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Abstract: Motivated by Chvátal’s theorem, in this paper, we consider the infimum value of
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By employing the analytical method, the results for a random variable whose distribution belongs

to some infinitely divisible distributions including the inverse Gaussian, log-normal, Gumbel and
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Keywords: Chvátal’s theorem; infinitely divisible distribution; inverse gaussian distribu-

tion; log-normal distribution; gumbel distribution; logistic distribution

2010 MR Subject Classification: 60C05; 60E15

Document code: A Article ID: 0255-7797(2024)04-0309-08

1 Introduction

Let B(n, p) denote a binomial random variable with parameters n and p. Janson [1]
introduced the following conjecture suggested by Vašk Chvátal.

Conjecture 1 (Chvátal). For any fixed n ≥ 2, as m ranges over {0, . . . , n}, the proba-
bility qm := P (B(n,m/n) ≤ m) is the smallest when m is closest to 2n

3
.

Chvátal’s conjecture has applications in machine learning (see Doerr [2], Greenberg and
Mohri [3] and the references therein). Janson [1] showed that Conjecture 1 holds for large n.
Barabesi et al. [4] and Sun [5] proved that Conjecture 1 is true for general n ≥ 2. Hereafter,
we call Conjecture 1 by Chvátal’s theorem.

Motivated by Chvátal’s theorem, Li et al. [6] considered the infimum value problem on
the probability that a random variable is not more than its expectation, when its distribution
is the Poisson distribution, the geometric distribution or the Pascal distribution, where as
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to the Pascal distribution, only some partial results have been obtained. Sun et al. [7]
investigated the corresponding infimum value problem for the Gamma distribution among
other things. Li et al. [8] studied the infimum value problem for the Weibull distribution
and the Pareto distribution. Guo et al. [9] considered the infimum value of the probability
P (X ≤ E[X]), where X is a negative binomial random variable, and gave an affirmative
answer to the conjecture on the Pascal distribution posed in [6].

In this paper, we consider the infimum value of the probability P (X ≤ κE[X]), where
κ is a positive real number, and X is a random variable whose distribution belongs to some
infinitely divisible distributions including the inverse Gaussian, log-normal, Gumbel and
logistic distributions in Section 2 and Section 3. Before presenting the main results, we give
a remark.

Remark 1.1 Let Xα be a random variable with finite expectation E[Xα], where α

stands for some parameters in the distribution of Xα, and it is a real number or a vector
in Rn for some positive integers n ≥ 2. We have the following two motivations to study
infα P (Xα ≤ κE[Xα]):

• From infα P (Xα ≤ κE[Xα]), we can get supα P (Xα > κE[Xα]). Obviously, if we
wish the probability P (Xα > κE[Xα]) is as large as possible, we should consider
supα P (Xα > κE[Xα]) or equivalently infα P (Xα ≤ κE[Xα]). Based on this obser-
vation, we wish that our work on this topic may find some applications in machine
learning, statistics, finance and economics etc.

• Assume that Xα is nonnegative and denote by µα the distribution of Xα. If infα P (Xα ≤
κE[Xα]) = β > 0, then for any α, we have

µα([0, κE[Xα]) ≥ β,

which tells us that the family of the distributions {µα} possesses a kind of measure
concentration phenomenon.

2 Inverse Gaussian Distribution

Let Xµ,λ be an inverse Gaussian random variable with parameters µ and λ (µ > 0, λ >

0). By [10, Chapter 27], we know that the density function of Xµ,λ is given by

fµ,λ(x) =

√
λ

2πx3
exp

(
−λ(x− µ)2

2µ2x

)
, x > 0,

and E[Xµ,λ] = µ. Then, for any given real number κ > 0, by [10, Chapter 27], we know that

P (Xµ,λ ≤ κE[Xµ,λ]) =
∫ κµ

0

√
λ

2πx3
exp

(
−λ(x− µ)2

2µ2x

)
dx

= Φ
(√

λ

κµ
(κ− 1)

)
+ exp

(
2λ

µ

)
Φ

(
−

√
λ

κµ
(κ + 1)

)
.
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Hereafter, Φ(·) stands for the distribution function of the standard normal distribution.

Denote x :=
√

λ
µ
. Then

P (Xµ,λ ≤ κE[Xµ,λ]) = Φ

(√
1
κ

(κ− 1)x

)
+ e2x2

Φ

(
−

√
1
κ

(κ + 1)x

)
.

