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Abstract: In this paper, we give some vanishing theorems for p-harmonic forms on a comm-
plete submanifold M immersed in Hadamard manifold N. Firstly, assume that M satisfies the
weighted Poincaré inequality and has flat normal bundle. And assume further that N has pure
curvature tensor and the (I, n—1[)-curvature of N is not less than —kp(0 < k < I;%) for2 <l <n-2.
If the total curvature is small enough, we prove a vanishing theorem for p-harmonic [-forms, which
generalizes Wang—Chao—-Wu-Lv’s results in [1]. Secondly, suppose that N is a Hadamard manifold
with sectional curvature —k% < Ky < 0 for some constant k. If the total curvature is small enough
and the first eigenvalue of Laplace satisfies a certain lower bound, we obtain a vanishing theorem
for p-harmonic 1-forms, which generalizes Dung—Seo’s results in [2].
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1 Introduction

An interesting problem in submanifold geometry is to study the relationship between
the geometric structure and topological properties of submanifolds in various ambient space.
For example, Cao-Shen-Zhu [3] proved a complete non-compact oriented stable minimal
hypersurface M"(n > 3) in R™™! must have only one end. Their proof mainly used a
Liouville theorem for harmonic maps due to Schoen-Yau [4]. Due to this connection with
harmonic functions, Li-Wang [5] showed that a complete minimal hypersurface M™ in R"*!
with finite index must have finite first L?-Betti number, and M™ must have finitely many
ends. So it is an interesting problem in geometry and topology to study vanishing theorems

of harmonic forms on submanifolds in various ambient space.

* Received date: 2024-01-01 Accepted date: 2024-03-13
Foundation item: Supported by the National Key R and D Program of China (2020YFA0713100);
the Natural Science Foundation of Jiangsu Province (BK20230900); National Natural Science Foundation
of China (12141104).
Biography: Li Nan (1998-), female, born at Taizhou, Jiangsu, postgraduate, major in differential
geometry. E-mail: linan2021@njust.edu.cn.



294 Journal of Mathematics Vol. 44

Let (M, g) be a complete Riemannian manifold of dimension n, d be the exterior differ-

ential operator on M. Then the formal dual operator of d is defined by
§ = (=)D 4 g,

where * is the Hodge star operator with respect to g. Then the Hodge-Laplace—Beltrami
operator A acting on the space of smooth [-form Q!(M) is given by

A = —(d§ + bd).

A smooth [-form w € Q'(M) is said to be harmonic if Aw = 0. It is well-known that w is
harmonic if and only if dw = 0 and dw = 0 when M is compact. Hence, for any p > 2, we

say an [-form w € Q!(M) is a p-harmonic [-form if it satisfies the following properties:

dw =0
’ (1.1)
{(5(|w]p_2w) =0.

It is easy to see that when p = 2 and M is compact, a p-harmonic [-form is exactly a harmonic
[-form. When [ = 0, it is a p-harmonic function and the differential of a p-harmonic function
is a p-harmonic 1-form.

There are various vanishing theorems for L? harmonic forms on complete submanifolds
by assuming various geometric and analytic conditions. For example, Palmer [6] proved that
there exist no nontrivial L? harmonic 1-forms on a complete stable minimal hypersurface in
R+, Cavalcante-Mirandola—Vitério [7] showed some finiteness and vanishing theorems for
L? harmonic 1-forms on submanifolds in a nonpositive curved pinching manifold with some
conditions about the first eigenvalues and the total curvature. Recently, by supposing that
the submanifold is stable or has sufficiently small total curvature, Chao—Lv [8] established
some vanishing theorems for L? harmonic 1-forms on complete submanifolds with weighted
Poincaré inequality. Recall that we say that M satisfies a weighted Poincaré inequality with

a nonnegative weight function p(z) if the inequality

[ saravs [ vera (1.2)
M M

holds true for all compactly supported smooth function ¢ € C§°(M). We would like to
point out that the weighted Poincaré inequalities have appeared in many important issues
of analysis and mathematical physics. When the manifolds satisfy a weighted Poincaré
inequality, many works have been conduced (see [9-13] and references therein).
Furthermore, when the ambient manifold is a Hadamard manifold, there are also many
interesting results. Recall that a smooth manifold is called a Hadamard manifold if it is a
complete, simply connected manifold with nonpositive sectional curvature. When M™ is a
complete noncompact submanifold immersed in Hadamard manifold N**™ with sectional
curvature satisfying —k? < Ky < 0, Cavalcante-Mirandola—Viétrio [7] obtained some van-

