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� � u(x; y) + � (x; y)u(x; y) = f (x; y); (x; y) 2 
 ; (2.1)

u(x; y) = 0; (x; y) 2 @
 ; (2.2)
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(x; y) 2 R2 : x 2

a2 + y 2

b2 < 1
	

, � (x; y)
�

ì59

�5:

ô

�

. ; H s(
)
Ü

H s
0 (
)

��<

ä

å ï s � Sobolev =�© , k � ks

Ü

j � js ��>

��<

3�?

�ÕÜ5@

?

�

. AÎ=�B�C

A�D
*

(2.1)-(2.2)
ï$œ

@�A��

: E u 2 H 1
0 (
) , F

±

a(u; v) = F (v); 8v 2 H 1
0 (
) ; (2.3)

3

á

a(u; v) =
Z




r ur �v + �u �vdxdy; F (v) =
Z




f �vdxdy:

;

x =
1
2

a(t + 1) cos� ; y =
1
2

b(t + 1) sin � : (2.4)

G

ý , (2.4)
+

ê52IH

5�7

D =
�

(t; � ) : t 2 [� 1; 1); � 2 [0; 2� )
	

L95�7
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ï�J�K . L

û(t; � ) = u(x; y), M�A (2.4)
g
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è�ý
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M

D
±�N
0»à�OËÓ�•

‚
ƒN–

ï$—
˜

@�A
�

:

r u = r̂ û = 2

�
1
a

(cos� @t û �
1

t + 1
sin � @� û);

1
b

(sin � @t û +
1

t + 1
cos� @� û)

�
: (2.5)

�
T

F (2.3) P�• , û æšç�Q�R

–08

ïS’�S

•�­�®

:

@� û(� 1; � ) = 0: (2.6)

•�T Sobolev =�© :

H 1
0(D) =

�
û :

Z

D

�
j cos� @t û �

1
t + 1

sin � @� ûj2 + j sin � @t û +
1

t + 1
cos� @� ûj2

�

(t + 1)dtd� < 1 ; û(1; � ) = 0; @� û(� 1; � ) = 0; û(t; � ) = û(t; � + 2� )
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:

ĥu; v̂i 1 =
Z

D

(cos� @t û �
1

t + 1
sin � @� û) � (cos� @t

�̂v �
1

t + 1
sin � @�

�̂v)( t + 1)dtd�

+
Z

D
(sin � @t û +

1
t + 1

cos� @� û) � (sin � @t
�̂v +

1
t + 1

cos� �̂v)( t + 1)dtd� ; jjj ûjjj 1 =
p

ĥu; ûi 1:

A (2.5)
D

±

œ

@�A

(2.3)
Ó�•

‚
ƒ�–

ïS—
˜

@�A��

: E û 2 H 1
0(D), F

±

A(û; v̂) = F (v̂); 8v̂ 2 H 1
0(D); (2.7)

3

á

A(û; v̂) =4
Z

D

�
1
a2

(cos� @t û �
1

t + 1
sin � @� û)(cos� @t

�̂v �
1

t + 1
sin � @�

�̂v)

+
1
b2

(sin � @t û +
1

t + 1
cos� @� û)(sin � @t

�̂v +
1

t + 1
cos� �̂v)

�
(t + 1)dtd� +

Z

D

�̂ û �̂v(t + 1)dtd� ;

F (v̂) =
Z

D
f̂ (t; � ) �̂v(t; � )( t + 1)dtd� ; �̂ (t; � ) = � (x; y); f̂ (t; � ) = f (x; y):

AW� û(t; � )
Ó

� úUo

P
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ï , M

D

A Fourier a"ô
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ú�û

ù�–

:

û(t; � ) =
1X

jm j=0

ûm (t)eim� : (2.8)

H (2.8) v

…

(2.6)
D

±

@� û(� 1; � ) =
1X

jm j=0

im ûm (� 1)eim� = 0: (2.9)

A Fourier a"ô

�

ï�³
´Çî , (2.9)
D

Œ»ê�w�x

���

mûm (� 1) = 0: (2.10)

; PN
�

N  

ÖO²
A

=�© , •�T H 1
0(D) ïBê�2�d�e5=�©

ù�–

:

