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æáÿ ãû®ü®ý©þ ���
���ÏÞ���� º���� .





∂tS = ds∆S − β(x)(S+I)
K

+ γ(x)I, x ∈ Ω, t > 0,

∂tI = dI∆I + β(x)(S+I)
K

− γ(x)I, x ∈ Ω, t > 0,

∂tS = ∂tI = 0, x ∈ ∂Ω, t > 0,

(1.1)

���������
∫

Ω̄

I(x, 0)dx > 0, S0(x, 0) ≥ 0, I0(x, 0) ≥ 0, x ∈ Ω
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æ)ÿ ã��
��Ø�Ù:Þi��� º ßúà [7][8]. Ú�Û ¼ , ê«ë [9]
Ü�Ü®Í����®æ)ÿ�=�Ý ã�Þ n�o�>�?�ßà " ÿ O�á ü�âÉÎjÍ���ã�ä�å:ºjÊ«Ë

, æ���� æ)ç�=�Ý ã�Þ >�? , ç�è Ä�u�n�o�é�ê/I�ë×º>�?�Ý Û�� ß�à×ºiì�í�î
��ï�Y�ð ,
� æ Ý è Ä�uªæ«ç�ñ�ò
óáº6ß�à�ô�õ � , ã�Þ�ö =�9�< .êsë [10] ÷ � Þ ½ªÐ�a ! ��� O ��� æ)ÿ 4 0 "�1 S ø Allee ù ü�_
` æ " ÿ 1 I

º á ü�â
úiû ºAæ)ÿ ã��
� , ßúà�ü�ý�þÿ* ,

Â����®æ)ÿsð���Z �
,
�«Ä��;0 "�1 F�ë�� �«Ý , æ�ç "ÿ 1 ��é�ê�I�ë �

,
=��sÄ âsã�[�\ F�ë�� .�úÃ�	������

,
' ê���� ½sï
a ! ù»Ñª¶«·á¸:º
	��«æáçÉº SIS

û)ü)ý«þ)æúÿ ã���� ,��� ����
 º á % ¸ ,
� 
 ºUÁ®Â«¸ÏÖ��©½®¸ÏÖ����©¸ O ï�� !�g ¸ , %�& ����(sÄ©ö O ���(sÄ©ö

, ����Û������ � F�ë��úº ü�ý .

2 ��� �"!
#�$ ß�às¾®Æ ø�è Ä�%«ÄsÅ " ÿ , 4 ß�às¾®Æ:º?ö�&«¼�'�ð:º , �sÝ 0 " ÿ 1 S

O�" ÿ
1
I
�®Ð�(�)

,
�
N = S + I; â«ã a ! ��� " ÿ O ��� " ÿ , *�4�+�,�- ; 4 " ÿ 1 º6é�êI�ë ! � 9�< ,

z ��. '�ß�à®¾©Æ×º0/�â
.
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�32





∂tS = ds∆S + r(x)S
(
1 − (S+I)

K(x)

)
− µ(x)S − β(x)SI, x ∈ Ω, t > 0,

∂tI = dI∆I + r(x)ρI
(
1 − (S+I)

K(x)

)
− (µ(x) + δ(x))I + β(x)SI, x ∈ Ω, t > 0,

∂vS = ∂vI = 0, x ∈ ∂Ω, t > 0,

S(x, 0) = S0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, x ∈ Ω,

(2.1)

4�5
, S
O
I � Õ þ�6 0 "�1�O�" ÿ 1 º7/�â . � ! º78«ö��«¼����»º , r (x) þ�6 ß�àï�YÏÎjÄsð

; 0 ≤ ρ ≤ 1 9 � Þ " ÿ 1;: ã Ä�ê
I�ë á ü�â ; ρ = 0 þ�6 " ÿ�ß�à�< ! Ä�ê
Ië
, ρ = 1 þ�6�#�$ º?Ä�ê á ü�â�< ! 9�< ; K (x) þ�6 ï�Y©ä®å�=�>�& ; µ (x)

¼�ß�à®¾©Æ×º
b@?�A�B ð

; β (x)
¼®æáÿ«ð�2sö

, δ (x)
¼"C ,�- ð . Û È dS, dI � Õ)¼ S

O
I
ºjýsþ
2sö

.�����
S0 (x) , I0 (x) ∈ C

(
Ω
)
.
ùúÑ

Ω ∈ R
n
¼ !
g º

, 4 e/g ∂Ω
¼�D�E:º

. ∂/∂v þ�6GF~�H F & v
Â e
g 	Ïº
I©ö

.
.«ùáÑ7J�K

x
R 3 ºL8sö

β (x)
Â

Ω̄
	s¼�M�N�O»º O

HölderP�Q º
.