ishing theorems for L? harmonic 1-forms if the traceless second fundamental form is small
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enough and A, (M) > #(W — inf |[H|?). Subsequently, under the same assumptions ex-
cept the lower bound of the first eigenvalue of Laplacian only depends on ||¢||2. instead of
infy |[H|?, Dung and Seo [2] obtained the similar vanishing theorems. On the other hand,
assume that N"*™ has pure curvature tensor and the (I,n — l)-curvature of N"*™ (see Def-
inition 2.1) is not less than —k(k > 0), Lin [14] proved a vanishing and finiteness theorem
on M™ with flat normal bundle. Recently, under the same conditions except the (I,n — [)-
curvature of N™*™ to not less than —kp (where p is the weight function) and requiring
M™ satisfies a weighted Poincaré inequality, Wang-Chao-Wu-Lv [1] obtained two vanishing
theorems for harmonic [-forms if the total curvature is small enough or M"™ has at most
FEuclidean volume growth.

For general p-harmonic forms, Zhang [15] proved that there is no nontrivial L(q > 0)
p-harmonic 1-form on a complete manifold with nonnegative Ricci curvature. Inspired by
Zhang’s results, Chang-Guo—Sung [16] extended Zhang’s results and obtained the compact-
ness for any bounded set of p-harmonic 1-forms. On complete noncompact submanifolds in
a Hadamard manifold, if the first eigenvalue of the Laplacian has a suitable lower bound and
the total curvature is sufficiently small, Han—Pan [17] obtained a vanishing theorem for L?
p-harmonic 1-forms, which extends Cavalcante-Mirandola—Vitdrio’s results. On complete
noncompact submanifolds of N™*™ with pure curvature tensor, Dung-Tien [18] obtained
some vanishing theorems for p-harmonic I-forms by assuming some appropriate conditions
for the second fundamental form and the first eigenvalue of the Laplacian. Recently, Lin—
Yang [19] proved some vanishing theorems of L¢ p-harmonic [-forms on complete noncompact
submanifolds in Hadamard manifold, which extends Lin’s results in [14].

Inspired by these results, the main purpose of this article is to study LP p-harmonic
forms on submanifolds in Hadamard manifolds. As usual, we define the space of the L?

p-harmonic [-forms on M by
H"(LP(M)) = {w € QY (M)|dw = 0,5(Jw|P2w) = O,/ |wPdv < oo} :
M

In this paper, we will prove the following theorems.

Theorem 1.1 Let M™ (n > 4) be an n-dimensional complete submanifold immersed
in a Hadamard manifold N"™™. Suppose that M satisfies the weighted Poincaré inequality
and has flat normal bundle. Assume further that N has pure curvature tensor and the
(I,n — l)-curvature of N is not less than —kp(0 < k < };%) for 2 <[ <n—2. If the traceless
second fundamental form ¢ satisfies

8[L + kyp(p — 1)?] — 2kp?
2
||¢||L”(1\/[) < p’TLPQC(n) )

(1.3)

where C(n) > 0 is the Sobolev constant depending only on the dimension n. Then there is
no nontrivial LP p-harmonic [-form on M.
We should remark that our Theorem 1.1 recovers Wang—Chao—Wu-Lv’s results [1, The-

orem 2] when p = 2.
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Theorem 1.2 Let M™(n > 3) be an n-dimensional complete noncompact submanifold
in a complete simply connected Riemannian manifold N with sectional curvature —k? <

Ky < 0, where k is a constant. Assume that the traceless second fundamental from ¢

4 1
||¢||L" < pj n(ﬂ_—l)c,(n) (14)

In the case k # 0, assume further that the first eigenvalue of the Laplacian of M satisfies

satisfies

2n(n — 1)p?k?

