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Abstract: The aim of this paper is to study Trudinger-Moser inequalities on a Cartan-
Hadamard manifold with Lorentz norm. By using the pointwise estimates of Green’s function and
O’Neil inequality, we obtain the sharp constants of such inequalities, which generalize the corre-
sponding results in Euclidean spaces.
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1 Introduction

Let Q C R"(n > 2) be a bounded domain and 1 < ¢ < %' The Sobolev embedding
theorem tells us the embedding W, *(2) C L4(Q) is continuous when 1 < p < n but
Wy (Q) € L>(2). Trudinger [1] established in the borderline case that W, ™(Q) C L., (),
1) —1
for some > 0. In the celebrated paper[2], Moser found the optimal 3. In fact, he proved
that it holds

where L, (€) is the Orlicz space associated with the Young function ¢, (t) = exp(3t

1)dr < C,

1
@ /Q exp(ﬁn|u

where 2 be a domain with finite measure in Euclidean n-space R", 5, = n (%) -
and u € Wy (Q) with Jo IVu|"dz < 1. Furthermore, this constant (3, is sharp. Similar
exponential inequalities on bounded domain have been considered firstly by A. Alvino, V.
Ferone and G. Trombetti [3] in Lorentz-Sobolev spaces of R™.

There has also been substantial progress for Moser-Trudinger inequalities on Rieman-
nian manifolds. In the case of compact Riemannian manifolds, the study of Trudinger-Moser

inequalities can be traced back to Aubin [4], Cherrier [5,6], and Fontana [7]. In the case
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of Cartan-Hadamard manifold Kong et al [8] and Bertrand et al [9] established the sharp
Trudinger-Moser inequality.

One of the aim of this paper is to establish Trudinger-Moser type inequalities on M
for Lorentz-Sobolev spaces. For simplicity, we also denote by L™9(Q2) the Lorentz-Sobolev
space on domain 2 C M. One of the main results is the following:

Theorem 1.1  Let © be a bounded domain of M, n > 2, and let u € C§°(Q) be such
that

IVarullpma) <1, 1< g < oo,

(1) If 1 < ¢ < oo and Ric, > —(n — 1)b? for some b > 0, then there exists a constant
C = C(n, q) such that

|(12/ eﬁqlu(x)lqldv <C. (1.1)
Q

Furthermore, this inequality is sharp in the sense that if 3, is replaced by any 8 > ,, then
inequality (1.1) can no longer hold with some C' independent of .
(2) If ¢ = oo, then for every [ < (-, there exists a constant C' = C(n, ¢, 3) such that

1
IQI/Qef”u(%)dv <C. (1.2)

Furthermore, this inequality is sharp in the sense that if § is replaced by any 8 > (., then

inequality (1.2) can no longer hold with some C' independent of w.

2 Notations and Preliminaries

We begin by quoting some preliminary facts which will be needed in the sequel and refer
to [8,13] for more precise information about this subject.

Let M be an n-dimensional complete Riemannian manifold with Riemannian metric
ds?. If {z'}1<i<y is a local coordinate system, then we can write ds? = 3 g;;dz’dz? so that

the Laplace-Beltrami operator Aj; in this local coordinate system is

1 0 0
= E N )
A]\/I \/g a.’E’L <\/§g amj> )

where g = det(g;;) and (9%) = (g;;)~'. We denote by V), the corresponding gradient.

From now on, we let M be a Cartan-Hadamard manifold. That is, M is a complete,
simply connected Riemannian manifold with negative curvature. Let p € M and denote by
pp(x) = dist(z, p) for all x € M, where dist(-, -) denotes the geodesic distance. For simplicity,
we denote by p(x) = p,(x). Then p(z) is smooth on M \ {p} and it satisfies

IVp(z)| =1, x € M\{p}.

