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Abstract: In this paper, we consider the truncated multiplicity finite range set problem of
meromorphic functions on some complex disc. By using the value distribution theory of meromor-
phic functions, we establish a second main theorem for meromorphic functions with finite growth
index which share meromorphic functions (may not be small functions). As its application, we also
extend the result of a finite range set with truncated multiplicity.
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1 Introduction

Uniqueness problem of meromorphic functions is one of the important research directions
in Nevanlinna theory. In the 1920s, R. Nevanlinna [1] proved the famous five-value theorem
that if two non-constant meromorphic functions f and ¢ share five distinct values, then
f(z) = g(z). Later on, the research on the uniqueness problem has been widely promoted,
such as references [2-4]. Among them, Fujimoto [5] proposed the definition of a finite range
set, and got the following result.

A finite subset S of C is said to be a unique range set for meromorphic functions if
f*(S) = ¢g*(S) implies f = g for arbitrary nonconstant meromorphic functions f and g
on C, where f*(S) and ¢*(S) denote the pull-backs of S considered as a divisor, namely,
the inverse images of S counted with multiplicities by f and g respectively. A nonconstant
monic polynomial P(w) is called a uniqueness polynomial for meromorphic functions if for
any nonconstant meromorphic functions f and g on C, the equation P(f) = c¢P(g) implies

f =g, where c is a nonzero constant that possibly depends on f and g.
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For S ={a1, - ,a,}, we consider the polynomial
Ps(w) = (w—aq) - (w—ay). (1.1)

Obviously, if S is a unique range set of meromorphic functions, then Ps(w) is a uniqueness
polynomial of meromorphic functions.

Definition 1.1 [5, Definition1.2] If for any given nonconstant meromorphic function g,
there exist only finitely many nonconstant meromorphic functions f such that f*(S) = ¢g*(.9),
then a finite subset S of C is called a finite range set for meromorphic functions.

According to the above definition, Fujimoto obtained the following result.

Theorem 1.2 [5, Theorem1.3] Take a finite set S = {ay,--- ,a,} and assume that for
the polynomial Pg(w) defined by (1.1), P{(w) has exactly k distinct zeros. If Pg(w) is a
uniqueness polynomial for meromorphic functions and ¢ > k + 2, then S is a finite range set

for meromorphic functions. More precisely, for an arbitrarily given nonconstant meromorphic

function g, there exist at most 2:1];32 meromorphic functions f such that f*(S) = ¢g*(5).
q

It is an interesting question whether meromorphic functions on other domains also have
corresponding results. Recently, Quang [6] weakened the condition f*(S) = ¢*(S5), and
obtained the corresponding results for meromorphic functions on annulus A(Rp). In the
light of Quang [6], we consider the meromorphic functions on the complex disc with finite
growth index and obtain some results.

For 0 < R < oo, we set a complex disc A(R) = {z € C;|z| < R}. According to Ru and

Sibony [7], the growth index of meromorphic function f on A(R) is defined by
R
¢y = inf{c > 0;/ exp(cT(r, f))dr = +o00.}
0

Obviously, R = 400, then ¢; = 0. For convenient, if {¢ > 0; fOR exp(cT'(r, f))dr = +00.} = 0,
we will set ¢; = +00. All the meromorphic functions on A(R) we discussed in this paper
have finite growth index.

Definition 1.3 Let S = {a, - ,a,} be a set of distinct values in C and let ¢;(i =
1,-+-,q) be some positive integers (may be +00). Two meromorphic functions f and g on
A(R) are said to share S with truncated multiplicity if

a q
Z min{l;,vy_q, } = Z min{/;, vg_q, }-
i=1 i=1

If for an arbitrarily given meromorphic function g on A(R), there exist finitely many mero-
morphic functions f on A(R) only such that f and g share S with truncated multiplicity,
then the set S is said to be a finite range set with truncated multiplicity for meromorphic
functions on A(R).