8(p — 1)n + 8nky(p — 1) = p*(n — 2)\/n(n — 1)C(n)||9]|n — 2p*(n — 1)C(n)||9][7
(1.5)
where C'(n) is the Sobolev constant. Then there is no nontrivial L p-harmonic 1-form on
M.

We should remark that our Theorem 1.2 also generalizes Dung—Seo’s results [2, Theorem
4.1] when p = 2. And the upper bound of ||¢||.~(rs) and the lower bound of A\ (M) depend
only on the dimension of M and the curvature of the ambient space.

)\1(M) >

9

The rest of this article is arranged as follows. In Section 2, we recall some preliminary
knowledge and lemmas. In Section 3, we will give a detailed proof of Theorem 1.1. In Section
4, we prove the Theorem 1.2.

2 Preliminary

In this section, we will recall some terminologies and notations about geometry of sub-
manifolds and some useful lemmas which will be adopted in the proof of our theorems.

Let ¢ : M — N be an n-dimensional submanifold isometrically immersed in an (n+m)-
dimensional Riemannian manifold (V, g). Fix a point € M and a local orthonormal frame
{e1, "+ ,entm} of N such that {e;,--- ,e,} are tangent fields of M at x and {e, 11, " ,€ntm}
is a local orthonormal frame of normal bundle N M. In our paper, we also adopt the following
ranges of indices: 1 <4,j,---<n,n+1<a,8,---<n+m.

For any X,Y € I'(T' M), we have the following orthogonal decomposition

VxY =VxY + A(X,Y),

where V is the Levi-Civita connection of the Riemannian manifold with respect to g and
A:T(TM) xT(TM) — T'(NM) is the second fundamental form of the immersion. Then

AXY) =) (VxY,ea)ea

(e

We denote by hf; = (Ve.€j,€q) the coefficients of the second fundamental form. Then the

square norm |A|* of the second fundamental form and the mean curvature vector H are

A2 =303

given by
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and ) )
H= ;H“ea = EZth‘iea.

A submanifold M is said to be minimal if H = 0 identically. The traceless second funda-
mental form ¢ is defined by

p(X,Y)=AX,Y)—(X,Y)H,
for any vector fields X,Y € T'(TM). It is easy to see check that
|0 = [A]* —n|H|*.

We say the immersion ¢ : M™ — N™t™ has finite total curvature if the L™-norm of the

traceless second fundamental form is finite, i.e.,

|¢||LW<M>:( / |¢>|”dv> < oo,
M

Let R and R be the curvature tensors of M and N, respectively. Recall that the
definition of (I,n — I)-curvature is given in [14], which appears naturally in the Weitzenbck
formula.

Definition 2.1 ([14, Definition 1.1]) For any point € N™*™ choose an orthonormal

frame {e;}!1/™ of the tangent space T, N and set

n

l
R(lm—l)([eiu €iny "t 7ein]) = Z
r=1s

Ririsiris
1

=i+
for 1 <1 <n —1, where the indices 1 < iy,42,- - ,%, < n + m are distinct with each other.
We call RGO ([e;,, €45+ 5 €5,]) the (I,n — )-curvature of N"*+™,

We should remark that the (1,n — 1)-curvature is nothing but the (n — 1)-th Ricci
curvature, which is a curvature condition between Ricci curvature and sectional curvature
(see [20]).

In order to get a good estimation in Weitzenbock formula, we also need to assume that
M has flat normal bundle and N has pure curvature tensor. Recall that the submanifold M
is said to have flat normal bundle if the curvature of normal bundle N M is zero, i.e.,

ishik — highg: = 0.
In this case, there exists an orthonormal frame diagonalizing hf; simultaneously. One can
easily see that any hypersurface has flat normal bundle.

Definition 2.2 ([21, Definition 4.5]) A Riemannian manifold N is said to have
pure curvature tensor if for every z € N, there is an orthonormal basis {e1,- - ,€p1m} of

the tangent space T, N such that

<R(€i, €j)€k, 61> = 0,
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when the set {i,7, k,1} contains more than two elements.

It is easy to see that all the 3-manifolds and conformally flat manifolds have pure
curvature tensor (see [21]).

In the rest of this Section, we shall give some useful lemmas which play an important
role in the proof of our theorems.