For any § > 0, denote by Bs(p) = {x € M : p(x) < 0} the geodesic ball in M. We

introduce the density function J,(6,t) of the volume form in normal coordinates as follows
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(see e.g. [10], page 166-167). Choose an orthonormal basis {6, ez, - ,e,} on T, M and let
c(t) = Exp,tf be a geodesic. {Y;(t)}a<i<n are Jacobi fields satisfying the initial conditions

Y:(0) =0, Y/(0)=¢;, 2<i<n,

so that the density function can be given by

J,(t,0) = 7" /det((Yi(t), Y;(1)), t> 0.

We note that J,(t,6) does not depend on {es,--- ,e,} and J,(¢,0) € C(T,M\{p}) by the
definition of J,(t,6). Furthermore, if we set J,(6,0) = 1, then J,(t,0) € C(T,M) and

Jp(t,0) =1+ O(t?) as t — 0, (2.1)

since Y;(t) has the asymptotic expansion (see e.g. [10], page 169)
tS / / 3
Yi(t) = te; — £ R(C(E), €)' (t) + o(t"),
where R(-,-) is the curvature tensor on M. By the definition of J, (¢, §), we have the following

formula in polar coordinates on M:

[ t@av= [ [ o0 50 0)pde, f e L),
M 0 Sn—1

where do denotes the canonical measure of the unit sphere of T,(M). Finally, we recall

a useful fact of J,(¢,0) which plays an important role in the study of Moser-Trudinger

inequalities. If the sectional curvature K on M satisfies K < —b, then (see [10], page 172,
line -2, the proof of Bishop-Gunther comparison theorem)

o 0J,(t,0) S Ji (%)

Jp(t,0) ot T ()’

t>0. (2.2)

In particular, since M is with negative curvature, we have

L 9J,(t0) _ J5(t)
J(t,0) ot~ Jo(t)

=0,
which means J,(t,0), as a function of ¢ on [0, 4+00), is monotonically increasing.

3 Rearrangement

We firstly recall the rearrangement of functions on M. Suppose f is a nonnegative

function on M. The non-increasing rearrangement of f is defined by

[7(t) =1inf{s > 0: Af(s) < t}, (3.1)

where A\f(s) = [{x € M : f(z) > s}|. Here we use the notation |X| for the measure of a
measurable set X C M. Set

0 =4 [ s
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Denote byL?9(£2) the Lorentz space of those function f on a domain  C M satisfying

‘tii%f*(t) 5 1§q<oo;
1 fllzeac) = La(0,92))

sup f*(t)tl/p’ g =00

>0

is finite.Similarly, denote by
1_1

£ R (t) . 1< g<oo;
Hf”zp,qm) = La(0,|2])

up f ()P, q = 00.

t>0

We remark that for 1 < ¢ < +00 and 0 < r < 400, there holds (see [11], Theorem 3.4)

[fllzar < [[f[Lar < Clp, )| fll Lo (3.2)

where C(p, q) is a constant depending on p and r. Moreover, we have the following general-
ization of Young’s inequality for convolution (see [12]):

Proposition 3.1 Let 1 <7,p;,ps < oo and 1 < s,q1,q2 < 0o, If

then there exists C' > 0 such that

||f*9|\Lrvs SCHfHme ||g||L1’2v‘?2a fe L(p17€I1), g€ L<p2,Q2)- (3-3)

We also need the following inequality (see [12], Corollary 1.8)
5 29le < [ £ 0 B (34)
0

Lemma 3.2 Let 0 < a <n and set ¢, = m. Then

L\ —(n—a)/n

Wn

where w,, = 7/2/T'(1 + n/2) is the volume of S".
Proof As in the proof of [8], Lemma 3.2, we set, for any s > 0,