We note that ¢; = +oo(i = 1,---,q), Definition 1.3 implies Definition 1.1. Using

Quang’s method in [6], we obtain the following second main theorem.
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Theorem 1.4 Let f be a non-constant meromorphic function on A(R) and let ay, - - , a,
be ¢(q > 5) distinct meromorphic functions (may be equal to 00). Let v(r) be a non-negative

measurable function defined on (0, R) with fOR ~(r)dr = +00. Then, for every € > 0,

q q
& 25—qT(r, £) <) N@w) ) +35) T(ra;) +17((1 +€)logv(r) + elogr) + o(T(r, f)).
i=1 i=1
Here and later on, we use the notation ||z P to say that the assertion P holds for all € (0; R)
outside a subset E of (0; R) with fOR y(r)dr < 4o0.

As its application, we obtain the results as follows.

Theorem 1.5 Take a finite set S = {a,--- ,a,} of ¢ distinct values in C and assume
that for the polynomial Ps(w) defined by (1.1), P4(w) has exactly k distinct zeros. Let £;(1 <
i < q) be some positive integers (may be ¢; = +00). If Pg(w) is a uniqueness polynomial
for meromorphic functions on A(R), then any given nonconstant meromorphic function g
on A(R) with finite growth index, if 3 . g _ . () ¢f < 5312 — 1) =5(k + 1+ 320, P},
then the number of elements in set A = {f|f*(S) = ¢*(5)} does not exceed four, namely, S
is a finite range with truncated multiplicity.

Remark 1.6 If R = +oo, we have ¢, = 0(1 < i < @), let £; = (1 < i < q), then
(5k+7)¢
20-175

, which is much greater than the number k + 2 in Theorem 1.2. Then, the most

the condition of the above theorem becomes ¢ > Furthermore, ¢ = +o00, we get

(5k+7)
> 2

difficult part comes from the fact that “how to get a better number in our situation” .

2 Some Definitions and Results

In this section, we introduce the preliminaries of Nevanlinna theory for meromorphic
functions on A(R), detailed reference [8-10].

Let v be a divior on A(R),which is regarded as a function on A(R) with values in Z
such that Supp(v) = {z;v(z) # 0} is a discrete subset of A(R). We define the counting
function of v to be:

n(t) =Y v(z)(0 < t < Ro), N(r,v) = / () = n(0) .,

t
|2|<t 0

Let f be a non-constant meromorphic function on A(R), we define

(1) v§ (resp.vy) is the divisor of zeros (resp. divisor of poles) of f.

(2) v9 5, = max{k,v}}.

For a meromorphic function a, we then define N(r,a, f) = N(r, v?_a) and the truncated

counting function is defined by
N(r,a, f) = N(r, USL&) = N(r, min{l,v?fa}).
The proximity function of f is defined by

do

mir.f)= [ 108" eI
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For a meromorphic function a, we define m(r,a, f) = m(r, +=), ( we regard f—% as f),

f—a
where logt z = max{0, logz}.
The characteristic function of f is defined by T'(r, f) = m(r, f) + N(r,07°). The first

main theorem states that
1
TF—

for arbitrarily meromorphic function a.

m(r, =—) + N(r, vi_a) =T(r, f) +0(1)

Lemma 2.1 [Lemma on logarithmic derivative, [7, Theorem 5.1]] Let f(z) be a mero-
morphic function on A(R)(O < R < o), and let y(r) be a non-negative measurable function
defined on (0, R) with fo r)dr = 4o00. Then, for ¢ > 0, we have

!

J;”) < (1+e)logy(r) +elogr + o(log T'(r, f)).

Theorem 2.2 [Corollary 1.8 in [7], second main theorem, Theorem2.4 in [11]] Let f

[ m(r,

be a non-constant meromorphic function on A(R)(0 < R < o0), let y(r) be a non-negative
measurable function defined on (0, R) with fOR v(r)dr = 400 and let a4, - - - , a, be ¢ distinct
values in CU {oo}. Then, for £ > 0, we have

e (@ —2)T(r, f) <> N(r,v§_,,) + (1 +¢)log(r) +elogr + o(log T(r, f)).

i=1

3 Proof of Theorem 1.4

In order to prove our main theorem, we need the following lemmas.

