
where A(W) = (A (W), \o(W), - , A\, (W)) are the eigenvalues of the symmetric matrix W.
We also denote by o (W |i) the symmetric function with W deleting the i-row and i-column
and o (W |ij) the symmetric function with W deleting the 4, j-rows and i, j-columns. Then
we have the following properties.

Proposition 2.4 If W = {IV;,} is diagonal and m is a positive integer, then
80’m(W> o O-mfl<W|Z.)a 1fZ:]7

OWi; 0, if i # j,
and

Om_o(W |ik), ifi=jk=1i%#k,
—Om_a (W ik), ifi=17j=k,i#j,

0, otherwise.

Pop(W)
oW ;0Wyy
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Recall that the classic Garding’s cone is defined as

and the following properties are well known.
Proposition 2.5 For el andk>1>0,r>s>0,k>r, 1> s, we have

T—s

ox(A)/Ch
O—s()‘)/cs

/e, o . [ar@)/cz;
gy n

with equality if and only if Ay = Ay =--- = A, > 0.
Proposition 2.6 (1) I'; are convex cones, and I'y DTy D --- DT,
(2) If A= (/\1,...,)\n) el with \f > XAy >--- > )\n, then \j >0,

Ter(An) = oM — 1) > -+ > o1 (A1) > 0.

3) If A= (Aq,...,\,) €Ty, then op(A tand |21 (@ <l < k < n) are concave
O’l()\)

with respect to A. Equivalently, for any (&1,...,&,), we have

I S
n 9 [ a1 (N) ]

Nkl L e
L e <(1 — = .
i,j=1 ai(A)

3 Weighted Gradient Estimate

Theorem 3.1 Suppose u € C3(S") is a positive convex solution of the equation (1.1),
where 0 <1 <k <n,p—1>0, and f € C'(S") is a smooth, positive function. Then we

have the weighted gradient estimate

2
Wiqﬁ < A(néaxu)%“’, VaeS", (3.1)
u o

where 7 = min{1, %} and A is a positive constant depending on n, k, [, p, ming» f and
[ flleo-

Proof Following the idea of [1, 2], we prove Theorem 3.1 by a contradiction argument.

Let
b |Vul|?

uY

)

where v = min{1, %} € (0,1]. Denote M, = maxgs» u. Assume ® attains maximum at z.

We may choose an orthonormal frame on S™ such that
uy = |Vu|, and {u;j}2<; j<n is diagonal.

In the following, we compute at xy. Then we have at x,

2up Uk U;
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hence we have

Yy U
P 3-3
i 2 u ’ ( )

Hence {u;; }1<; j<n is diagonal, {b;; }1<; j<n is diagonal with b;; := u;;4+ud;j, and {FY }1<; j<n
is diagonal, where

ok(N)
F,LJ _ a |:Ul(>‘):|

3.4
T (3.4)
Also, at zy, we have
i 2uf + 2w Flug Fiiy?
— Fu 11 _ 1 _ ?
Tl T +(1 =) 3
— 17 “y _ 1 _ 3
2 + w2 v +v(1=7) o
9 g2 91 Fiip,, Jait!
> = i o(p— Dur2f + = h_gpn L T P Eait
us U1 U U
2 F 2uPlf F
> ot (ML 1y 4o 1) Lk —1)—. 3.5
2 2P (M ) 2 - )+ 2 k) (35)
: 4
By (3.3),if A > 5,
2 2
U7y Y u
— — A— —1>0. 3.6
u? 4 - (3.6)
By the definition of ®, we have
2’LLp71f1

Uy

> ——— 3.7
T JAu (3:7)
Combining (3.5), (3.6) and (3.7), we have

> 2F11(f§ St - fzi —ak-nE
> 20— 1) = %~ (k= D)

>0, (3.8)
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if we choose A > %. This is a contradiction. Hence Theorem 3.1 holds.