Lemma 2.3 ([18,22,23]) For p > 2,1 > 1, let w be a p-harmonic [-form on an n-

dimensional complete Riemannian manifold M. Then we have
V(lwlP2w) = (1 + k)| Vw1, (2.1)

max{lln i} 1fp:2
where k, = = 12mm{l p 1) b, ifp>2andl=1
0, if p>2andl<i<n-1

Following the similar arguments as in [14], we shall give a Weitzenbock formula for

any [-form under the assumption that M has flat normal bundle and N has pure curvature
tensor.

Lemma 2.4 Let M™(n > 3) be a complete submanifold immersed in N™*™. Assume
that M has flat noral bundle and N has pure curvature tensor. Then for any I-form w €
QM) with 2 <1 <n— 2, we have

1 2 2 2
LAf? 21Vl + B} + (il;an"Z 3 K> ¥ ,

r=1 s=l+1

+ (‘ZW + gminfl,n - ”"‘”2) k1

where Kij = Rijij = <R(6i, 6]')6]', €i>.
Proof For any [-form w € Q!(M), we have the Bochner formula [24]

1
§A|w|2 =|Vw|* + (Aw, w) <Z 0% A u(e;) ej,ek)w,w>

7,k=1
=|Vw|? + (Aw,w) + [F(w),

where
-1

_ . iiaedy, _ T ijig--iy, km
Fl(w)—R”w CUZ-Q..Ail 2 szkmw w13 et

From (2.8) and (2.9) in [14], we get

1 . a a a 2
Fz%(anf >y K) o7 0, (300 )b B ol

o r=1 s=Il+1
(2.4)
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By direct calculation, we obtain

D (B 4 A R+ TR

[e3

1 « @ « « «
:i Z[(hzlzl + .+ hini ) (hzlzl + .+ hzlu) (hil+1il+1 + .o+ hi”i”)Q]
l
1
>= [n?lH|? -1 ho‘ —1) h$
> vl ZZ( (n ZZ( 25)
1
5( n?|H|? — max{l,n — I}|A]*)

(AP —nlH?) + & (n — max{l,n — 1})| A

w\: w\:

1
|p|* + = mm{l n— 1} A%

Combining (2.3), (2.4) and (2.5), we have (2.2).

As is well known, the Sobolev inequality holds on a complete submanifold in a complete
simply connected manifold with nonpositive sectional curvature.

Lemma 2.5 ([1,25]) Let M™(n > 3) be an n-dimensional complete noncompact sub-
manifold in a complete sumply connected manifold with nonpositive sectional curvature.
Then for any ¢ € W, *(M), we have

< / |go|f$dv) < () [ Vel + 5, (2.6)
M M

where C(n) is the Sobolev constant which depends only on the dimension n.

Besides, we also need the following estimate for the differential of forms.

Lemma 2.6 ([26, Lemma 2.5]) For any closed I-form w € Q!(M) and f € C>=(M), we
have

[d(fw)| = |df Aw| < |df| - |w]. (2.7)
Finally, we also need the estimate of Ricci curvature for submanifolds, which will be
used in the proof of Theorem 1.2.
Lemma 2.7 ([27,28]) Let M" be an n-dimensional submanifold in a Riemannian man-
ifold N with sectional curvature —k? < K for some constant k. Then the Ricci curvature
Ricyr of M satisfies

Ricyy > (n— 1)(|H]* — k*) — Hllg] - 2o,

(n—2)y/n(n—1)

3 The Proof of Theorem 1.1

Proof Let w be any p-harmonic I-form on M with 2 <[ <n — 2, then we have

dw =0,
§(|lwP~2w) = 0.
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Applying Lemma 2.4 to the form |w[P~%w, we obtain

