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Abstract: Motivated by Chvatal’s theorem, in this paper, we consider the infimum value of
the probability P(X < «E[X]), where & is a positive real number, and X is a random variable.
By employing the analytical method, the results for a random variable whose distribution belongs
to some infinitely divisible distributions including the inverse Gaussian, log-normal, Gumbel and
logistic distributions are obtained.
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1 Introduction

Let B(n,p) denote a binomial random variable with parameters n and p. Janson [1]
introduced the following conjecture suggested by Vask Chvéatal.

Conjecture 1 (Chvéatal). For any fixed n > 2, as m ranges over {0,...,n}, the proba-
bility g, := P(B(n,m/n) < m) is the smallest when m is closest to 2*.

Chvatal’s conjecture has applications in machine learning (see Doerr [2], Greenberg and
Mohri [3] and the references therein). Janson [1] showed that Conjecture 1 holds for large n.
Barabesi et al. [4] and Sun [5] proved that Conjecture 1 is true for general n > 2. Hereafter,
we call Conjecture 1 by Chvéatal’s theorem.

Motivated by Chvétal’s theorem, Li et al. [6] considered the infimum value problem on
the probability that a random variable is not more than its expectation, when its distribution

is the Poisson distribution, the geometric distribution or the Pascal distribution, where as
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to the Pascal distribution, only some partial results have been obtained. Sun et al. [7]
investigated the corresponding infimum value problem for the Gamma distribution among
other things. i et al. [8] studied the infimum value problem for the Weibull distribution
and the Pareto distribution. Guo et al. [9] considered the infimum value of the probability
P(X < E[X]), where X is a negative binomial random variable, and gave an affirmative
answer to the conjecture on the Pascal distribution posed in [6].

In this paper, we consider the infimum value of the probability P(X < xkE[X]), where
K is a positive real number, and X is a random variable whose distribution belongs to some
infinitely divisible distributions including the inverse Gaussian, log-normal, Gumbel and
logistic distributions in Section 2 and Section 3. Before presenting the main results, we give
a remark.

Remark 1.1 Let X, be a random variable with finite expectation E[X,], where «
stands for some parameters in the distribution of X, and it is a real number or a vector
in R™ for some positive integers n > 2. We have the following two motivations to study
inf, P(X, < kE[X,]):

e From inf, P(X, < kE[X,]), we can get sup, P(X, > kE[X,]). Obviously, if we
wish the probability P(X, > kE[X,]) is as large as possible, we should consider
sup, P(X, > kE[X,]) or equivalently inf, P(X, < kE[X,]). Based on this obser-
vation, we wish that our work on this topic may find some applications in machine

learning, statistics, finance and economics etc.

e Assume that X, is nonnegative and denote by 1, the distribution of X,,. If inf, P(X, <
kE[X,]) = 8 > 0, then for any «, we have

1a ([0, KE[Xo]) = 3,

which tells us that the family of the distributions {u,} possesses a kind of measure

concentration phenomenon.

2 Inverse Gaussian Distribution

Let X, » be an inverse Gaussian random variable with parameters p and A (> 0, A >
0). By [10, Chapter 27], we know that the density function of X, , is given by

A Az — p)?
Tun(@) =\ 55 exp <_2/ﬂ:c » &>,

and E[X,, ] = p. Then, for any given real number x > 0, by [10, Chapter 27|, we know that

DY Az — p)®
P(X, < kE[X = ——5|d
(Xpx < KE[X,u]) /0 \/;exp< 2u2x v
A

o <\/w(/€— 1)) +exp <2:> o (_ I;(n—i- 1)) .
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Hereafter, ®(-) stands for the distribution function of the standard normal distribution.

Denote z := [ Then
1 0z? 1
P(X,x < kE[X,,]) =2 E(/@—l)x +e* ol — ;(/@—l—l)x .