3 R�SUTWVYX Z�[U\^]U_ `
ì�a , b�$�K�L�c�de
 ºLf�gªÁ®Â3�©½®¸ , ��æ�K�L�c�de
 º0h�fªÁ®Â��©½®¸ .$

Γ (t, x, y, d)
¼ �/�

Neumann
e;g�i�j�k�l

d M

º
Green

:©ö
.
$
A1 (t) , A2 (t) :

C
(
Ω̄,R

)
→ C

(
Ω̄,R

) � Õs¼�a ! Neumann
e�g�k�l

dS M +r (x)−µ (x)
O
dI M +r (x) ρ−

µ (x) − δ (x)
Ä�UÏº

C0- m Æ . ç ϕ ∈ C
(
Ω̄,R

) �

A1(t)(ϕ(x)) = e(r(x)−µ(x))t

∫

Ω

Γ (t, x, y, dS)ϕ(y)dy, t ≥ 0

A2(t)(ϕ(x)) = e(r(x)ρ−µ(x)−δ(x))t

∫

Ω

Γ (t, x, y, dS)ϕ(y)dy, t ≥ 0

d
[11]
È©º0n��

7.2.3 +�o , ��p�q t > 0, Ai (t) : C
(
Ω̄,R

)
→ C

(
Ω̄,R

)
(i = 1, 2)

¼�resÏº 4t�OÏº
.
Ã�u

, ç t ≥ 0
�

, A (t) = (A1 (t) , A2 (t)) : C
(
Ω̄,R2

)
→ C

(
Ω̄,R2

) u�t P�Q m Æ .
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$
Ai : D (Ai) → C

(
Ω̄,R

) u
Ai (i = 1, 2)

ºjÄ�U l
, � A (t) : C

(
Ω̄,R2

)
→ C

(
Ω̄,R2

) u d
k�l

A = (A1, A2) = (dS M +r (x) − µ (x) , dI M +r (x) ρ− µ (x) − δ (x)) ���G�em�� , �3������
D (A) = D (A1) ×D (A2). ����� �� �¡ F = (F1, F2) : C

(
Ω̄,R2

+

)
→ C

(
Ω̄,R2

) ¢

F(t)(ϕ(x)) :=

(
F1(ϕ(x))

F2(ϕ(x))

)
=

(
− r(x)

K(x)
ϕ1(x) (ϕ1(x) + ϕ2(x)) − β(x)ϕ1(x)ϕ2(x)

β(x)ϕ1(x)ϕ2(x) −
r(x)
K(x)

ϕ1(x) (ϕ1(x) + ϕ2(x))

)
,

�U£ x ∈ Ω̄, ¤�¥�¦�§©¨eª ϕ = (ϕ1, ϕ2) ∈ C
(
Ω̄,R2

)
, «�¬ , ­�®�¯�° (2.1) ± C

(
Ω̄,R2

)
×

C
(
Ω̄,R2

) ²�³�´ ��µ�¶�·�¸�¹�º

u(t) = A(t)ϕ+

∫ t

0

A(t− v)F(u(x, v))dv, t > 0

»�¼
u (t) = (S (x, t) , I (x, t))

T
,
¶�½;¾L¿�À;Á�Â ¯�° (2.1) �ÄÃ�± C

(
Ω̄,R2

+

) ² �LÅ�Æ .ÇLÈ
3.1

[12] É «�Ê�Ëe¥�§;¨�ª ϕ = (ϕ1, ϕ2) ∈ C
(
Ω̄,R2

+

)
, ¯3° (2.1) ± Ω̄ × [0, T )

²
Ì ±YÍ�ÎG��Ï;Ð�Ã u (x, t, ϕ) := (S (x, t) , I (x, t)) ∈ C

(
Ω̄,R2

+

)
, Ñ�Ò u (x, 0, ϕ) = ϕ, �Ó£

T ≤ ∞.Ô Õ�Ö7×YØ É «eÊ�Ë ϕ ∈ C
(
Ω̄,R2

+

)
,

limt→∞
1
h
dist

(
ϕ+ hF(ϕ), C

(
Ω̄,R2

+

))
= 0. (3.1)

Ù�Ú ²
, É Ê�Ë ϕ ∈ C

(
Ω̄,R2

+

) Û
h ≥ 0, Ü

ϕ+ hF(ϕ) =


 ϕ1(x) + h

(
− r(x)

K(x)
ϕ1(x) (ϕ1(x) + ϕ2(x)) − β(x)ϕ1(x)ϕ2(x)

)

ϕ2(x) + h
(
β(x)ϕ1(x)ϕ2(x) −

r(x)
K(x)

ϕ1(x) (ϕ1(x) + ϕ2(x))
)



≥

(
ϕ1(x)

[
1 − h

(
r(x)
K(x)

ϕ1(x) (ϕ1(x) + ϕ2(x)) + β(x)ϕ1(x)ϕ2(x)
)]

ϕ2(x)

)
.

Ý�Þ
h→ 0+ ß , (3.1) àe��á .��â�ã ¯�° (2.1) ä�å�æ�Ã©� Ì ±�Å , ç�è�é�ê ¶�½ �0ë�ì�í�î ¹�º

{
∂W
∂t

= d∆W + r(x)
(
1 − W

K(x)

)
W − µ(x)W, x ∈ Ω, t > 0

∂W
∂t

= 0, x ∈ ∂Ω, t > 0,W (x, 0) = W 0(x), x ∈ Ω̄
(3.2)

ï «e¯�° (2.1) �0ð�ñ�ò�ó � , ôeõ�ì�ö�÷�ø [13], Ü ¶�½ �7ù ã .ÇLÈ
3.2

[13] É «�Ê�Ë�� d > 0
Û
W 0 (x) > 0, ¯3° (3.2)

Ì ±�Í�Î;��æ�ú�û�Ã U ∗ (x),

¤�± C
(
Ω,R+

) ² ¬�ä�åeü�ý�ú��3� .