Mo (5) = / v = / qv. (3.5)
{zEM:¢po(z)>s} {(p.0)eM:pm=J,(p,0)<s~1}

We denote by py(s) the solution of p"~*J,(p,0) = s™'. Then py(s)"~*J,(po(s),0) = s~* and

po(s)
A%@=/ wz/ / 70, (p, 0)dodp.
{(p.0)EM:p 11, (p,0) <5~} sn-1 Jo
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Therefore, since ¢},(t) = inf{s > 0: \s_(s) < t}, we have
P (¢4, (t))
== [ [T ey dody, (3.6)
Sn— 1
where pg (@7 (1)) satisfies
* n—o * 1
po (95 (8))" " Tp(po(d4(1)), 0) = —- (3.7)
9% (1)
For simplicity, we set pg(t) = pa(¢%(t)) in the rest of proof. Then,
po(t)
t= s (0 / / ", (p, 0)dodp
gn—1
and py(t) satisfies
1
po(t)" T, (0, pe(t)) = .
(0= 3,0.p0(0) = =5

Thus, since J,(p, ), as a function of p on [0, +00), is monotonically increasing and J,(p, ) >

J,(0,6) = 1, we have

t—/ / ", (p, 0)dodp
Sn— 1
/ / p" 1T, (0, pe(t))dadp
S§n—1
po(t)
=/ Jp(0, po(t)) (/ p”‘ldp> do
sn-1 0

1
= / L6, 00 (1)do
S% / T30, po (1)) p (t)do
1 n/(n—«x
= / (7,6, po (1))~ (1))~ do
=g (]S = [ ()],

Therefore, ¢ (t) < (f")f(nfa)/n , t > 0. This completes the proof of Lemma 3.2.

Lemma 3.3 Let 0 < o < n and set ¢o =
=17 Janr Jp(p:0)dd. Then

1
P fon—1 Jp(p,0)do> where fS’ !

_ 4\ e/
oL (t) < <> , t>0,

Wn

Proof The proof is similar to that given in Lemma 3.2. Set

/ . av= / av.
{z€M:¢po(z)>s} {(p,0)eM:pn= [, 1 Jp(p,0)dO<s—1}

J,(p,0)do =
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Denote by p(s) the solution of p"~* [., , Jp(p,0)df = s~'. Then p(s) satisfies
oo [ Iole).0)a0 =5
Sn—l
and
p(s) )
A5.(8) :/ av :/ / " Jp(p, 0)dodp.
{(p.0)eM:pm =1y (p,0)<s~ 1} §n=1J0
With the same argument as that in the proof of Lemma 3.2, we have
- p($5(1)) )
S RCACIE B AT
sn=1Jo
- (65 (1)) .
<[ nepGana [
sn-1 0
:TP (9a(t)) o Jp(0, p(¢5,(t))do
<o |G . HOn@Gei0)ae] T = woo) e
Sn—l
The rest of proof is completely to that given in Lemma 3.2 and we omit it.
For simplicity, we set ¢ = ¢ = m. Then by by Lemma 3.2,
4\ ~(=D/n
o (t) < <) , t>0. (3.8)
Wn

4 Proofs of Theorems 1.1

Now we can give the proof of the main result.
Proof of Theorem 1.1

(1) Without loss of generality, we assume Q C B(zg,R) = {z € M : d(z,z0) < R} for

some xo € M and R > 0. Then by (3.1) in [8] we have

1 1 1 1
< \% dV < \% dv.
) € o [ Vatm v < [ 9l

With the same arguments as in [9], we have, for some A > 0 and € > 0,

1
pn—l

—(n—=1)/n L
( >*<t>s(> A 0

Wn

Applying O’Neil’s lemma (see [12], Lemma 1.5), we have, by (3.1) in [8],

1 (1t tly g\ e
() < - “(s)d 2 As
w0y < (5 [ 9l pas [ (w) L As
[l s\ U/ e
/ IV aul*(s) () +As™ T |ds |,
t Wy

ds+
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i.e.