Define a function

gu(x) :=® <\/Z(I€ — 1)x> + 2P <\/E(m+ 1)x> , x> 0. (1.1)

The main result of this section is
Theorem 2.1 (i) If k < 1, then

z€(0, s ifk=

0
inf )gﬁ () = lim gx(z) = { 1’
T—00 5

(7i) If kK > 1, then r{lin )gK, () = gx (zo(k)), where z(k) is the unique zero point of the
€ (0,00

function

oo (k4+1)%, 2
1 1 S
he(x) == 2/ exp (—t2> dt — \/>exp(2ﬁx)’ z € (0,00). (1.2)
\/g(m+1)w 2 K €

Proof By taking the derivative of the function g, (z) defined in (1.1) and in virtue of
(1.2), we have

g.(z) = \/E(ﬁ —1)9’ <\/Z(n - 1)x> + 42 @ <—\/E(/£ + 1):1;)

4ae®” [ 1 [ 1 k—1)2
= m /\/T exXp <—2t2> dt — 2 % exXp <—<2K/)CL'2
= (k)
P 2
2ze2e” o 1, 1 &XP (_%ﬁ)
= 2 exp | —=t* | dt — 4/ —
V2w VE+)e 2 K x

212

2xe

= S helo) (1.3)

By taking the derivative of the function h,(z), we get that

Lo (-5252) (10 1)
= \/Eexp <—(”_221)2x2) ©r(), (1.4)

ho(z) =
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where . (2) =X — K+ %5
(i) If & < 1, then ¢, (z) > & > 0 for any « € (0,00). Thus, we have h,(z) >0, Vz €

(0, 00), which implies that the function h,(x) is strictly increasing on interval (0,00). We

0 (H+1)
1 1
lim A, (x) = lim |2 exp | —=t? ) dt — \/7€Xp( ) =0.
T—00 T— 00 \/E(K-i-l)a,‘ 2 I €T

Thus for any z € (0,00), h,(x) < 0. Then by (1.3), we get

have

g,; () <0, Vx € (0,00).
Therefore, g, (x) is a strictly decreasing function on interval (0, 00) and thus

inf g.(x)= hm 9i ()

z€(0,00)
t2
(k — Dz | + lim * / exp| —— ) dt
T—00 2 I K+1 p< 2)

=

—11m<I><

ﬂiﬂ:f’( ) e Hﬁ(;H)xY d
_xlin§o®< —(k—1) a:) Q}EEO\/%/OOOGXP (—; <u2+ 2(%1):1314—# (H;1)2$2>> du

H—ll‘

N

U

—00 \/271-

,_n

= lim ®

T—00

K
—1
v
_J 0, ifr<1,
%, if k =1.

(#3) If k > 1, then by A (z) = 0, ie., ¢.(z) = L—k+ 5 =0 wegetz= /77
Then, by (1.4), we know that & (z) > 0 for any 2 € (0, ——) and h,(x) < 0 for any
r € (\/=7,00). It follows that the function h,(x) is strictly increasing on (0, \/-—="5) and
strictly decreasing on (/—="5,00). Furthermore, by the fact that lim, .o hx(2) = —00 <0
and lim, ., h,(x) = 0, we know that the continuous function h,(z) has a unique zero point
zo(k) € (0, /==—). It follows that h,.(x) < 0 for any z € (0,z¢(x)) and h.(z) > 0 for any
S (.’EO(H),OO).

Hence, by (1.3), we get that g, (z) < 0 on (0,z¢(k)) and g.(z) > 0 on (zy(k),c0). It
follows that

zerr(lougo) 9x(x) = ge(zo(K)).

The proof is complete.
Remark 2.2 (i) For any £ > 1,u > 0, A > 0, it is easy to know that

1
P(X;w\ < FLE[XM,A]) > P(Xl%)\ < E[Xu,k]) > 9
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where the second inequality follows from the proof of Theorem 2.1. Then for any x > 1, we
have

min g, () = g, (zo(kr)) >
z€(0,00)

DN | —

(74) The above analysis shows that there is an interesting phase transition phenomenon
in the infimum value problem for the inverse Gaussian distribution. The critical point is
k=1

3 Log-normal, Gumbel, and Logistic Distributions
3.1 Log-normal

Let X, » be a log-normal random variable with parameters ¢ and o (1 € R,o > 0). By
[10, Chapter 22|, we know that the density function of X, , is

1 (Inz — p)?
Fuo (%) = V2rox P ( 202 )7 z >0,

and the expectation is E[X, ,] = exp(p + %2) Then, for any given real number x > 0, by
[10, (22.1.2)], we have