ôeõ�ì�ö�÷�ø [14],
ï «�ë�ì�í�î�¯�°

{
∂Q
∂t

= dQ∆Q+ λ(x) − µ(x)Q, x ∈ Ω, t > 0,
∂Q
∂t

= 0, x ∈ ∂Ω, t > 0, Q(x, 0) = Q0(x), x ∈ Ω̄.
(3.3)

ú�û�Ã©� Ì ±�Å�þeú���Å , ç�è�ÜGÿ ¶�¾L¿
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ÇÄÈ
3.3

[14] ��� λ (x) , µ (x) > 0, x ∈ Ω, �e¯�° (3.3)
Ì ±�Í�Î3�7æeú�û�Ã q∗ (x), ¤�±

C
(
Ω,R

) ² ¬�ä�åeü�ý�ú��3� .� È
3.1

É «eÊ�Ë
¥�§3¨7ª ϕ ∈ C
(
Ω̄,R2

+

)
, ¯�° (2.1) ± Ω× [0,∞)

² Ì ±�Í�Î3�LÏ�Ð
Ã u (x, t;ϕ), Ñ�Ò u (x, 0;ϕ) = ϕ, � ¯�° (2.1) ���;�ÄÃ
	�� Φ (t)ϕ = (S (x, t;ϕ) , I (x, t;ϕ))

¬

���î©� . �e¤�¯�° (2.1)
Ì ±�Í�Î3�����eÃ

(S(·, t), I(·, t)) ∈ C(C(Ω̄); [0,∞)) ∩ C1
(
C2+α(Ω̄); [1,∞)

)
.

Ô �
U (x, t) = S (x, t) + I (x, t), � U (x, t) Ñ�Ò

∂U
∂t

= d∆U + r(x)
(
1 − U

K(x)

)
U − µ(x)U, x ∈ Ω, t > 0 (3.4)

Û ¥�§���� U (x, 0) = S (x, 0) + I (x, 0) , x ∈ Ω, �©£ d = max {dS, dI}, � ¾L¿ 3.2
Û������

¿ ­��
lim sup

t→∞
U (x, t) ≤ U ∗ (x) . (3.5)

É� Ü x ∈ Ω Î�!���á . "�# É «�$ ¸�% � t, Ü ‖U (x, t)‖ ≤ ‖U ∗ (x)‖ := M , �Y£ M þe¥
§
& ï .

¢
U (x, t) ¬�Î�!�Ü('©� . � ¾�¿ 3.1 ­�) S (x, t)

Û
I (x, t) ¬�Î�!�Ü('©� . *�+

(3.5) à ,
Ì ± t1 > 0

Û
ε > 0, ,�) t > t1 Ü U (x, t) ≤ U ∗ (x) + ε.

¢
U (x, t) ¬�-�.�Ü�'3� .

� ¾
¿ 3.1 ­�) S (x, t)
Û
I (x, t) ¬�-
.�Ü/';� . "�# (2.1) �LÃ�¬�ä�å Ì ±G� , ¤0� (2.1)

���;�ÄÃ
	�� Φ (t) ¬

���î©� . #�� , � ÷�ø [15]
Û ²�1�2�3 ÿ54 Sobolev 6�7�� ¿ ­��

(S(·, t), I(·, t)) ∈ C(C(Ω̄); [0,∞)) ∩ C1
(
C2+α(Ω̄); [1,∞)

)
.

4 8:90;0<>=
?�@�A ��ª�¬�B/C�Î�D�E�F�¬�G Ì
H �JI�K . L�M�N Þ Î�D�O�P�Q;�JD�R�S�7  ÜUT�P

�JV�W�X�� ßZY ��[�\�P
Q©��]�^�ª�_ . ±�ë�ì�í�î ¹�º £ , `�a�I�b
c�ö ¶ Î�d
P
Q  �¡
�fe�	Zg [16] h�M�N . ¯�° (2.1) É ì;�0ú�û ¹�º��





ds∆S + r(x)S
(
1 − (S+I)

K(x)

)
− µ(x)S − β(x)SI = 0, x ∈ Ω

dI∆I + r(x)ρI
(
1 − (S+I)

K(x)

)
− (µ(x) + δ(x))I + β(x)SI = 0, x ∈ Ω

∂vS = ∂vI = 0, x ∈ ∂Ω

(4.1)

­���i 3 ò A ��ª �
Rd =

r (x)

µ (x)
. (4.2)

4.1 j�k�l�m�n�o�p
Þ
Rd > 1, (S∗ (x) , 0) ¬�¯U° (2.1) ��&qFq]qr;Ã , �"£ S∗ (x) = K(x)(r(x)−µ(x))

r(x)
. ±

(S∗ (x) , 0) s�t�Å�u�¯�° (2.1), v�)�w ¶ 1�x�y §�z�{




dS∆ψ1 + (r(x) − µ(x))ψ1 −
(

r(x)
K(x)

+ β(x)
)
S∗ψ1 = λψ1, x ∈ Ω,

dI∆ψ2 +
(
r(x)ρ − µ(x) − δ(x) +

(
β(x) − r(x)

K(x)
ρ
)
S∗

)
ψ2 = λψ2, x ∈ Ω.

(4.3)
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�;Â )�w ?�@�A ��ª , ��� ¥�¦�P�Q�� ¸�� ϕ (x), ��� ß�  �f¡�¢ , � T (t)ϕ (x) ¬�£�i




∂tI − dI∆I = −(µ(x) + δ(x))I, x ∈ Ω, t > 0,

∂vI = 0, x ∈ ∂Ω, t > 0,

I(x, 0) = ϕ(x) ≥ 0, x ∈ Ω.