Define a function

gκ(x) := Φ

(√
1
κ

(κ− 1)x

)
+ e2x2

Φ

(
−

√
1
κ

(κ + 1)x

)
, x > 0. (1.1)

The main result of this section is
Theorem 2.1 (i) If κ ≤ 1, then

inf
x∈(0,∞)

gκ (x) = lim
x→∞

gκ(x) =

{
0, if κ < 1,
1
2
, if κ = 1.

(ii) If κ > 1, then min
x∈(0,∞)

gκ (x) = gκ (x0(κ)) , where x0(κ) is the unique zero point of the

function

hκ(x) := 2
∫ ∞

√
1
κ (κ+1)x

exp
(
−1

2
t2

)
dt−

√
1
κ

exp(− (κ+1)2

2κ
x2)

x
, x ∈ (0,∞). (1.2)

Proof By taking the derivative of the function gκ(x) defined in (1.1) and in virtue of
(1.2), we have

g
′
κ(x) =

√
1
κ

(κ− 1)Φ′
(√

1
κ

(κ− 1)x

)
+ 4xe2x2

Φ

(
−

√
1
κ

(κ + 1)x

)

−
√

1
κ

(κ + 1)e2x2
Φ′

(
−

√
1
κ

(κ + 1)x

)

=
4xe2x2

√
2π

∫ ∞

√
1
κ (κ+1)x

exp
(
−1

2
t2

)
dt− 2

√
1

2πκ
exp

(
−(κ− 1)2

2κ
x2

)

=
2xe2x2

√
2π


2

∫ ∞

√
1
κ (κ+1)x

exp
(
−1

2
t2

)
dt−

√
1
κ

exp
(
− (κ+1)2

2κ
x2

)

x




=
2xe2x2

√
2π

hκ(x). (1.3)

By taking the derivative of the function hκ(x), we get that

h
′
κ(x) =

√
1
κ

exp
(
−(κ + 1)2

2κ
x2

)(
1
κ
− κ +

1
x2

)

:=

√
1
κ

exp
(
−(κ + 1)2

2κ
x2

)
ϕκ(x), (1.4)
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where ϕκ(x) = 1
κ
− κ + 1

x2 .

(i) If κ ≤ 1 , then ϕκ(x) ≥ 1
x2 > 0 for any x ∈ (0,∞). Thus, we have h

′
κ(x) > 0, ∀x ∈

(0,∞), which implies that the function hκ(x) is strictly increasing on interval (0,∞). We
have

lim
x→∞

hκ (x) = lim
x→∞

(
2
∫ ∞

√
1
κ (κ+1)x

exp
(
−1

2
t2

)
dt−

√
1
κ

exp(− (κ+1)2

2κ
x2)

x

)
= 0.

Thus for any x ∈ (0,∞), hκ(x) < 0. Then by (1.3), we get

g
′
κ (x) < 0, ∀x ∈ (0,∞).

Therefore, gκ (x) is a strictly decreasing function on interval (0,∞) and thus

inf
x∈(0,∞)

gκ(x) = lim
x→∞

gκ(x)

= lim
x→∞

Φ

(√
1
κ

(κ− 1)x

)
+ lim

x→∞
e2x2 1√

2π

∫ ∞

√
1
κ (κ+1)x

exp
(
− t2

2

)
dt

= lim
x→∞

Φ

(√
1
κ

(κ− 1)x

)
+ lim

x→∞
1√
2π

e2x2
∫ ∞

0

exp


−

(
u +

√
1
κ
(κ + 1)x

)2

2


 du

= lim
x→∞

Φ

(√
1
κ

(κ− 1)x

)
+ lim

x→∞
1√
2π

∫ ∞

0

exp
(
−1

2

(
u2 +

2(κ + 1)√
κ

xu +
(κ− 1)2

κ
x2

))
du

= lim
x→∞

Φ

(√
1
κ

(κ− 1)x

)

=

{
0, if κ < 1,
1
2
, if κ = 1.

(ii) If κ > 1, then by h
′
κ(x) = 0, i.e., ϕκ(x) = 1

κ
− κ + 1

x2 = 0, we get x =
√

κ
κ2−1

.