X N M = span

�
ûmN (t)eim� : ûmN (t) 2 X m

N ; jmj � M

�
;

3

á

X m
N = f p 2 PN : mp(� 1) = p(1) = 0g: M (2.7)

A

ï=ê�,�ž�Ÿ�=

A��

: E uN M 2 X N M

F

±

A(uN M ; vN M ) = F (vN M ); 8vN M 2 X N M : (2.11)

2.2 y�.0/�1
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ï���� ó•õ :

� 2� � r (� r � ) + � � = f ; (x; y) 2 
 ; (2.12)

� = � � = 0; (x; y) 2 @
 ; (2.13)

3

á

�; �
�

ì�9

��:

ô

�

. AÎ=�B�C

A�D
*

,(2.12)-(2.13) ï$œ

@�A��

: E � 2 H 1
0 (
) \ H 2(
),

F

±

G(� ; &) = F (&); 8&2 H 1
0 (
) \ H 2(
) ; (2.14)

3

á

G(� ; &) =
Z



(� � �� �&+ � r � r �&+ � � �&)dxdy: ; �̂ (t; � ) = � (x; y); �̂ (t; � ) = � (x; y); �̂ (t; � ) =

� (x; y): }�~

�

, •
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‹

ô
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è�ý

%

MI€ âÇã�s�•

±�L�‚�ƒ5‚�„�…�O�†�‡�ˆ�‰‹Š•Œ•Ž�•�‘�’

“

:

� � = L �̂ = 2(
1
a2

+
1
b2

)(@2
t �̂ +

1
t + 1

@t �̂ +
1

(t + 1)2
@2

� �̂ )

+ 2(
1
a2

�
1
b2

)[cos2� (@2
t �̂ �

1
t + 1

@t �̂ �
1

(t + 1)2
@2

� �̂ ) +
2

t + 1
sin2� (

1
t + 1

@� �̂ � @t @� �̂ )]:

(2.15)
“•”—–

(2.14) ˜�™ , �̂ š0›�œ�•

Š0ž•Œ•Ÿ� �‡�¡�¢

@2
� �̂ (� 1; � ) = 0; lim

t !� 1
(@t �̂ +

1
t + 1

@2
� �̂ ) = 0: (2.16)

™�£ Sobolev ¤5¥ :

H 2
� (D) =

�
�̂ :

Z

D
(t + 1)jL �̂ j2dtd� < 1 ; �̂ (1; � ) = @2

� �̂ (� 1; � ) = 0;

lim
t !� 1

(@t �̂ +
1

t + 1
@2

� �̂ ) = 0; �̂ (t; � ) = �̂ (t; � + 2� )

�
;

¦�§
Œ5¨ª©�«�¬�­�®�¯�“

:

ĥ� ; &̂i 2 =
Z

D

L �̂ � L �̂&(t + 1)dtd� ; jjj �̂ jjj 2 =
p

ĥ� ; �̂ i 2:

°

(2.5)
«

(2.15) ±�²�³

‘�’

(2.14)
†�‡�ˆ�´5Š‹Œ•Ž�•�‘�’�“

: µ �̂ 2 H 2
� (D);

–

²

G(�̂ ; &̂) = F (&̂); 8&̂2 H 2
� (D): (2.17)

¶¸·

G(�̂ ; &̂) =
Z

D

[L �̂ L �̂&+ � (t; � )r̂ �̂ r̂ �̂&+ � (t; � )�̂ �̂&](t + 1)dtd� :

¹�º�»

, ¼�½�¾ �̂
†

� ¿¸À—Á Fourier ÂIÃ

­�Ä�Å

:

�̂ (t; � ) =
1X

jm j=0

�̂ m (t)eim� : (2.18)
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¾ (2.18) Þ�ß (2.16) ±�² :

m2 �̂ m (� 1) = (1 � m2)@t �̂ m (� 1) = 0:

™�£ H 2
� (D)

Œáà�â�ã�ä

¤5¥áå

Š

:

XN M = span

�
�̂ mN (t)eim� : �̂ mN (t) 2 X m

N ; jmj � M

�
;

¶¸·

X m
N = f p 2 PN : m2p̂(� 1) = (1 � m2)@t p̂(� 1) = p̂(1) = 0g:

æ

(2.17)
Œáà�ç�è�é�ê�’�“

: µ � N M 2 XN M ;
–

²

G(� N M ; &N M ) = F (&N M ); 8&N M 2 XN M : (2.19)

3 ëíì�î ï�ð ñ%ò#ó'ô õ#ö'÷

“•”•ø�ù�ú�û

, ¼�½�ü�ý•þ ÿ

�����5Š��¸Œ	��†�
�à���
������������

.
�	�

1 A(û; v̂)
“

™�£

†

H 1
0(D) � H 1

0(D) �

Œ����� �!IŒ�"�#���‘�’

, $

jA (û; v̂)j . jjj ûjjj 1jjj v̂jjj 1; 8û; v̂ 2 H 1
0(D);

A (û; û) & jjj ûjjj 2
1; 8û 2 H 1

0(D):

% °�&

� '�(*)�+*,5Ã

­

, -�Á Cauchy-Schwarz .

Ž�’

±�² :

jA (û; v̂)j =4
Z

D

�
1
a2

(cos� @t û �
1

t + 1
sin � @� û)(cos� @t

�̂v �
1

t + 1
sin � @�

�̂v)

+
1
b2

(sin � @t û +
1

t + 1
cos� @� û)(sin � @t

�̂v +
1

t + 1
cos� �̂v)

�
(t + 1)dtd�

+
Z

D
�̂ û �̂v(t + 1)dtd� =

2
ab

�
�
�
�

Z



r ur �v + �u �vdxdy

�
�
�
� . kuk1kvk1:

°

Poincar�e .

Ž�’

+

jA (û; v̂)j . kuk1kvk1 . juj1jvj1 = (
Z



jr uj2dxdy)

1
2 (

Z



jr vj2dxdy)

1
2

.

� Z

D
(j cos� @t û �

1
t + 1

sin � @� ûj2 + j sin � @t û +
1

t + 1
cos� @� ûj2)( t + 1)dtd�

� 1
2

� Z

D
(j cos� @t v̂ �

1
t + 1

sin � @� v̂j2 + j sin � @t v̂ +
1

t + 1
cos� @� v̂j2)( t + 1)dtd�

� 1
2

= jjj ujjj 1 jjj vjjj 1:
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2

à

¿

ž

, ¼�½�+

A(û; û) � 4
Z

D

�
1
a2

j cos� @t û �
1

t + 1
sin � @� ûj2 +

1
b2

j sin � @t û +
1

t + 1
cos� @� ûj2

�
(t + 1)dtd�

&
Z




(j cos� @t û �
1

t + 1
sin � @� ûj2 + j sin � @t û +

1
t + 1

cos� @t ûj2)( t + 1)dtd� = jjj ûjjj 2
1:


�3

.
4

�

1 5 f 2 L 2(
),
æ

³

‘�’

(2.7)
«�è�é�ê�’

(2.11)
®�¯���†6
�à��

û 2 H 1
0(D)

«

uN M 2 X N M .

7�

:
°�&

f 2 L 2(
),
æ�°

Cauchy-Schwarz .

Ž�’��

Poincar�e.

Ž�’

+

jF (v̂)j = j
Z

D
f̂ (r ; � ) �̂v(t + 1)dtd� j =

2
ab

j
Z



f �vdxdyj

6
2
ab

(
Z



jf j2dxdy)

1
2 (

Z



jvj2dxdy)

1
2 . (

Z



jvj2dxdy)

1
2

. (
Z




jr vj2dxdy)
1
2 . jjj ûjjj 1:

$ F (v̂)
“

™‹£

†

H 1
0(D) �

Œ

+8,

#��69

Ã .
°*:�;

1
�

Lax-Milgram ™

;

±�<•³

‘I’

(2.7)
��†=
�à��

û 2 H 1
0(D).

¹�º5»

, ¼�½5±


‹è�é5ê‹’

(2.11)
��†=
�à��

uN M 2 X N M .

�3

.
Š0ž

¾


7� ã�ä��¸Œ>�������

. ?�@ , ¼�½


7�áŠ0ž•Œ

C�ea
:>;

.
�	�

2 A û
«

uN M

®�¯�“

³

‘�’

(2.7)
«�è�é�ê�’

(2.11)
Œ	�

,
æ

+

Š�B

.