��Ã0	�� .
¢
T (t)ϕ (x)

�
t ß(¤ P¥Qq�"� ¸q� , ¦¨§;± t ß(¤�©�ª ��P¥Qq�^� ¸���

F (x)T (t)ϕ (x). "�# , ��¥Y¦qP�QU� ¸U� ϕ (x)
¾�« � ©qª P�QU� �/¬  /­ ¸U�Y�∫∞

0
F (x)T (t)ϕ (x) dt.

� �� �¡ L : C
(
Ω,R2

)
→ C

(
Ω,R2

) �

L(ϕ)(x) :=
∫∞

0
F (x)T (t)ϕ(x)dt = F (x)

∫∞

0
T (t)ϕ(x)dt

v L
��¶ ÎZd  �¡ . #�� , L ¬�®�¯��7æ  �¡ , L�°�¥�¦�P�Q ϕ (x) ±�²
w�P�Q�³  JY ���fP

Q��
´�� ­ ª . � � L �fe�	Zg�µ � ¯�° (2.1) �J¶�]�·�Q A ��ª .
¢
Rh

0 := r (L).ÇLÈ
4.1

[17] � λh
0

� x
y §¨zf{ (4.3) ��W x
y § , ¦/§ (i)Rh
0 − 1 þ λh

0 ¸�¹ ; (ii) º
Rh

0 < 1, v�¯�° (2.1) �J&�F�ú�û�Ã (S∗ (x) , 0) ¬�å�»�ü�ý�ú���� , º Rh
0 > 1, v (S∗ (x) , 0)

¬�å�»�¼�ú��3� .�;Â )�w ?�@�A ��ª Rh
0 �f½�¾�M�¿�à , *�+�÷�ø [17], ÜGÿ ¶ � ¿� È

4.1
� λh

0

�

dI∆ϕ− (µ(x) + δ(x))ϕ+ λh
0

(
Kβ(x)(r(x)−µ(x))

r(x)
+ µ(x)ρ

)
ϕ = 0, x ∈ Ω, ∂ϕ

∂v
= 0, x ∈ ∂Ω

�fW x�y § , v Rh
0 = 1/λh

0 .Ô *�+�÷�ø [17] � ¶ ÎZd A ��À(Á��fe�	Zg  � � , # ß�© S�P�Q�Â Õ Ü I Î�D�Ã�_ ,

"J# � F (x, S, I) ¬ © P�Q��;�fÄ�7�À(Á , V (x, S, I) ¬�V�W;�fÅ�¢�À(Á , v

F(x, S, I) =

(
β(x)SI + r(x)ρI

(
1 − (S+I)

K(x)

))

0

)
:=

(
F1

0

)
,

V(x, S, I) =

(
µ(x) + δ(x)I

β(x)SI − r(x)S
(
1 − (S+I)

K(x)

)
+ µ(x)S

)
:=

(
V1

V2

)
.

Æ�Ç
F (x) = ∂IF1(x, S, I)|(s((x),0) = K(x)β(x)(r(x)−µ(x))

r(x)
+ µ(x)ρ,

V (x) = ∂IV1(x, S, I)|(s·(x),0) = µ(x) + δ(x).

�©£ , F, V ^�¬ 1 × 1 �ÈÀ(Á , *�+�÷�ø [18], «�¬e¯�° (2.1) � ?�@�A ��ª �

Rh
0 := r(L) = r

(
− (dl∆ − V )

−1
F
)

= − (dl∆ − (µ(x) + δ(x)))
−1
(

K(x)β(x)(r(x)−µ(x))
r(x)

+ µ(x)ρ
)
ϕ.

 ÿ Rh
0 Ñ�Ò

− (dI∆ − (µ(x) + δ(x)))
−1
(

K(x)β(x)(r(x)−µ(x))
r(x)

+ µ(x)ρ
)
ϕ = Rh

0ϕ, ϕ ∈ C
(
Ω̄,R2

)
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¢

dI∆ϕ− (µ(x) + δ(x))ϕ+
(

K(x)β(x)(r(x)−µ(x))
r(x)

+ µ(x)ρ
)

ϕ
Rh

0
= 0, ϕ ∈ C

(
Ω̄,R2

)
.

"J# , Rh
0 = 1/λh

0 , É¨�  �¡ ∆ �UÊÌË�Å , Rh
0 Ü�Ã ¸�Í à

Rh
0 = 1/λh

0 = supϕ∈H1(Ω),ϕ6=0

{∫
Ω
(K(x)β(x)(r(x)−µ(x))/r+ρµ(x))ϕ2dx∫

Ω
(dI |∇ϕ|2+(µ(x)+δ(x))ϕ2)dx

}
(4.4)

ÇÄÈ
4.2

[18] É Rh
0 ,
¶�½ �7ù ã ��áUÎ

(i)Rh
0 − 1 þ s

(
dI M +K(x)β(x)(r(x)−µ(x))

r(x)
+ µ (x) ρ− µ (x) − δ (x)

) Ï
¹�Ðq¸ .

(ii)Rh
0

ï « dI > 0 ¬�Ñ�Ò�Ó�Ô�Õ�Ö�¨7ª , ¤ Þ dI → 0 ß , Rh
0 →

max
{

Kβ(x)(r(x)−µ(x))+µ(x)r(x)ρ
r(µ(x)+δ(x))

, x ∈ Ω̄
}

;
Þ
dI → ∞ ß , Rh

0 →
∫
Ω

(K(x)β(x)(r(x)−µ(x))+µ(x)r(x)ρ)dx

r(x)(µ(x)+δ(x))
.