Lemma 3.1 [6, Lemma 3.1] Let f; and f> be two meromorphic functions on A(R), and
let a1, az, and ag be three distinct meromorphic functions on A(R) (being not equal to co)
such that f, = (fl ’“) . Then we have
(a) T(r, f2)>T leTra +O(1),
(b) N(r, v},) + N(r, va_l) + N(r, V) < N(r, V) + Zz L(N(r, v} _q,) +2T(r,a;)) + O(1).
And that, if we set b = Zg%g;, then
(¢) N(r,v9, ) < N(rvh _,,) +T(r,a1) +2T(r,az) + T(r,a3) + O(1).

Lemma 3.2 [6, Lemma 3.2] Let f; and f» be two meromorphic functions on A(R), and

let a1, az, ag and a4 be four distinct meromorphic functions on A(R) such that

f1*(11.03*(12
fl—az a3z — aj

fa=

Then we have

(a) T(r, f2) = T(r, f1) = X0, T(r,a:) + O(1),

(b) N(r,v},) + N(r,v9, )+ N(r,v%) < Z (N (r, 09 ) +3T(r,a;)) + O(1).
If we set b= &= . 98202 {hep

aq—an agz— (L1

(c) N(r,v9,_,) < N(rw _,,)+2T(r,a1) 4+ 3T(r, az) + 2T (r, a3) + T(r, ).
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In fact, Quang proved the above two lemmas for meromorphic function on A(Ry). But
their proof process still holds for meromorphic functions on A(R). To prove Theorem 1.4,
we just only prove the following lemma.

Lemma 3.3 Let g be a nonconstant meromorphic function on A(R). Let ay,az,as, a4

and as be five distinct meromorphic functions on A(R) (may be equal to co). We have

5 5
I 2T(r,g) < 3 N(rv)-,) +35) T(r,ai) + 175(r) + o(T(r, ),
i=1 i=1
where S(r) = (1+¢)logy(r) + elogr.
Proof The proof of the lemma 3.3 is divided into two parts.
Part 1. We first consider the case where a; #Z oo for all i = 1,--- ;5. Put

f_g—(ll ag—agb_a4—a1 asz — ag
= . 1= .

) )
g—az az—a g — Q2 az — a

a5 —a; as —az
- . ,63:0764:1.
a5 — Gz a3 — a1

ba

By Lemma 3.2, we have

3

T(r,g) <T(r,f)+ Y T(r,a;) + O(1),

i=1

T(r,by) <Y T(r,a;) + O(1), (3.1)

i=1
3

T(r,by) < ZT(T, a;)+T(r,as) + O(1),
and

4

5
N(r,vy) + EN(T, v} _y,) < ZW(T, Vg_a,) + TT(r,a1) + 9T(r, as) (3.2)
i=1 i=1 .

+ 7T (rya3) + T(r,a4) + T(r,a5) + O(1).

We need to prove the following proposition.
proposition 3.4

4 2
e 27(r, ) <N(r, o) + > N(r,o§_y,) + 18T (r,b;) + 17S(r) + o(T(r, f)).
=1 i=1
Actually, if b; or by is constant, then the proposition directly follows from Theorem 2.2.

Therefore, we may assume that both b; and by are not constant. We define
P f
F=|bb b b—0b |. (3.3)
bobly by, b3 — by
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Consider the following two cases.

Case 1: F(z) = 0. For (3.3), by elementary transformation of determinants, we have

£ by £ by
=1 7 h—1  f by
F=f(f = Dba(by — Dbolby — 1) | 1 — oy b _ b

b, A

bo—1 ba
Therefore
/ / / / / / / /
<2j—ijﬂf{l—bfi1>f<blbil—bfil><]}—Zj- (34)
We discuss the following four subcases.
Subcase 1: —IEE b/1:b2b, orj}/_b2 1—b

by are constant, and get a contradiction. If f7 = i, then there is f = chy w1th a constant c.