In (ne’”%) — i 1
P(Xy.0 < KE[X,.0]) = —o < " 0) ,

g

which shows that P(X, , < kE[X, ,]) is independent of s.
Define a function

The main result of this section is
Proposition 3.1 (i) If £ < 1, then

(i) If kK > 1, then
min g, (o) = gu (\/2111#;) =®(vV2Ink) > % (1.6)

o€(0,00)

Proof Define a function

1
ho(o) = —+Z >0, (1.7)
o 2
Then g, (0) = ®(h,(0)). Therefore, in order to prove this proposition, it is enough to inves-

tigate the value of hy(o).
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If kK <1, then Ink < 0. Thus, by (1.7), we have h;(a) =_lnr 4 % > 0, which implies

o2
that h, (o) is a strictly increasing function of o. Thus,

o€(0,00) o—0+ 0, ifk=1,

oo, ifr<1
inf (o) = lim hﬂ(a)_{ %0, mr<h

It follows that (1.5) holds.
If kK > 1, then Ink > 0. If by (0) = =122 + 1 = 0, then 0 = V2In«k. It is easy to
check that the function h, (o) is strictly decreasing on (0, v21n k) and strictly increasing on

(V2Ink,o00). Thus,

min h,(c) = h,(V2Ink) = V2Ink.

c€(0,00)

It follows that (1.6) holds. The proof is complete.
3.2 Gumbel Distribution

Let X, 3 be a Gumbel random variable with parameters 1 and 8 (p € R, > 0). By
[11], the density function of X, 5 is given by

1 -z —
fup@) = g7 s ==5E

and its expectation is E[X, 3] = pu + (7, where 7 is the Euler’s constant. Then, for any

,zeR

given real number x > 0, we have

_rutBy)—p _(k=Dp
B B

P(X,p5 <kE[X,3])=¢"° =e ¢

Let z := % Then

(r=1)z+rv]

el
P(X,5 <KE[X,p])=e
Define a function

—e—l(r=Datna]

gx(x):=e , zeR. (1.8)

The main result of this section is
Proposition 3.2 (i) If k < 1, then inﬂf{gn (z) = lim gx(z) =0;
xre r—00
(73) If k > 1, then inﬂf@g,€ () = lim gx(z) =0;
faS] T——00
(i17) If kK = 1, then g.(z) =e ¢ > 1.

Proof Define a function
he(x) == (k — 1)z + Ky, x € R.

Then

_e—hn (@)

gu(z) =€ .z eR.
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By taking the derivative of g, (z), we have
gu(@) = (5 = D) e,

If < 1, then g, (z) < 0, which implies that g, (z) is a strictly decreasing function of x.
Then

inf g. (z) = lim ge(z) = 0.

If & > 1, then g, (z) > 0. Thus, g, () is a strictly increasing function of = and

inf g.(z) = lim g.(x)=0.

rzeR r— —00

If x = 1, then by (1.8), we get that g.(z) =e ¢ > 3. The proof is complete.

3.3 Logistic Distribution

Let X, s be a logistic random variable with parameters p and 8 (1 € R, > 0). By
[10, Chapter 21|, we know that the distribution function of X, 5 is given by
1

P(X <2)=—"+
14+e 7

, r €R,

and the expectation of X, g is E[X] = p. Then, for any given real number x > 0, we have

P(Xu5 < RE[X,p]) = %
1+e 75
Let y := % Then
P(X, 5 <kKE[X,s]) = m.
Define a function
9x(y) : , yER (1.9)

T 1t e (ly
The main result of this section is
Proposition 3.3 (i) If kK < 1, then inﬂfQ gs (y) = lim g,(y) = 0;
ye y—o0

(i) If k > 1, then inf g, (y) = lim g.(y) = 0;

yeR Yy——00
(#49) If k =1, then g.(y) = 3.
Proof By the definition g,(y) in (1.9), we have

b (k=1)em (vl

9.(y) = [(ETECEIIER y € R.

If kK < 1, then g;(y) < 0, which implies that the function g, (y) is strictly decreasing. Then

inf g.(y) = lim g,(y) = 0.
inf g.(y) = lim g.(y)
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If K > 1, then g;(y) > 0. Thus, g.(y) is a strictly increasing function of y and

inf g.(y) = lim g.(y) =0.

yeR Yy——00

If kK =1, then g.(y) = 5 by (1.9). The proof is complete.
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