4.2 ×�Ø�l�m�n�o�p
Þ
Rd > µ(x)+δ(x)

µ(x)ρ
ß , ¯U° (2.1)

Ì ± Í;ÎÓ��&ÙT�Pq�©ú©û;Ã SFE (0, I∗ (x)), �"£
I∗ (x) = K(x)(r(x)ρ−µ(x)−δ(x))

r(x)ρ
. Ú�Û�¶�]�·�Q A�Ü ª;�7� ��¹ à , ­YÿÄ� � ¯�° (2.1) �fÝ�ô�·

Q A�Ü ª Rv
0.� È

4.2
� λv

0

�
dS∆ϕ−

(
µ(x) + K(x)β(x)(r(x)ρ−µ(x)−δ(x))

r(x)ρ

)
ϕ+ λv

0
µ(x)+δ(x)

ρ
ϕ = 0, x ∈

Ω, ∂ϕ
∂v

= 0, x ∈ ∂Ω �fW x�y § , v Rv
0 = 1/λv

0 .Ô � ¯�° (2.1), ­�)
F̃ (x) = µ(x)+δ(x)

ρ
, Ṽ = µ(x) + K(x)β(x)(r(x)ρ−µ(x)−δ(x))

r(x)ρ
,

ve¯�° (2.1) �fÝ�ô�·�Q A�Ü ª Rv
0

�

Rv
0 = r

(
−
(
ds∆ − Ṽ

)−1
F̃
)

= −
(
ds∆ −

(
µ(x) + K(x)β(x)(r(x)ρ−µ(x)−δ(x))

r(x)ρ

))−1
µ(x)+δ(x)

ρ
ϕ ,

 ÿ Rv
0 Ñ�Ò

−
(
dS∆ −

(
µ(x) + K(x)β(x)(r(x)ρ−µ(x)−δ(x))

r(x)ρ

))−1
µ(x)+δ(x)

ρ
ϕ = Rv

0ϕ ,

¢
dS∆ϕ−

(
µ(x) + K(x)β(x)(r(x)ρ−µ(x)−δ(x))

r(x)ρ

)
ϕ+ µ(x)+δ(x)

ρ
ϕ

Rv

0
= 0 .

¸ ¿ , Rv
0 Ü�Ã ¸�Í à

Rv
0 = 1/λv

0 = supϕ∈H1(Ω),ϕ6=0

{
(µ(x)+δ(x))/ρ·

∫
Ω

ϕ2dx∫
Ω
(dS|∇ϕ|2+(K(x)β(x)(r(x)ρ−µ(x)−δ(x))/r(x)ρ+µ(x))ϕ2)dx

}
. (4.5)

ÇÄÈ
4.3

[18] É Rv
0,
¶�½ �7ù ã ��áUÎ

(i)Rv
0 − 1 þ s

(
dS M +µ(x)+δ(x)

ρ
− µ (x) − K(x)β(x)(r(x)ρ−µ(x)−δ(x))

r(x)ρ

) Ï
¹�Ðq¸ .

(ii)Rv
0

ï « dS ¬�Ñ�Ò�Ó�Ô�Õ�Ö�¨7ª ,

¤ Þ dS → 0 ß Rv
0 → max

{
r(x)(µ(x)+δ(x))

K(x)β(x)(r(x)ρ−µ(x)−δ(x))+µ(x)r(x)ρ
, x ∈ Ω̄

}
;Þ

dS → ∞ ß , Rv
0 → |Ω|r(x)(µ(x)+δ(x))∫

Ω
(K(x)β(x)(r(x)ρ−µ(x)−δ(x))+µ(x)r(x)ρ)dx

.
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5 Þqß:àâá:ã
5.1 äZå�æ�ç�è(éJæ ��ê� È

5.1 º Rd > 1, ¯�° (2.1)
Ì ±�Í�Î�&�F�]�r/
 DFE (S∗ (x) , 0) =

(
K(x)(r(x)−µ(x))

r(x)
, 0
)
,

¤�º Rh
0 < 1, v DFE (S∗ (x) , 0) ¬�ä�åeü�ý�ú��3� .Ô É « ε ≥ 0, � ¾L¿ ­�� x�y §�z�{




dS∆ψ1 + (r(x) − µ(x))ψ1 −
(

r(x)
K(x)

+ β(x)
)
S∗ψ1 = λψ1, x ∈ Ω,

dI∆ψ2 +
(
r(x)ρ− µ(x) − δ(x) +

(
β(x) − r(x)

K(x)
ρ
)
S∗

)
ψ2 = λψ2, x ∈ Ω

(5.1)

Ü�Î�W x
y § λε
0 = λ0 (d, S∗ (x) + ε), �G£ d = max {dS, dI} ¤ Ì ±(ë�æ;� x
y ¨�ª ψε (x)

þ�ì É ì . � ¾
¿ ­�� Þ Rh
0 < 1 ß , λ0 (d, S1 (x)) < 0. *�+ x
y § ï «�í�ªY��®
¯�î�ï�Å ,Ì ±;Î�D3Ò�ðUñY� ε0 > 0, ,/) λε