This implies that T'(r, f) = T'(r, b2), and the proposition is proved in this subcase.

v b . .
T = T Using the same arguments as in subcase 1, we obtain the

inequality of the proposmon in this subcase.

Subcase 2:

Subcase 3: ;—é 2 b1 - F b2 T % - % = blb—'il - bf/jl. The identity (3.4) implies that
oo by b
=1 f ba—1 b
Then we get
1 by — 1
[ E C . s
f by
where ¢ is a constant. Therefore f = %, and T'(r, f) = T(r,by). Again, we obtain the
inequality of the proposition in this subcase.
Subcase 4: ;é B2 b1 T F b2 T ﬁ - Z—z e blbil bzbil. The identity (3.4) may be
rewritten as
b/ b/ / b/ b/ / b/ b/ b/ b/
(71_72) f _( 1 )f 12 o 2Y1 . (35)
by by f—1 by—1 bo—1"f  bibo—1 boby —1
We see that each zero of f must be a zero or a 1-point or a pole of b;(j = 1,2) or a zero of
by by
b —1 ba—1

min{1,v}} < Z Z min{1, vy _,} +min{1,2%, ,, }. (3.6)

i=1,2 a=0,1,00 =17 b1

Similarly, we have

min{1,v_,} < Z Z min{1,v;, _,} + min{1, v, v ) (3.7)

i=1,2 a=0,1,00 1 b2

N
i

From (3.5), we also see that each pole of f must be a zero or a 1-point or a pole of b;(j = 1,2)
b by

or a zero of(——g)—(blf b2 T

min{1,v7"} < Z Z min{1,v),_,} +min{1,2%, , ., ., } (3.8)

i=1,2 a=0,1,00 B

2_). By the same arguments, we have

Hig) (blfl bzfl)
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Combining (3.6)-(3.8), we have

Z min{1,v§_,} < Z Z min{1, vy _,} +min{1,2%, ,, }

T bp—1

a=0,1,00 i=1,2 a=0,1,00 b1— (39)
+ min{1, Y, v, + min{l, v° v o}
ﬁ75 (7177) (bl 5231)
By Theorem 2.2, we get
||E T(Tv f) §N<T7 v?‘) + N(ﬁ v?—l) +N(7‘7 U;O) + S(T)
b, b;

<230 (@0, )+ Tl =) + S0)

i=1,2 v
/

§2'Z(N(rvzf)+erb, )+2) (m —I-m(rb_l))—l—S(r)
i=1,2 4 1=1,2

<2y (N(r,0f,) + 2N (r,07) + N(r, v, 1)) +95(r)
1=1,2

<8T'(r,by) + 8T'(r,bs) + 9S(r).
Then we have the desired inequality of the proposition in this subcase.
Case 2: F(z) £ 0. we set

0(2) = min{1, | by(2) || b2(2) [, [ 01(2) = 1|, [ ba(2) = 1 |,] ba(2) — ba(2) [},

0;(r) = {0:] f(re”) —b;(re”) |< 8(re”)}(j = 1,2),

O3(r) = {0:] f(re”) |< 8(re”)},

0u(r) ={0:| f(re”) —1]< 8(re”)}.

It is clear that the sets 0;(r) N 6,(r)(i # j,4,j = 1,2,3,4) have at most many finite points.
Therefore we easily get that

1 [ 1 1 1 1
— 1 - _
277/0 og5( >d9 <m(r, — )+m(r,b2)+m(r,b1_1)
1 (3.10)
+m(r, ) + mlr )
T(r) +0(1),

where T'(r) = 3T'(r,b1) + 3T'(r,by). We also get that

Ff=(f =b0)(f" = b)) +0y(f — b1) + bi(f" — by) + baby,
f/ = (f/_b/1)+b/17
2= f=(f =)+ (2bs = 1)(f = b1) + b7 — by
Substituting these functions (on the right-hand side) into (3.3), we have
g =t Y
F=|bb, b  b—b |, (3.11)
bob, b, b2 b
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where

© = (f =b0)(f = by) +by(f —b1) +0u(f = b)),
= (f—=b1)*+ (201 = 1)(f = b1).