%AIWIQQ’_” 2|V (JwlP~?w)|* = ((dd + 0d) (jw [P ~*w), |w]~*w)

l n
s ( w3 K) ot )

r=1 s=Il+1

— SloPlwlPD + %min{l, n — AP w®D.
By direct calculation, we have
S A PED = [ Al [V (3.2)
Since the (I,n — [)-curvature of N is not less than —kp, we get

l n
Jinf YN K > —kp, (3.3)

r=1 s=Il+1

Combining (3.1)-(3.3) and §(|w|P~2w), it follows that

WP AP 2(IV (JwP2w) P — (VI[P ) = (dd(lw]Pw), [w]P~2w) — kplw]*P~Y

1
= SlOPLwl?™D 4 S minfln — 1} AP w00,
By using the refined Kato inequality (2.1) and dividing both sides of the above inequality
by |w|P~2, we obtain
_ _ _ n
Wl Al 2(p = 1)k o] V]w|[* = (dd(|w]”w), w) = kplw]” = S |6 |w]”

1 (3.4)
+ 3 min{l,n — I}|A]?|w?.

Let r(z) be the geodesic distance on M from a fixed point g € M to x. Then we take
a cutoff function ¢ € C§°(M) satisfying

1, on B, (xq),
(x) =4 €10,1] and |Vy| < %, on By, (xg) \ B(x0), (3.5)
0, on M \ BQT(ZE()),

where B,.(xg) is the open geodesic ball of radius r and center at zo of M.

Multiplying both sides of the above inequality (3.4) and integrating over M, it holds
| elalelrian
M
=2(p— 1)2kp/ ¢*|w|P?|Viw||*dv — / {d(JwlP~?w), d(p*w))dv (3.6)
M M

1
k / pPllrdy — " / SIPwlPdv + S min{l,n - 1) / SIAP WP do.
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For the term in the left hand side, using integration by parts yields

/ O w|Alw|P~ do
M

- /M (V(Plw]), V]

(3.7)
——20-1) [ P (Tp Vo~ (= 1) [ Pl Tl
M M
<20-1) [ P VlTIlldo - (- 1) [ ol Vel
M M
By using Lemma 2.6 and dw = 0 for the second term in the right hand side, we get
[ ler2o) dan < [ fagop-)] oo
M M
:/ ’d|w|p_2 A w‘ -|dp? A wldv (3.8)
M

—a(p - 2) / ol V]| - [Vipld.
M

Combining (3.6), (3.7) and (3.8) implies that

02—2(2;;—3)/

plolP Vel [VIwlldv + [(p - 1) + (p - 1)2k‘p]/ P?wP 7| Vw|[*dy
M

M

1
- k/ pp|w[Pdv — n/ O*|p*|wlPdv + = min{l,n — 1} | ¢* A]*|w|Pdv.
M 2 Ju 2 M

(3.9)

Next, we shall give some estimates of (3.9). Firstly, by Schwarz’s inequality, we have

2 / ololP Vol V]| do

M ) (3.10)

<, / P2 V]w|Pdo + - / Vo lwlrdo,
M €1 Jm

where €1 > 0 is a constant. Secondly, by using the weighted Poincaré inequality and the

Schwarz’s inequality, it is easy to deduce that

/pchIwI”dv
M
P2 P
_ / p (el dv < / 1V (pleo]5) o (3.11)
M M

2 1
<+ (8) [ Phbiwiotavs (1+2) [ 1volotran
M M

where €5 > 0 is a constant. Finally, we shall give an estimate to the forth term in the right

hand side. Denote by
Bl = ([ jorar)”
supp
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where supp ¢ is the compact support set of . Then using the Hélder inequality, Sobolev