0 = λ0 (d, S∗ (x) + ε0) < 0, ¤ Ì ±;Î�Dòë�æY� x(y ¨�ª
ψε0 (x) þ�ì É ì . *�+ (3.5) à , É
 ÜY� x ∈ Ω Ü lim supt→∞ S (x, t) ≤ S∗ (x) Î�!���á .¢ Ì ±�Î�D�Ò�ð % � t0 > 0, ,�) É «  Ü;� x ∈ Ω̄

Û
t > t0 Ü S (x, t) ≤ S∗ (x) + ε0. "J# ,

� ¯�° (2.1) �Èó�[�D ¹�º ­��
{

∂tI − ds∆I ≤ I (r(x)ρ + ‖β‖∞ (S∗(x) + ε0) − µ(x) − δ(x)) , x ∈ Ω, t > 0,

∂vI = 0, x ∈ ∂Ω, t > 0.
(5.2)

É «eÊ�Ë�� ϕ ∈ C
(
Ω̄,R2

+

)
,
Ì ±�Î�D�æeª χ, ,�) I (x, t0;ϕ) ≤ χψε0 (x) , x ∈ Ω̄, é�ê�ë�ì�í

î�¯�°
{

∂tÎ − ds∆Î = Î (r(x)ρ+ ‖β‖∞ (S∗(x) + ε0) − µ(x) − δ(x)) , x ∈ Ω, t > 0,

∂v Î = 0, x ∈ ∂Ω, t > 0.
(5.3)

�ÄÃ � χeλε

0(t−t0)ψε0 (x) , t > t0. � ����� ¿ ­�)
I(x, t;ϕ) ≤ χeλk

0 (t−t0)ψε0(x), t > t0 .

" � λε
0 < 0,  ÿ É «  Ü x ∈ Ω Ü limt→∞ I (x, t;ϕ) = 0. S Ç , � ¾7¿ 3.2 4�÷�ø [19] ü

ýÙÊõô�	�� ¿�ã Ü
lim
t→∞

S (x, t;ϕ) = S∗ (x) , x ∈ Ω̄.

5.2 ä�ö�÷�øZæ�ç�è(éJæ ��ê
� È

5.2 º Rd >
µ(x)+δ(x)

µ(x)ρ
, ¯3° (2.1)

Ì ±�Í�Î;��&qT�P/Q�]
rU
 , ¤�º Rv
0 < 1, v

SFE (0, I∗ (x)) ¬�ä�åeü�ý�ú��3� .Ô ± (0, I∗ (x)) s�t�Å�u�¯�° (2.1), v�) ¶ 1�x�y §�z�{




ds∆ψ1 +
(
r(x) − µ(x) −

(
r(x)

K(x)
+ β(x)

)
I∗

)
ψ1 = λψ1, x ∈ Ω,

dI∆ψ2 +
(
β(x) − r(x)ρ

K(x)

)
I∗ψ1 − (r(x)ρ − µ(x) − δ(x))λψ2 = λψ2, x ∈ Ω,

∂vψ1 = ∂vψ2 = 0, x ∈ ∂Ω.

(5.4)
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º ψ1 = 0, v ψ2 6= 0 ¤ dI M ψ2 − (r (x) ρ− µ (x) − δ (x))ψ2 = λψ2, �ù#�) Re (λ) < 0.Æ�Ç
(5.4) �  Ü x�y §�ú�Ü�Ð Ú » .

º ψ1 6= 0, v λ ¬ ds M ψ1+
(
r (x) − µ (x) −

(
r(x)
K(x)

+ β (x)
)
I∗

)
ψ1 � x�y § . º Rv

0 < 1,

� ¾7¿ 4.3 ­�) s

(
ds M ψ1 +

(
r (x) − µ (x) −

(
r(x)
K(x)

+ β (x)
)
I∗

)
ψ1

)
< 0. "�# Re (λ) < 0.

«�¬ SFE (0, I∗ (x)) ¬�t�Å�ú��3� .

5.3 û�üZå�æ�ç�è(éJæ ��ê
Ç0È

5.1
[20]
Þ
Rh

0 > 1, Rv
0 > 1 ß , ¯�° (2) ý�þ Ì ±�Î�D�æeÃ (S∗, I∗),

¢�ÿ ¹ F�ú�û
Ã EE

Ì ± .

"�# , õ ¶ h�é�ê�± ¸ Æ�� Í�¶ ,
¢
K (x) = K, δ (x) = δ, µ (x) = µ, r (x) = r, β (x) = β

¬�æ�ceª ß ¯�° (2.1) � ÿ ¹ F�]�r/
��0ä�å�ú���Å .� È
5.3

Þ
Rh

0 > 1, Rv
0 > 1 ß ,

µ��
β > rρ

K
, ve¯�° (2.1) � ÿ ¹ F�]�r/
 EE (S∗, I∗)

¬�ä�åeü�ý�ú��3� .Ô É «e¯�° (2.1) �ÄÊ�Ë
Ã (S, I), ����Î�D Lyapunov �3¨ µ�¶ Î
L(t) =

∫

Ω

L(S(x, t), I(x, t))dx .