Ž�’�C�D

:

jjj û � uN M jjj 1 . inf
vN M 2 X N M

jjj û � vN M jjj 1:


7�

:
†

(2.7)
·�E

v̂ = v̂N M , F�G (2.11) ±�²

A(û � uN M ; vN M ) = 0; 8vN M 2 X N M : (3.1)
°

(3.1)
«

:>;

1 , ¼�½�+

jjj û � uN M jjj 2
1 . A (û � uN M ; û � uN M )

= A(û � uN M ; û � vN M + vN M � uN M )

= A(û � uN M ; û � vN M )

. jjj û � uN M jjj 1 jjj û � vN M jjj 1:
°

vN M

Œ	H6I��

±�<�F�J

C�D

.

�3

.
™�£�å

Š‹Œ

Sobolev ¤5¥ :

H s
p (0; 2� ) = f � 2 H s(0; 2� ) : � (� + 2� ) = � (� )g;

¶+¨ª©�«�¬�­�®�¯�“=K

(�; � )s =
Z 2�

0

sX

i =0

@k
� � � @k

�
�� d� ; jj � jj s =

p
(�; � )s:
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�	�

3 [14] L 8� (� ) 2 H �
p (0; 2� )

�

0 � ` � � ,
Š�B

.

Ž�’�C�D

:

jj � (� ) � � M (� )jj ` . M ` � � j� (� )j � ;

¶¸·

� M (� ) =
MX

jm j=0

� m eim� ; � m =
Z 2�

0

� (� )e� im� d� :

M

! k ;l (t) = (1 � t)k (1 + t) l
“

™�£

†

I = (� 1; 1) �

Œáà�â�N

Ã

­

. ™�£�O�P�Q�R � N ;! � 1 ; � 1 :

L 2
! � 1 ; � 1 (I ) ! P 0

N = f p 2 PN : p(� 1) = 0g,
–

²

( � � N ;! � 1 ; � 1  ; %N ) ! � 1 ; � 1 = 0; 8%N 2 P 0
N :

™�£�(

à�S*T�N

Sobolev ¤5¥ :

H s
! � 1 ; � 1 ;� (I ) = f  : @j

t  2 L 2
! � 1+ j; � 1+ j (I ); 0 � j � sg;

¶+¨ª©�«�¬�­�®�¯�“

:

( ; � )s;! � 1 ; � 1 ;� =
sX

j =0

(@j
t  ; @j

t � ) ! � 1+ j; � l + j ; k ks;! � 1 ; � 1 ;� =
p

( ;  )s;! � 1 ; � 1 ;� :

�	�

4 [13] L

&
H6I

 2 H s
! � 1 ; � 1 ;� (I );

Š�B����5’�C�D

:

k@�
t (� N ;! � 1 ; � 1  �  )k! � 1+ �; � 1+ � . N � � sk@s

t  k! � 1+ s; � 1+ s ; 0 � � � s:

™�£ Sobolev ¤5¥ :

H 1
0;m (I ) = f ûm :

Z

I
(t + 1)j@t ûm j2 +

m2

t + 1
jûm j2dt < 1 ; m2ûm (� 1) = ûm (1) = 0g;

H s
0;m (I ) := f ûm 2 H 1

0;m (I ) : @k
t ûm 2 L 2

! � 1+ k ; � 1+ k ; 1 � k � sg;

¶
¦�§

Œ5¨ª©�«�¬�­�®�¯�“

:

(ûm ; v̂m )1;m =
Z

I
(t + 1)@t ûm @t

�̂vm +
m2

t + 1
ûm

�̂vm dt; kûm k1;m =
p

(ûm ; ûm )1;m ;

[ûm ; v̂m ]s;m = (ûm ; v̂m )1;m +
sX

k=1

(@k
t ûm ; @k

t v̂m ) ! � 1+ k ; � 1+ k ; kjûm kjs;m = [ûm ; ûm ]
1
2
s;m :