inequality and the Schwarz’s inequality, we obtain

n—2

Jroreterars([jopar) ([ el =an)
M supp ¢ M

<E(y) { | weelttypans [ |H|2w2|w|pdv} -
<t {a+en(5) [ Ao Iviolpan

1
+ <1+>/ |Vgo|2|w|pdv+/ ap2|H|2|w|pdv},
€3 M M

where €3 > 0 is a constant. Therefore, combining (3.9)-(3.12), it follows that

3

{o-1+ 01, er-9e - T e

np? _
~aredE@)} [ ATl
M

8
(3.13)
n 2 17121, 11 L. 2) 412
- 5E(p) | ¢ [H[ |w[’dv+ 5 min{l,n -1} [ ¢*[A] |lw|"dv
2 M 2 M
2p—3 1 n 1 9
< 1+ — —|(14+— | F \Y Pdv.
<2220 (1e 1) vy (14 2) B0 [ wePlran
. — —1)%kp,]—2kp> ., . .
Since |[¢|Znnr) < 8lp 1+£Lpp22(n)] k0" it implies that
k 2 2
P14~k — = — " E(g) >0
Then we can choose sufficiently small €1, €5, and e3 such that
2 P’ np’
p— 1+ (p — 1) k‘p — (2]9 — 3)61 - Z(l +€2)]{7 — ?(1 +€3>E(Q0) > 0.
Moreover, due to
8p =1+ (p—1)%kp] —2kp*> _8p—1+(p—1)%k] .
E(p) < . z < 5 P2 < min{l,n — 1},
p np
we have
min{l,n — 1} — E(p) > 0.
Note that |A]? — n|H|? = |¢|?> > 0, then it follows from (3.13) that
1
B [ el TelPdo+ 38(0) [ (AP - nlHP)Rpdo+C [ HaPlopao

<D / VP wfPd,
M
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where

p2 np2
B = p—1+ (p — 1)2]€p — (2p — 3)81 — Z(]. +€2>k — ?(1 + 63)E(g0) > 0,

C:%(min{l,n—l}—E(go)) >0,
D:Qp_3+(1+1)+"(1+1>E(¢).

&1 E92 2 £3

Since ¢ is a compactly supported nonnegative smooth function on M and |V|? < 7%, we

have

1
B / W2V wlPde + 2 E(p) / (AP = n|HP)|wlPdo + C / APl
BT(I()) 2 BT(IO)

BT(mO)
4D
< D/ |Vo|?|w|Pdv < 2/ |w|Pdv. (3.15)
M T J Bay(wo)
Since w € LP(M), letting r — +o0 in (3.15) , it follows that
WPV |w|] = 0, (JA] = n|H[*)|w[” = 0, |A]*|w|” = 0.

If |w| is not identically zero, then |V|w|| = 0,|A| = 0, and |H| = 0. It implies that |w| is
a constant and M is a minimal submanifold. Since |H| = 0, the Sobolev inequality (2.6)

becomes

n—

< / |sa|f"’2dv> < C(n) / |Ve|2dv,
M M

for any ¢ € C§°(M). Therefore, M™ has infinite volume according to [29, Proposition 2.4].
This contradicts the fact that | o |w[Pdv < co. Therefore, w = 0 on M". This completes the

proof.

4 The Proof of Theorem 1.2
Proof Let w be a p-harmonic 1-form on M. Then the Bochner formula (2.3) becomes
%A\w\Q = |Vw|? + (Aw,w) + Ricy (W, wh). (4.1)
This together with Lemma 2.7 gives
SALP [V + (Aw,w)

n— n(n — n— (4.2)
+ {(n R e N nlw}

jw|?.

Applying the Bochner formula (4.2) to the form |w|P~2w, we obtain
1
S AW > V(o 2w) 2 = ((0d + o) (jw]" " w), |w]"w)

n {(n S I ML T ”;ﬂ«w} f2.

(4.3)
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Combining (3.2) and §(|w|P~2w) = 0, it follows that
WP AW P > (IV(JwlP2w)? = [VIwlP ) = (dd(jwlP*w), lw]P~?w)

v {(n (- ay - PV ) ”;HW} 2D

(4.4)

By using the refined Kato inequality (2.1) and dividing both sides of the above inequality

by |w|P~2, we get

Wl AlwP™h > ky(p — 1) w [P V]w][* = (dd(|lwP~*w), w)

(n—2)y/n(n—1)

" 45
+{<n—1><|H|2—k2>— quﬁl—nlw}w. )

Similarly, multiplying both sides of the inequality (4.5) by 2 and integrating over M gives

| Pelalopiao
M
Z(p—l)zkp/ ¢2|w|p_2|VW|2dU—/ (d(|w[P~?w), d(p*w))dv
M M
(4.6)
+(n— 1)/ O*|H*|w|Pdv — (n — l)kz/ ©*|w|Pdv
M M

BV geran "L [ o
n M " M

where ¢ is the cutoff function defined in (3.5). Applying the estimates (3.7) and (3.8), it
follows that