�
L (S, I) = Kβ−rρ

r+Kβ

(
S − S∗ − S∗ ln S

S∗

)
+
(
I − I∗ − I∗ ln I

I∗

)
, ¦�§ , É «eÊ�Ë�� t > 0

Lt(t) =
∫
Ω

[Ls(S, I)St + LI(S, I)It] dx

=
∫
Ω

[
Kβ−rρ
r+Kβ

(
1 − S∗

S

)
(dS∆S) +

(
1 − I∗

I

)
(dI∆I)

]
dx

+
∫
Ω

Kβ−rρ
r+Kβ

(
1 − S∗

S

) (
rS − µS − rS

K
(S + I) − βSI

)
dx

+
∫
Ω

(
1 − I∗

I

) (
rρI − µI − δI − rρI

K
(S + I) + βSI

)
dx.

(5.5)

*�+�÷�ø [21] £��Äî���� ¿ )UÎ
Lt(t) = −Kβ−rρ

r+Kβ
dSS

∗
∫
Ω

|∇S|2

S2 dx+ dII
∗
∫
Ω

|∇I|2

I2 dx

−
∫
Ω

r
K

(S − S∗)
2
+ rρ

K
(I − I∗)

2
dx

≤ 0.

(5.6)

� « L (t) ¬e¯�° (2.1) � Lyapunov ¨7ª ,
¢ É «  Ü t > 0, 	�Ü Lt (t) < 0, 
�± (S, I) s ,

L (t) = 0. ��¤ t → ∞ ß , [L2 (Ω)]
2 £ (S (x, t) , I (x, t)) → (S∗, I∗). ¸ ¿ ­ × Ü
'�Å , ÿù4

É «eÊ�Ë�� t ≥ 1, ��Ü ‖S (·, t)‖C2(Ω) + ‖I (·, t)‖C2(Ω) ≤ C, ¤ C ¬�æ�ceª . -�.�� Sobolev

6�7�� ¿ ­�� , t→ ∞ ß , [L∞ (Ω)]
2 £ÄÜ (S (x, t) , I (x, t)) → (S∗, I∗). "J#�±�^
����� ¶ ÿ¹ F�]�r/
 EE (S∗, I∗) ¬�ä�åeü�ý�ú��3� .

6 =0ß����
6.1 ���
é������������� ê�!�" å�#�$�%
é'&)(
» Î�» ¸ W�*�é�ê
V�WY�7í�î Û ¬  �+ Æ�Å É E
F�ð�ñ�ò;��,.- . *�+�÷�ø [22][23] ,

ö MATLAB S�ó�ª�§�¯�/ .



No.4 |~}~� : �~���~�������~��� SIS ���������������������~��� 339

0 ��í�ª dS = 0.0002, dI = 0.0001.ρ = 1, ¥�¦�§ � S0 (x) = 0.65− 0.2 cos 2πx, I0 (x) =

0.1−0.05 cos 2πx.K (x) = 1/(1.01+cos 2πx), r (x) = 0.07(1.01+cos 2πx),µ (x) = 0.065(1.01+

cos 2πx), δ (x) = 0.065(1.01 + cos 2πx), β (x) = 0.0096(1.01 + cos 2πx). 1
2 3   ­�� Rd ≈

1.0769 > 1, Rh
0 ≈ 0.5106 < 1,

¢ � ¿ 5.1 ���ò�©�;á . "�# , ¯G° (2.1) ��&UF;ú;û�Ã
DFE (S∗ (x) , 0) ¬�ä�åeü�ý�ú��3� , æ µ�¶43 1  N .

5
1 6�798':';�<�=?>�@ (2.1) A�B�C'D�E�FHG'I�J'K'C�L�J , M�N Rd > 1, Rh

0 < 1

O
P ÿ ¶ í�ª r (x) = 0.1(1.01+cos 2πx), µ (x) = 0.065(1.01+cos 2πx),δ (x) = 0.045(1.01+

cos 2πx),K (x) = 1/(1.01 + cos 2πx), β (x) = 0.0096(1.01 + cos 2πx). 142 3   ­(� Rd ≈

1.5385 > 1, Rv
0 ≈ 0.5991 < 1,

¢ � ¿ 5.2 ���/�.Q3á . "�# , ¯©° (2.1) ��&¨T�P3ú3û�Ã
SFE (0, I∗ (x)) ¬�ä�åeü�ý�ú��3� , æ µ�¶43 2  N .

5
2 6�798':';�<�=?>�@ (2.1) A�RTS'C'D�E�FHG'I�J'K'C�L�J , M�N Rd > 1, Rv

0 < 1

O)P í�ª K (x) = K = 1, r (x) = r = 0.1, µ (x) = µ = 0.065, δ (x) = δ = 0.045, β (x)=

β = 0.20, ρ = 1, dS = 0.0002, dI = 0.0001. 1�2 3   ­�� Rh
0 ≈ 1.2273 > 1, Rv

0 ≈ 2.4445 > 1

¤ β > rρ
K

,
¢ � ¿ 5.3 ������Q�á . "�# , ¯3° (2.1) � ÿ ¹ F�]�rò
 EE (S∗, I∗) ¬�ä�å�ü

ý�ú��;� , æ µ�¶U3 3  N .
3

3 M Ø ¯3° (2.1)
Ì ±3Î�D�ä�å�ü�ý�ú��;�7ú�û�Ã�¤�þ�V�W

& ï . É � 3 2
Û 3

3 ¼�X
Y�Z , + Æ���� ¶ P�Q��;� ¸�� þ�V�W�í�ª)[�[ Ð ï .
» Ë�\Z�¥�

«/¬  �+ Æ�Å , ¼ ¸ ÿ^] �JE
F�P
Q�_.` Û P
Q�� ¸�� ¬�¼�Î�aG� , b�c + Æ�Å�Ü�­)d�e 2f�g 2�h
i ÿ.] � ?�@�A�Ü ª .