Then, by (1.4), we know that h
′
κ(x) > 0 for any x ∈ (0,

√
κ

κ2−1
) and h

′
κ(x) < 0 for any

x ∈ (
√

κ
κ2−1

,∞). It follows that the function hκ(x) is strictly increasing on (0,
√

κ
κ2−1

) and
strictly decreasing on (

√
κ

κ2−1
,∞). Furthermore, by the fact that limx→0+ hκ(x) = −∞ < 0

and limx→∞ hκ(x) = 0, we know that the continuous function hκ(x) has a unique zero point
x0(κ) ∈ (0,

√
κ

κ2−1
). It follows that hκ(x) < 0 for any x ∈ (0, x0(κ)) and hκ(x) > 0 for any

x ∈ (x0(κ),∞).
Hence, by (1.3), we get that g

′
κ(x) < 0 on (0, x0(κ)) and g

′
κ(x) > 0 on (x0(κ),∞). It

follows that
min

x∈(0,∞)
gκ(x) = gκ(x0(κ)).

The proof is complete.
Remark 2.2 (i) For any κ > 1, µ > 0, λ > 0, it is easy to know that

P (Xµ,λ ≤ κE[Xµ,λ]) > P (Xµ,λ ≤ E[Xµ,λ]) >
1
2
,
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where the second inequality follows from the proof of Theorem 2.1. Then for any κ > 1, we
have

min
x∈(0,∞)

gκ (x) = gκ (x0(κ)) >
1
2
.

(ii) The above analysis shows that there is an interesting phase transition phenomenon
in the infimum value problem for the inverse Gaussian distribution. The critical point is
κ = 1.

3 Log-normal, Gumbel, and Logistic Distributions

3.1 Log-normal

Let Xµ,σ be a log-normal random variable with parameters µ and σ (µ ∈ R, σ > 0). By
[10, Chapter 22], we know that the density function of Xµ,σ is

fµ,σ(x) =
1√

2πσx
exp

(
−(lnx− µ)2

2σ2

)
, x > 0,

and the expectation is E[Xµ,σ] = exp(µ + σ2

2
). Then, for any given real number κ > 0, by

[10, (22.1.2)], we have

P (Xµ,σ ≤ κE[Xµ,σ]) = Φ


 ln

(
κeµ+ σ2

2

)
− µ

σ


 = Φ

(
lnκ

σ
+

σ

2

)
,

which shows that P (Xµ,σ ≤ κE[Xµ,σ]) is independent of µ.

Define a function

gκ(σ) := Φ
(

lnκ

σ
+

σ

2

)
, σ > 0.

The main result of this section is
Proposition 3.1 (i) If κ ≤ 1, then

inf
σ∈(0,∞)

gκ(σ) = lim
σ→0+

gκ(σ) =

{
0, if κ < 1,
1
2
, if κ = 1;

(1.5)

(ii) If κ > 1, then

min
σ∈(0,∞)

gκ (σ) = gκ

(√
2 ln κ

)
= Φ(

√
2 ln κ) >

1
2
. (1.6)

Proof Define a function

hκ(σ) :=
lnκ

σ
+

σ

2
, σ > 0. (1.7)

Then gκ(σ) = Φ(hκ(σ)). Therefore, in order to prove this proposition, it is enough to inves-
tigate the value of hκ(σ).
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If κ ≤ 1, then lnκ ≤ 0. Thus, by (1.7), we have h
′
κ(σ) = − ln κ

σ2 + 1
2

> 0, which implies
that hκ(σ) is a strictly increasing function of σ. Thus,

inf
σ∈(0,∞)

hκ (σ) = lim
σ→0+

hκ(α) =

{
−∞, if κ < 1,

0, if κ = 1,

It follows that (1.5) holds.
If κ > 1, then lnκ > 0. If h

′
κ(σ) = − ln κ

σ2 + 1
2

= 0, then σ =
√

2 ln κ. It is easy to
check that the function hκ(σ) is strictly decreasing on (0,

√
2 ln κ) and strictly increasing on

(
√

2 ln κ,∞). Thus,
min

σ∈(0,∞)
hκ(σ) = hκ(

√
2 ln κ) =

√
2 ln κ.

It follows that (1.6) holds. The proof is complete.