From (3.11), we see that each zero with multiplicity p(p > 1) of (f — by) is neither a pole
of by nor a pole of by, which must be a zero of F' with multiplicity at least p — 1. Similarly,
each zero with multiplicity p(p > 1) of (f — b) is neither a pole of b; nor a pole of by, which
must be a zero of F with multiplicity at least p — 1. Furthermore, from (3.3), we see that
each zero of multiplicity p(p > 1) of f or f — 1 is neither a pole of b; nor a pole of by, which
must be a zero of F' with multiplicity at least p — 1. This implies that

Z(N(r, v9_y,) = N(r,09_,,)) < N(r,v%). (3.12)

We now estimate this quantities m(r, f%b)(l <j<4).
We first analyze j = 3, since | f(re®?) — by |=| f(re'?) |< 1 for each 6 € 05(r), we have

S
F = fbiby | ¥, % by —1 | = fbibG. (3.13)
by 2 by—1
For G,

/ 2 /
b’
log" G < (log" f +log™ ];) + Z(logJr b; + log™ b—l) (3.14)

i=1 v

Thus

2
log™ F <log™ f+ ) "log* b; +log" G. (3.15)

i=1
Hence

1 F 1 !
|E/ log™ | |do < — log+|f |dt9
27 Jos(r) f=bs 27 Jo, () | f

=~ 1 n L1
— 21 b; 1 L
+;2ﬂ/w< 08" || +log" -

3 7

)+ O(1)
<m(r, “;,) + m(r, Zi) + m(r, Zi) (3.16)

1 1
+ — 21og™ |b1]dO + — 21og™ |by|df + O(1)
27T 93(,,,) 27T 93(7“)

1 1
<— 2log™ |by]dO + — 2log™ [ba|df + 3S(r) + O(1).
27'[' 93(7“) 27T 93(’1‘)
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Here the above inequality comes from the fact that

3
log" [ det(wij;1 < 4,5 < 3)] <Y _log" max{lz;;|;1 <5 <3} +0(1) (3.17)
i=1

for every 3 * 3 matrix of complex numbers (x;;)1<; j<3-

Therefore, for j = 3, we get

1 1 1 1 [ 1
mir, ———) <— b+w+/ log ———d6f
i mir ) 2wéw)g gl 5 [ e
F
<— log® |——|df
2 03 (r) |f o 3|
1 1 (3.18)
+ — log+ |=|d0 4+ T(r)+ O()
2 03 (r) F
<1/ (log —— + 2log* | by | +21og™ | by |)d6
<— 0 0 og
2m 03(r) |F| ' ’
+3S(r)+T(r)+0().
Similarly, we get
I mlr ) S5 [ (Jog® e+ 21og™ [ b | +210g” | b
EM\T, 77— ) > 0) 2
f=bs" 727 Jo, ) [F] ' (3.19)

+3S(r) +T(r) + O(1).
On the other hand, Since | f(re®®) —b;(re??)| < 6(re?) < 1 for every 6 € 0,(r), by (3.11),

+ F(mw) O+|f’(7“€ )—b'( )|
vawwﬁglg|ﬂmw—m< )|

+10g+ | bll(relie) ‘ +Z(210g+ | b'(reie) | +10g+ | /< ) |) +O( )
a(remy | T2 : [5:(re®)|

df + 2log™ | by(re') |

Similarly, for j =1, we get

1 1
e m(r,—) §/ (log —|—410gJr | b1 | —l—2log+ | by |)db
f=b1" 721 Jo, iy |F| (3.20)
+4S(r)+T(r)+0().
e mr, — ><1/'a L i 2logt | by | +4log* | by [)d6
em(r,——) <— Og og og
f=b2" 721 Jo, ) [F] ' ’ (3.21)

+48(r) +T(r) + O(1).
Combining (3.18) - (3.21), we obtain

e Zm(r

) < m(r, }17) + 4dm(r,by) + 4m(r,be) + 4T (r) + 145(r).
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Therefore,

24T (r, f) < N(r,0§) + N(r,v5_y) + N(r,05_,) + N(r,v5_y,) — N(r,vp)
+T(r,F)+4m(r,by) + 4m(r, b)) + 4T (r) + 14S(r) + o(T(r, f)).