�	�

5
��†5à�â�…�U

� 1;m
N : H 1

0;m (I ) ! X N (m) = f p 2 PN : mp(� 1) = p(1) = 0g
–

²

� 1;m
N ûm (� 1) = ûm (� 1), V

L

H6I

ûm 2 H s
0;m (I ), s � 1,

Š�B����5’�C�D8K

k@k
t (� 1;m

N ûm � ûm )k! � 1+ k ; � 1+ k . N k � sk@s
t ûm k! � 1+ s; � 1+ s ; 0 � k � s:
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%
M

û�
m = 1� t

2 ûm (� 1),
æ

+ (ûm � û�
m )( � 1) = 0: L

&

8ûm 2 H s
0;m (I ), ¼•½W+

ûm � û�
m 2 H s

! � 1 ; � 1 ;� (I ). X*Y�� ,
°

Hardy .

Ž�’

( Z

û�[�\

[14]
·�Œ

B.8.8), ¼�½�+

Z

I
! � 1;� 1(ûm � û�

m )2dt .
Z

I
[@t (ûm � û�

m )]2dt: (3.2)

°

Cauchy-Schwarz .

Ž�’

±�²

Z

I

(@t û�
m )2dt =

Z

I

1
4

[� ûm (� 1)]2dt =
1
2

(
Z

I

@t ûm dt)2 �
Z

I

(@t ûm )2dt:

]>^

, ¼�½�+

Z

I
[@t (ûm � û�

m )]2dt .
Z

I
(@t ûm )2dt +

Z

I
(@t û�

m )2dt .
Z

I
(@t ûm )2dt: (3.3)

L

&

k � 2, ¼�½�+

Z

I
! � 1+ k ;� 1+ k [@k

t (ûm � û�
m )]2dt =

Z

I
! � 1+ k ;� 1+ k (@k

t ûm )2dt: (3.4)

°

(3.2)-(3.4) ±�² ûm � û�
m 2 H s

! � 1 ; � 1 ;� (I ). ™�£�Q�R

…�U

� 1;m
N ûm = � N ;! � 1 ; � 1 (ûm � û�

m ) + û�
m 2 X N (m); 8ûm 2 H s

0;m (I ):

°�:>;

4 ±�²

k@k
t (� 1;m

N ûm � ûm )k! � 1+ k ; � 1+ k = k@k
t (� N ;! � 1 ; � 1 (ûm � û�

m ) � (ûm � û�
m ))k! � 1+ k ; � 1+ k

. N k � sk@s
t (ûm � û�

m )k! � 1+ s; � 1+ s :

F�G (3.3)-(3.4) ±�<�F�J

C�D

.

�3

.
_

uM (t; � ) =
MX

jm j=0

ûm (t)eim� ; vN M (t; � ) =
MX

jm j=0

v̂mN (t)eim� :

4

�

2 A û
«

uN M

®�¯�“

³

‘�’

(2.7)
«�è�é�ê�’

(2.11)
Œ	�

. 5

L 8t 2 I ; û(t; � ) 2
H �

p (0; 2� ); V ûm 2 H s
0;m (I ),

æ

+

Š�B

.

Ž�’�C�D

:

jjj û � uN M jjj 1 . M 1� � + N 1� s:

% °�&

jjj û � vN M jjj 2
1 =

Z

D

j@t (û � vN M )j2(t + 1) +
1

t + 1
j@� (û � vN M )j2dtd�

� 2
Z

D
(1 + t)j@t (û � uM )j2 + (1 + t)j@t (uM � vN M )j2dtd�

+ 2
Z

D

1
t + 1

j@� (û � uM )j2 +
1

t + 1
j@� (uM � vN M )j2dtd� :
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`

j@t (uM � vN M )j2 � [
MX

jm j=0

j@t (ûm � v̂mN )j]2 � (2M + 1)
MX

jm j=0

j@t (ûm � v̂mN )j2:

j@� (ûM � vM N )j2 = j
MX

jm j=1

(ûm � v̂mN )eim� � im j2 � 2M
MX

jm j=1

m2jûm � v̂mN j2:

æ

+

jjj û � vN M jjj 2
1 � 4

Z

D
j@t (û � uM )j2dtd� + 4� (2M + 1)

MX

jm j=0

Z

I
(1 + t)j@t (ûm � v̂mN )j2dt

+ 2
Z

D

1
t + 1

j@� (û � uM )j2dtd� + 16� M
MX

jm j=1

m2

Z

I

1
1 � t2

jûm � v̂mN j2dt:

°�:>;

3
«

:>;

5 ±�²

inf
vN M 2 X N M

jjj û � vN M jjj 2
1 .