3.2 Gumbel Distribution

Let Xµ,β be a Gumbel random variable with parameters µ and β (µ ∈ R, β > 0). By
[11], the density function of Xµ,β is given by

fµ,β(x) =
1
β

e−z−e−z

, z =
x− µ

β
, x ∈ R

and its expectation is E[Xµ,β] = µ + βγ, where γ is the Euler’s constant. Then, for any
given real number κ > 0, we have

P (Xµ,β ≤ κE[Xµ,β]) = e−e
−κ(µ+βγ)−µ

β = e−e
− (κ−1)µ

β
−κγ

.

Let x := µ
β
. Then

P (Xµ,β ≤ κE[Xµ,β]) = e−e−[(κ−1)x+κγ]
.

Define a function

gκ(x) := e−e−[(κ−1)x+κγ]
, x ∈ R. (1.8)

The main result of this section is
Proposition 3.2 (i) If κ < 1, then inf

x∈R
gκ (x) = lim

x→∞
gκ(x) = 0;

(ii) If κ > 1, then inf
x∈R

gκ (x) = lim
x→−∞

gκ(x) = 0;

(iii) If κ = 1, then gκ(x) ≡ e−e−γ

> 1
2
.

Proof Define a function

hκ(x) := (κ− 1)x + κγ, x ∈ R.

Then
gκ(x) = e−e−hκ(x)

, x ∈ R.
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By taking the derivative of gκ(x), we have

g
′
κ(x) = (κ− 1)e−hκ(x)e−e−hκ(x)

.

If κ < 1, then g
′
κ(x) < 0, which implies that gκ(x) is a strictly decreasing function of x.

Then
inf
x∈R

gκ (x) = lim
x→∞

gκ(x) = 0.

If κ > 1, then g
′
κ(x) > 0. Thus, gκ(x) is a strictly increasing function of x and

inf
x∈R

gκ(x) = lim
x→−∞

gκ(x) = 0.

If κ = 1, then by (1.8), we get that gκ(x) ≡ e−e−γ

> 1
2
. The proof is complete.

3.3 Logistic Distribution

Let Xµ,β be a logistic random variable with parameters µ and β (µ ∈ R, β > 0). By
[10, Chapter 21], we know that the distribution function of Xµ,β is given by

P (X ≤ x) =
1

1 + e−
x−µ

β

, x ∈ R,

and the expectation of Xµ,β is E[X] = µ. Then, for any given real number κ > 0, we have

P (Xµ,β ≤ κE[Xµ,β]) =
1

1 + e−
κµ−µ

β

.

Let y := µ
β
. Then

P (Xµ,β ≤ κE[Xµ,β]) =
1

1 + e−(κ−1)y
.

Define a function

gκ(y) :=
1

1 + e−(κ−1)y
, y ∈ R. (1.9)

The main result of this section is
Proposition 3.3 (i) If κ < 1, then inf

y∈R
gκ (y) = lim

y→∞
gκ(y) = 0;

(ii) If κ > 1, then inf
y∈R

gκ (y) = lim
y→−∞

gκ(y) = 0;

(iii) If κ = 1, then gκ(y) ≡ 1
2
.

Proof By the definition gκ(y) in (1.9), we have

g
′
κ(y) =

(κ− 1)e−(κ−1)y

(1 + e−(κ−1)y)2
, y ∈ R.

If κ < 1, then g
′
κ(y) < 0, which implies that the function gκ(y) is strictly decreasing. Then

inf
y∈R

gκ(y) = lim
y→∞

gκ(y) = 0.
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If κ > 1, then g
′
κ(y) > 0. Thus, gκ(y) is a strictly increasing function of y and

inf
y∈R

gκ(y) = lim
y→−∞

gκ(y) = 0.

If κ = 1, then gκ(y) ≡ 1
2

by (1.9). The proof is complete.
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由Chvátal定理引出的关于一些无穷可分分布的概率函数的下确界

胡泽春1, 陆 鹏1, 周倩倩2, 周兴旺1

(1. 四川大学数学学院, 四川 成都 610065)

(2. 南京邮电大学理学院, 江苏 南京 210023)

摘要: 受Chvátal 定理的启发, 本文研究了概率P (X ≤ κE[X])的下确界, 其中κ 是一个正实数, X 是

一个随机变量. 利用分析的方法, 我们得到了当随机变量的分布属于无穷可分分布, 包括逆高斯分布, 对数正

态分布, Gumble 分布和Logistic 分布, 时该随机变量不超过其期望的概率的下确界.
关键词: Chvátal 定理; 无穷可分分布; 逆高斯分布; 对数正态分布; Gumbel 分布; Logistic 分布
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