Combining with (3.12), we have

|z 4T (r, f) <N(r, v?) + N(r, /U‘(f)‘71> + N(r, U?ilh) + N(r, v?sz) +T(r, F)

(3.22)
+4dm(r,by) + 4m(r,by) + 4T (r) + 14S(r) + o(T(r, f)).

Moreover, from (3.3) and (3.17),

Ml F) £ 2m(r f) + mlr 2 + 3" @m0+ m(r )
<2m(r, f) + 2m(r,by) + 2m(r, by) + 35(r)

and

2
N(r,vy) <2N(r,0%°) + N(r,07) + BZN(T, vy

i=1

These inequalities imply that

g T(r,F) <2T(r, f) + N(r,03°) + QZN(T, vy°) + gT(r) +35(r). (3.23)

i=1

From (3.22) and (3.23), we get

||E 2T(Ta f) < N(’F, U?‘) + N(Tv U?ffl) + N(T7 U?Lbl) + N(Ta Ugsz)
+ N(r,v5°) +18T(r,by) + 18T (r,by) + 175(r) + o(T(r, f)).

Therefore, this proposition is proved.

We now prove the lemma of part 1. From (3.1) , (3.2) and proposition 3.4, we get

5
||E 2T(T7 g) S ZN(Tv Ug—ai) +45 Z T(Tv aij) + 47T(7‘7 0,7;2)

i=1 j=1,3
+19 Y T(r,a;,) +178(r) + o(T(r, 9)),
j=4,5
for any permutation(iy, - -- ,i5) of {1,--- ,5}.Summing up both sides of the above inequalities
over all such permutations, we have
5 5
e 2T(r,g) < N(rv) ) +35)  T(r,a;) + 175(r) + o(T(r, g)). (3.24)
i=1 i=1

Therefore, the part 1 is proved.
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Part 2. We now prove the part 2, where there is a function among {a1,- - ,as} equal
to oo; for example, a; = oco. We set h = pn 22701 = Zi:gi,@ = ai Zz c3 = 0,¢4 = 1. By

Lemma 3.1, we have

3

T(r,g) <T(r,h) + Y _ T(r,a;) + O(1),

=2

T(r,er) <Y T(r,a;) +O(1), (3.25)

T(r,co) <> T(r,a;) + T(r,a5) + O(1),

and

b (3.26)
> N(r,v)_,,) +4T(r, az) + 8T(r,a3) + T(r, as) + T(r, a5) + O(1)
Applying Proposition 3.4 for functions h, ¢, ¢o, c3, and ¢y, we get
4 2
e 20 (r,h) < N(rvpd) + > N(rvp_.)+ Y 18T(r,¢;) +17S(r) + O(1).
i=1 i=1
Combining (3.25) , (3.26) and the above inequality, we get
5
e 2T(r, g) Z ) 42T (r,a4,) + 46T (7, a;,)
+19 T(r,a;,) +175(r) 4+ o(T'(r, g)),
j=4,5
for any permutation (ig,--- ,i5) of {2,---,5}. Summing up both sides of the above inequal-
ities over all such permutations, we get
5 63 <
N(on 5,0
|z 27(r,g) < Z N(rvg_o) + 5 Z T(r,a:) +175(r) + o(T(r.g)). (3.27)

Therefore, the part 2 is proved. We complete the proof of the lemma.

4 Proof of Theorem 1.5

Assuming there exists a meromorphic function g on A(R) and mutually distinct mero-
morphic functions f;(1 < < 5) on A(R) such that f; and g share the set S with truncated
multiplicity, where g = f;.