Z

I

dt
Z 2�

0

j@t (û � uM )j2d� + M
MX

jm j=0

Z

I

j@t (ûm � � 1;m
N ûm )j2dt

+
Z

D

1
t + 1

j@� (û � uM )j2dtd� + M
MX

jm j=1

m2

Z

I

! � 1;� 1jûm � � 1;m
N ûm j2dt

. M � 2�

Z

D

�
�
�
�
@� @t û

@�
�

�
�
�
�

2

d� dt + N 2(1 � s) k@s
t ûm k2

! � 1+ s; � 1+ s

+ M 2(1 � � )

Z

D

1
t + 1

�
�
�
�
@� û
@�

�

�
�
�
�

2

d� dt + N � 2sk@s
t ûm k2

! � 1+ s; � 1+ s

. M 2(1 � � ) + N 2(1 � s) :

°�:>;

2 ±�<�F�J

C�D

.

�3

.

4 a�bdcfe�ìWgdhji�k

†�l‹à�m

, ¼�½�¾6n

D5è�é5ê‹’

(2.11)
«

(2.19)
Ž�•�Œ>o8p�‘5’

. ?*@ , ¼�½

®�¯�q�r

ã�ä

¤5¥ X N M

«

XN M

·�Œáà�s

ÂIÃ

­

.

4.1 t*u�v�w

A L k (t)
“

k
�

Legendre x�y

’

.
M

' k (t) = L k (t) � L k+2 (t); i = 0; 1; � � � ; N � 2; ' N � 1(t) =
1
2

(1 � t):

æ

+

X N M = spanf ' k (t)eim� : k = 0; 1; � � � ; N � 1 � sgn(jmj); jmj � M g:
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¼�½�¾ uN M

Ä�Å

å

Š

:

uN M =
MX

jm j=0

N � 1� sig n ( jm j )X

j =0

uj m ' j (t)eim� : (4.1)

¾ (4.1) Þ�ß

è�é5ê‹’

(2.11), z vN M

E�{

X N M

·�Œ0à�s

Â¸Ã

­

,
æ

±�²6|�å

ŠIŒ�#*�*}

~

:

Au = f ; (4.2)

¶¸·

A = (ak j nm ); ak j nm = A(' j (t)eim� ; ' k (t)ein� ); f = (f kn ); f kn =
Z

D
(t + 1)f̂ (t; � )' k (t)e� in� dtd� :

u = [u0;� M ; u1;� M ; � � � ; uN � 2;� M ; � � � ; u0;0; u1;0; � � � ; uN � 1;0; � � � ; u0;M ; u1;M ; � � � ; uN � 2;M ]T :

•

: € �
“

(�)�•

­�‚

,
°

Legendre x�y

’�«

Fourier Â•Ã

­¸Œ

O�P

�

±*< (4.2)
·>}�­�o

p�ƒ

'

®�„*T�…�†�‡�o=p

, ˆ

`

±�Á

à�‰�†�‡�o�p�Š��*‹

+�Œ

»�Š��

(4.2). € �
“

(*)�Ã

­

‚

,
}�­�o�p

A +�±*•�'�œ

Œ

,
l6‚

¼�½�±�Ž�Á�•

¡�¢�•

Þ�‘

L (4.2) ’*“

Š��

.