6.2 æ�ç
j�k�l.m
*�+�÷�ø [24], ±�¯�° (2.1) £ 0 ��í�ª � ρ = 0.5, β0 = 6.25×10−3 ÿ54 dS = 0.2×10−4,

¬   ] ��� 0 ≤ x ≤ 400.
O)P
n D
¼ ¸ � dI § ,

¸�o��
dI = 0.7 × 10−5, dI = 0.7 × 10−4,
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5
3 6�7�pH:';�<�=?>�@ (2.1) q�r�B�C'D�E�FHG'I�J'K'C�L�J , M�N Rh

0 > 1, Rv
0 > 1

± t ∈ [0, 400] ß� ts P�Q�� I (x, t) ��¬   ¸�� ¯�/�ù ��µ�¶.3 . ­Yÿ9u Á I (x, t) �fÃ�u�v
ä P�w « dI , 

P
Q��Y� ¸��
xy3 ¼(� ß/  ��Ã
u Ç ³ Ã (  Ü ¡y3 £����)z�ª
{�|�¼�Ã ).

"J# ,
» X
¬   ¸���x^3 ¬�ú�û;� .Þ
dI = 0.7 × 10−4 ß , é�ê�·/Q
}�£�ª β (x) = β0 (1.01 + c cos 2lπ (x+ η)) £���Ã�_ l

É ¸���x~3 �t,4-'��� .
¶.30À©Á�Â

l = 1, 2 ß � ¸���x~3 ª�§�¯
/�ù � . ��� , I (x, t) �Z¬  ¸���x^3 ¬��5·�Q�} β (x) ��¬  �+ Æ�Å w �3� .

5
4 I t ∈ [0, 400] ��79�'S���� I(x, t) F9C'D��t�'>����'�

7 ���������
@ ÷
��á
� ¸��YÂ Î�Ú�ú�Ü/¬  '+ Æ�Å;�Lë�ì�í�î�·
Q�F�¯�° , F � RU� Â dZð�b�2)��~� õ�� ��������� g�±
¼ ¸ ����R   S�ó�í�î�ì�� , ��­YÿùV�W�ì   Ý�ô�·
  . ¡�¢�°�¯�°

Å�u � É ì©� ·�¸�¹�º )/w Â ä�å�æeÃG� Ì ±�Å Û Í�Î�Å . S�Î�£ , ¤�ö ¶ Î�d A�Ü� �¡�¹¥ )�w�¶�]�·�Q A�Ü ª Rh
0 ÿ54�Ý�ô�·�Q A�Ü ª Rv

0 , � À;Á�Â L�è�þ h
i�x�y §�zÈ{;�JW xy §¥zÈ{�ì   � ï £ . -�¦ ,
â�ã©Â ¯�°���§7§�ð�ñ�ò�ó � ,

¢ Þ
Rd > 1 ¤ Rh

0 < 1, ¤�ö�ü
ý>Ê5ô�	�� ¿�ã )
w�&�F�ú�û�Ã�¬�ä�å�ü�ý�ú���� ,

» M Ø F � R�±
���Y£ Û Ü�¨ R)© ²�ª«
.
Þ
Rd > 1 ¤ Rv

0 < 1, &UT�P�Q���ú�û�Ã�¬�ä�å�ü�ý�ú���� ,
» M Ø F � R�Î�ô Ì ± , ¬

,�X��
­�® .
Þ
Rd > 1 ¤ Rv

0 < 1, &òTJP�Q���ú�û�Ã�¬�ä�å�ü�ý�ú���� ,
» M Ø F � R�Î�ôÌ ± , ¬�,�X��
­�® . ±�¯�\3����° ¶ ,

Þ
Rh

0 > 1, Rv
0 > 1 ¤ β > rρ

K
, ö�±�²�³�´�µ�¨7ª;� ¹¥�¶ × Â æeú�û�Ã^·0ä�å
¸ ¾ Å .
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5
5 ¹
p�F l º'»�S���� I(x, t) F9C'D��t��F9¼�½ .

�Ä«�é�ê/w�¬  '+ Æ�ÅGÿù4qT�P�� Û P�Q���­)d©ÿÈ¼ ¸ ·�¾)}�S�ó�í�î ,  ÿ @ ÷
��¿
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THRESHOLD DYNAMICS ANALYSIS OF A CLASS OF SIS

INFECTIOUS DISEASE MODEL WITH SPATIAL

HETEROGENEITY

HU Meng, ZHANG Ya-rong

(School of Science,Xi’an University of Architecture and Technology, Shaanxi 710055, China)

Abstract: This article studies the dynamics and transmission laws of the SIS infectious

disease model with the horizontal and vertical transmission under the spatial heterogeneity.

Using the semigroup theory, the definition of the spectral radius of the next-generation generator,

Lyapunov functions, asymptotic autonomous semigroup theory, and numerical simulation methods,

we obtain the dynamical behavior and transmission laws of the SIS infectious disease model with

the horizontal and vertical transmission under the spatial heterogeneity. These results extend

previous related research results and provide a deeper theoretical basis for understanding such

infectious disease models.

Keywords: spatial heterogeneity; SIS infectious disease model; Lyapunov function; global

stability
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