Put Ps(w) = (w—a1) - (w—aq),¥s = Ps(fi)/Ps(g)(1 <i <5), g; = Ps(f;)f;/Ps(f;)
and ¢ = ;. We have

o =a;+¢;,T(r,Ps(f;)) = qT(r, f;) + O(1)
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where a; = —Z—i(l < j<5). Let T(r ZZ L T(r, f;), by lemma 2.1, we have
m(r, ;) = Sps(s,)(r) < S(r) +o(T(r)) for all 1 < j < 5.
Since each pole of ¢; is a simple pole, which is either zero or a pole of Ps(f;), we get
N(r,vy) = N(r, v?ps(fj)) + N(r, VpLr) < 2qT(r f)
This implies
e T(r, ;) = m(r, ;) + N(r,v2) < 2qTo(r, f;) + S(r) + o(T(r)).

In particular, T'(r, ;) = O(T(r, g)). In addition, by Theorem 2.2, we get

I N(r,v5) = N(r,vpy(g) + N(r, 05, )
= N(r, vPS )+ N(r, V()
= N(r, v%_m)—i—qﬁ(r, V%))
> (¢ = 1)(T(r, f;) + N(r,v5)) = Sy, (7).
It yields that
e (¢ = DT(r, f;) < T(r,p) = (@ = N (r,0F) + o(T(r)). (4.1)

Hence

T(r,a;) = m(r,a;) + N(r,v))
(r, @) +m(r, ;) + N(r,v5,) + No(r,v) + O(1)
(Vb ) ps) + N (1 VB () /ps(s)) + 28(r) + o(T(7))

IN
3

IA
a 2\

IN

N(r, v}, 20,) +25(r) + o(T(r))

.
Il

T(r, f3) +25(r) + o(T(r)).

IN
N‘H

i=1

This also implies T'(r, ;) = O(T'(r, 9)).

We now show that ay,-- -, a5 are mutually distinct. Indeed, supposing that «; = «; for
some i # j. Then there exists a nonzero constant ¢o with 1; = ¢o;, and hence ¢y Ps(f;) =
Ps(f;). Since Pg(w) is a uniqueness polynomial for meromorphic functions on A(Ry), we
have f; = f;, it is a contradiction.

Applying Theorem 1.4, we have

Iz 2T(r,0) <> N(rvl ) +35  T(r,a;) +17S(r) + o(T(r, 0)).

Jj=1 Jj=1
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On the other hand,
k
N(r,o°_, )=N(r ngj) < N(r, U?{) + ZN(T, ”%—et)a
J -

where ey, - -+, e; are all of distinct zeros of P4(w). Since N(r, v}, _e,) < T(r, f;) + O(1) and

N(r, vf,) < T(r, f;) + O(1) = m(r, ) + N(r, UJ‘?J?) +0(1)

m(r, f;) +m(r, f—j) + N(r,vf) + N(r, v7) +0(1)
< T(r, ;) + N(r,v7) + S(r) + o(T(r)),
we have
Z D)< (k+1) ZT(T ) Z r,v%) 4+ 5S(r) + o(T(r)). (4.2)

Combining (4.1) and (4.2), we obtain
s 2(q = DT(r, fi) <2T(r, ) — 2(q — DN (r,v°)
Z 3, ° °L
k—l—l—f—Z: ‘. ;T r,fj)—f—;N(r,v?j)

—2(q —1)N(r, v3) +3728(r) + o(T'(r)),

foralli=1,---,5.

Summing up this inequality over all ¢ =1,--- ,5,

le2-1)" (rfz)<5k+1+z Z (r, ;) + 372 x 55(r) + o(T(r)).

Set y(r) = exp{min;<j<s{cy, } +e}T(r). Then S(r) = (14¢)(min;<j<s{cys, } +€)T(r)+clogr.
Letting e — 0 ,and r — Ry (r ¢ E), we get
5

3,
372 ¢y, > 372 x5 min {cf}>{2(q_1)—5(k+1+z

i=1

It is a contradiction. We complete the proof of the theorem.
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