4.2 ”�u�v�w

q�r�à�s

ÂIÃ

­

å

Š

:

~� i (t) = (1 � t2)[L i (t) � L i +2 (t)]; i = 0; 1; � � � ; N � 4; ~� N � 3(t) =
1
4

(1 � t2)( t + 1);

~� N � 2(t) =
1
4

(1 � t)( t + 3); � i (t) = ~� i (t); i = 0; 1; � � � ; N � 4;

� N � 3(t) =
1
4

(1 � t2)( t + 1); � N � 2(t) =
1
4

(1 � t2):

æ

+

XN M = spanf ~� k (t); k = 0; 1; � � � ; N � 2; � k (t)eim� ;

k = 0; � � � ; N � 2 � sign(jmj � 1); 1 � jmj � M g:

¼�½�¾ � N M

Ä�Å

å

Š

:

� N M =
MX

jm j=1

N � 2� sig n ( jm j� 1)X

j =0

� j m � j (t)eim� +
N � 2X

j =0

� j 0
~� j (t): (4.3)

¾ (4.3) Þ�ß

è�é�ê�’

(2.19), z &N M

E�{

XN M

·�Œáà�s

ÂIÃ

­

,
æ

±�²*|�å

Š‹Œ>#���}�~

:

B � = g; (4.4)
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¶¸·

B = (bk j nm ); bk j nm = G(� j m (t)eim� ; � kn (t)ein� ); � j m (t) = ~� j (t); (m = 0);

� j m (t) = � j (t); (m 6= 0); � j n (t) = ~� j (t); (n = 0); � j n (t) = � j (t); (n 6= 0);

g = (gkn ); gkn =
Z

D
(t + 1)f̂ (t; � )' kn (t)e� in� dtd� ;

� = [� 0;� M ; � � � ; � N � 3;� M ; � � � ; u0;� 1; � � � � N � 2;� 1; u0;0; � � � � N � 2;0;

u0;1; � � � � N � 2;1; � � � ; � 0;M ; � � � ; � N � 3;M ]T :

5 •—–ji7˜

“)”�™š��…

‘

Œ6›�œ7�•«W•Wž8Ÿ

, ¼•½•¾�ý)þ

à8‰•­W �…8¡

, ¢

†

MATLAB £

¢

R2016b ¤

Ÿ

��’*“�¥�¦

��…

. ™�£

ž�§���¨0ã�ä���†

L 1
I

£

Š‹Œ>���

å

Š

:

e(u; uN M ) = kû(t; � ) � uN M (t; � )kL 1 (D ) ; e(� ; � N M ) = k�̂ (t; � ) � � N M (t; � )kL 1 (D ) :

©

1 ª�¼�½�«�¬

‰�}�­

ÿ

�=­�®

(2.1)-(2.2).
E

a = 3; b = 1; � (x; y) = 3 + sin (x + y)
«

ý5™

Œ

f ,
–

²

ž�§��

u(x; y) = cos(x + y)sin [� ( x 2

9 + y2 � 1)]. L

&

.W¯

Œ

N
«

M = N=2,
¼�½

†�™

1
·>B

þ

”�ž�§��

u
¨�ã�ä��

uN M °

¥

Œ±���

e(u; uN M ). ˆ

™

1 ¼�½�±�²´³�µ

| , € N � 30
‚

,
ã�ä��6¨�ž�§��

°

¥

Œ±����¶

|

”>·*¸

10� 11
Œ>ž�Ÿ

.
“¸”>¹�º

³

»�™��

¼�½

…

‘

Œ�›�œ*��«�•�ž�Ÿ

, ¼�½

®�¯�†�»

1
«7»

2
·>B

þ

”�ž�§��6¨

N = 30
‚�ã�ä���Œ

»	¼

,
†7»

3
«W»

4
·•®�¯�B

þ

”

N = 30
«

N = 40
‚�ž�§���¨0ã�ä��

°

¥

Œ>���7»�¼

. ˆ

»

1-4 ¼�½�±7²½³*µ�|�¼�½

Œ …

‘�'

›�œ¸Œ•«�•�ž�Ÿ¸Œ�¾

™

1 L

&

.8¯

Œ

N
«

M = N=2,
ž�§��

u
¨0ã�ä��

uN M °

¥

Œ>���

e(u; uN M ).
N 10 16 20 26 30

e(u; uN M ) 0.0111 1.0487e-05 1.6669e-07 2.0266e-09 1.8876e-11

-1
1

-0.5

0.5 4

0

u(
x,y

)

2

0.5

y

0

x

1

0
-0.5 -2

-1 -4

¿

1: À�Á±Â u(x; y) Ã

¿ÅÄ

.