0 <2(2p - 3)/ plolPH Vel Viwl|do = [p = 1+ (p — 1)k, / P? w7 |Vw|[*dy
M M

(1) / S HPLolPdv + (n — 1) / S lwlPdv (47)
M M

n—2)\/n(n—1 n—1
Jnz2Vne = 1) | olopan+ 22 [ Ploplulran
n M n M

Then using the Young’s inequality yields

2 / 16| HwlPdv =2 / ol H|lwl% - o]l Edv
M M

1
<o, / G| H2|woldv + 1 / 2162 wlPdv,
M €4 s

where 4 > 0 is a constant.
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Combining the estimates (3.10), (4.7) and (4.8), we deduce that

0<{2p—3)er—lp— 1+ (0 — 1)k} / Vol o

2 —
+ 2 3/ |V<,0|2|w|pdv+(n—1)kz2/ o2 |wlPdo
€1 M M
-1 n—2)y/n(n—-1 (4.9)
+ [n +( ) ( ))]/ <p2|gzﬁ|2|w|pdv
n 2ney M

+ [(nz) 27:1(n71)54 —(n—l)] /]\/[(p2|H|2|W|de.

When k # 0, we need to estimate the second term of the second line in (4.9). More precisely,
by using the monotonicity of A;(B,(xzg)), it holds that

I IVpPdy
Do T (4.10)

M (M) < M(B, <
1(M) < Ai(Br(20)) < T o) P00

for any ¢ € Cg°(M). Then substituting ¢|w|? into the inequality (4.10) and using the

Young’s inequality again gives

(M) / PlwlPdy < / 19 (leo|E) o
M M

2(1 4 e5) ) (4.11)
3
L) [ apeiwioipan (142 [ velotras
4 M 65 M
where €5 > 0 is a constant.
Finally, combining these inequalities (3.12), (4.9) and (4.11), we obtain that
B/ gozwp2|V|w||2dv+C'/ O |H|?|w|Pdv < D/ |V|*|w|Pdo, (4.12)
M M M
where B, C, D are constants given by
_ 1)k2p2
Bimlp—1+ (p—1)%h] — (2p — 3)er — L DFP
=1+ (= 1)~ (2~ 32 = " (e
n—1 (n—2)y/nn-1) p?(1 + e3)
_ E(p). 22T 8
[ n + 2ney (¥) 4 ’
(n—2)y/n(n—1) n—1 (n—2)y/nn-1)
=(n—1) — - E
c (n ) m €4 n + 2TLE4 (90)7
2p—3  (n—1)k? 1 n—1 (n—=2)y/nn-1) 1
D := 14+ — E 1+ —
€1 + A (M) + €5 + n + 2ney (%) + €3
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e (M) < z;i“ / m, we have
16 1

n(n —1)p* = n(n—1)

Since the traceless second fundamental form ¢ satisfies ||¢|

E(p) <

Then we can choose ¢4 = \/E(yp) < \/ﬁ such that

¢ =(n-1) - "TEVIOZD ) - "B

2n
Sm-1)- "2 L (1"_21) > 0.

n n n

By the assumption on the first eigenvalue A;(M) and ||@||p»(ar), We can choose e1,€3,¢€5
small enough such that B > 0. In addition, it is obvious that D > 0.

On the other hand, since ¢ is a compactly supported nonnegative smooth function on
M and |Vg|* < 4, by using (4.12), we obtain

B/ |w”_2|V|w||2dv+C/ H2|w[Pdu
By (z0) By(x0)

<B / WPV Pdo + C / SIHP|wPdv
M M

(4.14)
<D [ [TpPlords
M
4D
<— lw[Pdw.
r B27‘($U)
Since [, |w|Pdv < +o0, taking r — 400 in the inequality (4.14) implies that
WP 2| VIw|[* = 0, [H[*lw]” = 0.
If |w] is not identically zero, then |V|w|| = 0 and |H| = 0. Hence, |w/| is a constant and M is a

minimal submanifold. However, due to the infinite volume of complete minimal submanifold
in a Riemannian manifold of nonpositive sectional curvature, we have | o |wPdv = +o0.
This contradicts the fact that | o lw[Pdv < +o0. Therefore, w = 0 on M. The proof is

completed.
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