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Abstract: Motivated by Chvatal’s theorem, in this paper, we consider the infimum value
problem on the probability that a random variable is at most its expectation. By employing the
analytical method, the results for a random variable with the Weibull distribution or the Pareto
distribution are obtained.
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1 Introduction

Let B(n,p) denote a binomial random variable with parameters n and p. Janson in [1]
introduced the following conjecture suggested by Vask Chvéatal.
Conjecture 1 (Chvéatal). For any fixed n > 2, as m ranges over {0,...,n}, the proba-

2n
3
Conjecture 1 has applications in machine learning, such as the analysis of generalized

bility ¢, := P(B(n,m/n) < m) is the smallest when m is closest to

boundaries of relative deviation bounds and unbounded loss functions ([2] and [3]). As to
the probability of a binomial random variable exceeding its expectation, we refer to Doerr
[2], Greenberg and Mohri [3], Pelekis and Ramon [4]. Janson [1] proved that Conjecture 1
holds for large n. Barabesi et al. [5] and Sun [6] gave an affirmative answer to Conjecture 1
for general n > 2. Hereafter, we call Conjecture 1 by Chvétal’s theorem.

Motivated by Chvétal’s theorem, Li et al. [7] considered the infimum value problem on
the probability that a random variable is not more than its expectation, when its distribution
is the Poisson distribution, the geometric distribution or the Pascal distribution. Sun et al.

[8] investigated the corresponding infimum value problem for the Gamma distribution among
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other things. Hu et al. [9] studied the corresponding problem for some infinitely divisible
distributions including the inverse Gaussian, log-normal, Gumbel and logistic distributions.
In this note, we consider the infimum value problem for the Weibull distribution and the
Pareto distribution in Sections 2 and 3, respectively. Before presenting the main results, we
give two remarks.

Remark 1.1 (i) In virtue of Chvéatal’s theorem, there is a natural question as follows:

For any fixed integer n > 2, how about the minimum value of the probability P(B(n,p) <
np) for p € (0,1]?

For small fixed n, we may find the solution. Up to now, we don’t know the solution for
general n > 2. In fact, it was posed as an open question in the first version of [7] (i.e., [10]).

(ii) Motivated by Chvétal’s theorem, Li et al. [7] initiated the study on the infimum
value problem on the probability that a random variable is not more than its expectation.
In this topic, [8] is the second paper, this note is the third one and [9] is the fourth one.

Remark 1.2 Let X be a random variable with expectation EX. Assume that the
distribution of X contains some parameters o and §. The motivation to study inf, 3 P(X <
EX) is that from it we can get sup, 5 P(X > EX). Obviously, if we wish the probability
P(X > EX) is as large as possible, we should find sup, 5 P(X > EX) or equivalently
inf, 3 P(X < EX). We wish that our work on this topic may find some applications in

machine learning, statistics, finance and economics etc.

2 The Weibull Distribution

Let X be a Weibull random variable with parameters o and 6 (o > 0,6 > 0) and the
density function

flx) = %xa_le_%a, x> 0.

We know that its expectation £ X = 9T (é + 1) , where I' (i + 1) is the Gamma function,

ie, T (i + 1) = fooo uw=e *du. For any given real number k£ > 0, we have
RO (L41) o "
P(X <KEX) = / Eto"le’Tdt.
0
By taking the change of variable ¢t = (936)%, we get

P(X <kEX) = / & ()5 =202 o1
0

which shows that P (X < kEX) is independent of 6.
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Define a function
gx(a) i =1— ef(ﬁr(éﬂ))a, a > 0. (2.1)

The main result of this section is
Proposition 2.1 (i) If K < 1, then

0, K <1,

—e 7 _
1—e , k=1,

inf g, (a) = lim g.(a)= {
a€(0,00) a—00
where 7 is the Euler’s constant, i.e., v =Y [+ —In(1+ 1)].
(ii) If k > 1, then

min g, (@) = g« (ap (K)),

a€(0,00)
where ag (k) = m, and g (k) is the unique null point of function ¢, (x) := (z — 1) ¢ (z)—
In (kI' (z)) on (1,00), where ¢(x) is the digamma function (see Definition 2.3 below).

Note that (KF (i + 1))a = (T(341)) Lot o = 1 +1, and define function

In(kT'(x))
r—1

he(z) == , x>1 (2.2)

Then

ge(@)=1—e""", (2.3)
and in order to finish the proof of Proposition 2.1, it is enough to prove the following lemma.
Lemma 2.2 (i) If k < 1, then

- 1
inf hy(z) = lim h,i(sr;):{ % s

z€(1,00) z—1+ -7, k=1,

where ~ is the Euler’s constant.
(i) If K > 1, then
min A, () = h, (29 (K)),

z€(1,00)

where z( (k) is the unique null point of function ¢, (z) := (z —1)¢ () — In(kI' (z)) on
(1,00), where ¥(z) is the digamma function.

Before giving the proof of Lemma 2.2, we need some preliminaries on the ploygamma
function.

Definition 2.3 ([11, 1.16]) Let m be any nonnegative integers. m-order ploygamma
function (™ is defined by

dm+1

dm
("L) = — = ———
P (2) dzmw(z) P InT(2),Rez > 0.