(s)ds+
+

u* (t) g%/n <(n

nwn
|Sl‘ n—1 n—1l—e

/ |V arul*(s) {s‘ " —|—A(wn)7(n71)/” s } ds> :
t

With the same arguments as in [13], there exists a constant C' > 0 independent of u such
that

(4.1)

]. q,
m'/eﬁqlul dV < C.
Q

Now we prove the sharpness of 3,. Denote by B, = {x € M : p(x) < r}. Set, for each
€ (0,1),

)= 3 [t (e, 0)d0) Vit { [ [t o Jp(0)d0) Tt} e <0<

L, 0<p<e
We compute
13-t
Carfo()] = 4 1P Fonms Tulo,0)d6] {f [t £, Jo(t,0)d6] dt} Ce<p<l:
’ 0<p<e.

Following the proof of Lemma 3.3, we have

1 -1 -1 &
w.
Varfl () < t J,(t,0)d0| dt e , 0<t<|By|—|B.
Mf|<>_{/6 o] o) } Gia B - |B

IVarfe]"(t) =0, |Bi| —|Be| <t < |[Byl.

and

Therefore,

1

) (Bl | y adt] e’
||VMfa||an,q(Bl) = [/0 (tn|va| (t)) t]
Wi/ [/Bll—Be ( t )Zdt]“
{f [tfg t 0 dg] dt}q 0 t+ |Be| t

Substituting s =1 + ﬁ in the integral we have

, wl /n 1Be] N\N" ds |
||VMfe||%n,q(Bl) < 7 [/ <1 — S) - 1] . (4.2)
{f [t fon s Jp(t,0)d0] dt} !

IN
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1 ﬁ< /] y
|Bil| /g, IV ar fell Lra(By)

for some 3 > 0. Using the fact f. =1 on B., we have

B. 1
| 5| exp | fro—— | <C
|B1| ||VMf8||Ln,q(B1)

Now assume that

exp av < C

By (4.2), we have

8<(nC+1n|Bl+ Bl ) [VarfllY s,

in_ IMC+|B+In|B.| [/32 (1_1>3 ds ]‘” (4.3)
<wd . .
{f [t oy Jp(1,0)d6] 1dt} !

By (2.1), we have

|B:| = / / " T (p,0)dpdd = w,e™(1 + O(?)), € —0+.
0 Jen-1

Also by (2.1), one can easily check

InC +1n|B|+1n|B.|!
1m
=0t [L[e £ J,(8,0)d0] dt

and
|Bq|

1 /Bs (11>3,, ds .
6H0+f [t fgn 1 t 9 de] dt 1 S s—1 ’

Therefore, passing the limit ¢ — 0+ in (4.3) yields

B <wi/m T = 6,
(2) Since ||V yul|pre(o) < 1, we have
IVaul* <t 7, 0<t<|Q (4.4)

Therefore, by (4.1), we have for 0 < t < [Q|,

1
=yt
S i <( T+e

0
|Q‘ n—1 n—1l—e
/ |V arul™(s) |:87T +A(wy) s } d8>
t

< 1 n? N n?A ti+n(|Q|i ) 11 1]
_ n —_ n — ftn n— .
"B \n—1 (n—1)(1+¢) € t

u(t) <— 7
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Thus, for every 8 < [, we have

1 1 orler
1 / Al gy = L / O gy
12| Jo 12| Jo

1 1] n2 n2A . n . . |Q|
<— e N e e |

To see the constant (3, is sharp, we consider the function

1 1 !
Flp) = Bwn/p [t ]i Jp(t,H)dG] dt, 0<p<l.

By (2.1), we have
1 1
f(p)=—=—nln=+0(p*), p—0+.

foo P
Therefore,

/ Sl @I gy — o0,

B,
On the other hand, since |V, f| = ﬂocpfgnfzbe(pﬂ)w = wi/"pfgn_ll o e have, by Lemma
3.3,
IV fI(t) < ==

and thus

IV fllpnee () < 1.

The proof is thereby completed.
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