-1
1

-0.5

0.5 4

0

u NM
(x,

y)

2

0.5

y

0

x

1

0
-0.5 -2

-1 -4

¿

2 ÆÈÇ N = 30; M = 15 É�Ê±Ë�Â�Ã

¿ÅÄ

.
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-2
1

-1

0.5 4

0

10-11

u-
u NM

2

1

y

0

x

2

0
-0.5 -2

-1 -4

¿

3: À�Á±Â�Ì N = 30; M = 15 É�Ê±Ë�Â

Í*Î

Ã�Ï±Ð

¿ÅÄ

.

-6
1

-4

-2

0.5 4

0

10-15

u-
u NM

2

2

y

0

4

x

6

0
-0.5 -2

-1 -4

¿

4 ÆÑÀ�Á±Â�Ì N = 40; M = 20 É�Ê±Ë�Â

Í*Î

Ã�Ï±Ð

¿ÅÄ

.

©

2 ª5¼�½�«�¬�Ò

�8­	®

(2.12)-(2.13).
E

a = 3; b = 1; � = 1; � = 3
«

ý5™

Œ

f ,
–

²

ž�§��

� (x; y) = ( x 2

9 + y2 � 1)2sin [� ( x 2

9 + y2 � 1)]. L

&

.8¯

Œ

N
«

M = N=2, ¼�½

†�™

2
·�B

þ

”	ž�§��

�
¨0ã�ä��

� N M °

¥

Œ>���

e(� ; � N M ), ˆ

™

2 ¼�½�±7²½³*µ�| , € N � 26
‚

,
ã�ä���¨�ž�§��

°

¥

Œ>����¶

|

”�·*¸

10� 15
Œ�ž�Ÿ

.
¹�º�»

, ¼�½

®�¯�†7»

5
«W»

6
·

B

þ

”	ž�§���¨

N = 30
‚áã�ä��¸Œ�»	¼

,
†7»

7
«W»

8
·•®�¯�B

þ

”

N = 30
«

N = 40
‚

ž�§���¨0ã�ä��

°

¥

Œ>���W»�¼

. ˆ

»

5-8 ¼�½�Ó*Ô�³*µ�|�¼�½

Œ>Õ

‘�'

›�œ¸Œ•«�•�ž�Ÿ¸Œ

.

™

2 L

&

.8¯

Œ

N
«

M = N=2,
ž�§��

�
¨0ã�ä��

� N M °

¥

Œ>���

e(� ; � N M ).
N 10 16 20 26 30

e(� ; � N M ) 1.8466e-05 6.7991e-09 3.3344e-12 1.7380e-15 3.4816e-15

-0.4
1

-0.3

0.5 4

-0.2(x,
y)

2

-0.1

y

0

x

0

0
-0.5 -2

-1 -4

¿

5: À�Á±Â � (x; y) Ã

¿ÅÄ

.

-0.4
1

-0.3

0.5 4

-0.2NM

2

-0.1

y

0

x

0

0
-0.5 -2

-1 -4

¿
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EFFECTIVE SPECTRAL GALERKIN APPR OXIMA TION FOR
SECOND-ORDER/F OUR TH-ORDER VARIABLE COEFFICIENT

PR OBLEMS IN AN ELLIPTIC DOMAIN

TIAN Xiao-hong, AN Jing

(School of Mathematical Sciences, Guizhou Normal University, Guiyang 550025, China )

Abstract: In this paper, we propose an e�cien t spectral Galerkin approximation for
second-order/fourth-order problems with variable coe�cien ts in an elliptic domain. First, we
convert the initial problem into an equivalent form in polar coordinates. Subsequently , we establish
the weak form and corresponding discrete scheme. Secondly, we prove the existenceand uniqueness
of weak and approximate solutions, and we also o�er error estimates for the second-order case.
In addition, based on the polar condition and the orthogonalit y of Legendre polynomials, we
construct a set of e�ectiv e radial basis functions, perform a truncated Fourier expansion in the
direction of � , and derive the equivalent matrix form of the discrete scheme. Finally , we provide a
large number of numerical examples, and the numerical results show the convergenceand spectral
accuracy of our algorithm .

Keyw ords: Second-order/fourth-order problems; spectral Galerkin method; error analysis;
elliptic domain
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