Remark 3.2 If we choose

2
ooV (3.9)
(u — minu)Y
following the idea of [1,2], we can prove
2
|Vu(x)| < Amaxu®™7, VzeS™ (3.10)
(u(x) — minwu)” gn

4 The Uniform C° Estimate

Following Lemma 3.1 in [2], we can get the positive lower bound and upper bound of
u. In fact, we can prove the following lemma (see [19]).
Lemma 4.1 Assume u is a positive even convex function on S™ satisfying condition

[Vul®

uy

(x) < AI%%XUQ_’Y, VreS", (4.1)

for some v € (0,1) and A > 0. Then the following non-collapsing estimate holds,

max u

<C, (4.2)

minw
where C' depends only on n, v and A.
Proof The proof is similar with [2]. For complete, we give the proof here.
Let £ be the convex body with support function u. Since u is even, the center of mass
of (1 is the origin. From the John Lemma, there is an ellipsoid E centered at the origin, such
that

EcQc (n+1)2E.

Write £
x? 22
T <
bl bn+1

with longest axis by, and the shortest axis b,,1. We have

3
2

by <maxu < (n+ 1)%1)1, bpi1 <minu < (n4+1)2b,1.

Recall that the support function of E is

up(r) = \/bf:v? 02 22, zeSt,
and then

up(z) <u(zx) < (n+1)2ug(r), xe€S".
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Restrict the support function ug to the slice S := {x € S"|z = (21,0, ,0,2,41)}. Set

v(s) = up(s,0,---,0,V1—s2) = \/b%SQ + b2 ,(1—5s2)>bs, sel0,1].
Hence

bn 1\2=7 % LTW
v@(Tj) 7 ) > thi b, 74,

for t € [0,(:2-)*2"]. On the other hand, set q(s) = u(s,0,---,0,v/1—s2)"2". By the

bnt1
weighted gradient estimate

d \V4 O...707 1 — g2 1 2—4 1 3(2—v) 2=
L gy < N0 OVE = g paea) ™ < ab(n 1) 55207
ds uz2
Hence
bpt1,2-2 1 32—y, 227 bpt1, 2=+
g(t(5=)"7) <a(0) + A2(n+1) " b7 - t(==)7
1 1
<[+ 1)Fb,] T + 1A (n+ 1), T
—(n+ 1)1+ 1A
Thus

u(t(bzﬂ)z%’g’ .0, \/1 _ tz(b%ly—w) <(n+ 1)%[1 + tA%]%an.
1 1
Since ug(z) < u(x), we obtain

2= 3

b7, < (n+ 1)1+ tA2]=5b, .

Let t = A~ 2, then we have

b < (n+1)72@ 7 A%
bn+l
Hence
mz.),xu < (n+ 1)% by < (n—|— 1)(%+%)2ﬁA%.
minwu bpt1

Now we start to prove Theorem 4.2.
Theorem 4.2 Suppose u € C3(S") is a positive convex even solution of the equation
(1.1), where 0 <l <k <n,p—1>0,and f € C'(S") is a positive even function. Then we

have the following uniform C° estimate

0<co<u<Cy ifp—1#Fk—I, (4.3)

0<1< <Cy, ifp-—1l=k—1I, (4.4)

minu
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where ¢q and Cj are two positive constants depending only on n, k, I, p, ming. f and || f||c1.

Proof When p—1>k —1, we can get directly from the equation (1.1)

k k
minu > [%L]m maxu > [g 1 }m
~ C} min f ’ — LC! max f '

When p — 1 = k — [, Theorem 4.2 holds from Theorem 3.1 and Lemma 4.1. When
0<p—1<k—1I, we know from the equation (1.1)

minu < [—” ] p=GED  maxu > [—" - } po1=(k=l)
C! max f C! min f

Remark 4.3 From [20], the constant rank theorem holds if ffpflik*l is spherical
convex and p—1 > 0. From [16], the existence theorem of the positive convex even solutions
of (1.1) holds by the method of degree theory.
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ok (uij +udij) _ p1
o1 (uij + udi;)

Hrbo <1<k <nZBH, p—1>0, fR—AIERE X T LRI EN SR, A SCESL T ##1nsus
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