When m =0, ¥(z) :=9®(z) = L InT(z) = 1;/((;)) is called digamma function.
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By [11, 1.7(3)] and [11, 1.9(10)], we know that
1 - z -
- N~ _ -1) 2.4
¥(2) gl Z+z::n(z+n) v+ (2 ZO CES z+n)] (2.4)
(1) - 2.5
v!(2) Z EE (2:5)
Proof of Lemma 2.2 By (2.2) and Definition 2.3, we have
-1 — In (sT
(x—1) (x—1)
By (2.5), we get
—~ 1
/ _ 1) _
ol (z) = (z — 1)WY (2) = (x — 1) >0, Va>1.
(x) (x) 2
It follows that the function ¢, (x) is strictly increasing on the interval (1, 00).
Thus, if k < 1, we have ¢, (x) > ¢, (1) = —Ink > 0, Va > 1. Then, by (2.6) we

get hl (z) > 0, Va > 1, which implies that the function h, (z) is strictly increasing on

(1,400) . Hence the function h,, () has no minimum value on (1, c0) and

InT’ 1
inf h(x)= lim h,(z)= lim - (x)—i—lim nr
z€(1,00) z—1+ z—1t T — e—1+tx — 1
By the L’Hospital’s rule and (2.4), we have
. 111F<£13> RET T(z) _ v . .
Lll% r—1 0L1in10+ w — U () =91) ==

Thus,

— 1
llm hn(l‘) _ { 007 K < K

ze(1,00) -y, k=1

If K > 1, then ¢, (1) = —Ink < 0. By [11, 1.18(1)] (Stirling formula) and [11, 1.18(7)],

when z — oo we have

InT(2) =(z—%)lnz—=z+ BG4 6 (1),
)

P (z zlnz—i—ko(%), \argz|<7r.
Then
lim ¢,(x) = lim[(x —1)yY(x) —Inl'(z) — Ink]

= lim [(a; —1) (1nx— % +o0 <i>>
- (<x - ;) nw— =+ ln(sﬂ) +o(1)> —1m]

L 1 1 In(2n)
= IILIEO [m—lnx+2$—2—2—ln/@+o(1)]

= OQ.
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Since the function ¢, (z) is continuous, by the zero point theorem, there exists zq (k) €
(1,00) which depends on x satisfying that ¢, (z¢ (k)) = 0. Moreover, combining with the
monotonicity of the function ¢, (x) on the interval (1, 00), we know that zq (x) is the unique

null point of the function ¢, (z) and

we(x) < 0, Vre(l,zo(k));
o () > 0, Ve (xg(k),+0).

Then, by (2.6) we get

R (z) 0, Vze(l,z(k));
Rl (z) > 0, Vze (zg(k),+).

A

Thus, the function h, (z) is strictly decreasing on (1,x¢(x)) and strictly increasing on

(o (K),+00), which implies that
hi (2) = hie (20 (K)), Vo> 1.

Therefore,
min A, () = hy, (2 (K)) .

z€(1,00)

The proof is complete.

3 The Pareto Distribution

Let X be a Pareto random variable with parameters a and 6 (a > 0,0 > 0) and the

density function
f(x) =0a’2= "V, ().

When 6 > 1, the expectation of X is EX = %. Then, for any given real number £ > 0,
we have

xba

0—1 0 koa _ o
P(X < kEX) = / Bt~ Dt = — (%) T (9 91> ,
a K

a

which shows that P (X < kEX) is independent of a. Note that, in order to make sense of
the above equality, if K < 1, the parameter 6 should satisfy that 1 < 0 < ﬁ; and if Kk > 1,
the parameter 6 should satisfy that 6 > 1.

Define a function

0
0—1 1
gn(e)::1—< >,1<t9<1

K0 — K

k<lorf>1,k2>1.

The main result of this section is
Proposition 3.1 (i) If x < 1, then

min 95(9)=gn< ! >:0

0e(1, 2] I—k
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(i) If k = 1, then inf ¢;(f) = lim g;(8) =1—e"".
0€(1,00) 0— o0

(iii) If k > 1, then el?in )gﬁ (0) = gx (00 (K)), where 0y (k) =
€(1l,00
unique null point of function ¢, (z) :=1—1 —InZ on the interval (0, 1).

) - .
Note that (%) — T Tetr=1— é and define function

ﬁo(n), and zo (k) is the

In £
hn(l‘):ziﬁl,O<l‘§l€,:‘£<1,01‘0<$<1,,‘£21. (3.1)

Then
ge (0) =1 — e~ h=l®) (3.2)

and in order to finish the proof of Proposition 3.1, it is enough to prove the following lemma.

Lemma 3.2

(i) If k < 1, then rr%in] he(x) = hg(k) = 0.
z€(0,k

(ii) If k =1, then inf hy(z) = lm hy(z) = 1.
z€(0,1) T—1—

(iii) If K > 1, then Hgnl) hie(x) = hy (xo (K)) , where g (k) is the unique null point of function
xe (0,

¢ (2) :=1—1 —InZ on the interval (0,1).
Proof (i) If k <1, by (3.1) we have

:1_%_111% ¥r (T)

hl, (x = , 0<z<k. 3.3
) (z-1° (2-1) (33)
By the definition of ¢, (), we get that
, 1-2x
@H(az):7>0, V0 <z < K.

It follows that function ¢, () is strictly increasing on (0, x| and thus

-1
or (@) < g (k) = r <0, YO<zx<k. (3.4)
K

Then, by (3.3) and (3.4) we get hl, () <0, V0 < z < k, which implies that function h, (z)

is strictly decreasing on (0, x]. Thus H%in]h,{ () = h, (k) =0.
z€(0,k
If K > 1, by (3.1) and the definition of ¢, (z) again, we also have

B (x):(@”%, 0<z<l, (3.5)
.
and

1—
o (z) = x2x>0, V0 <z < 1.

It follows that function ¢, () is strictly increasing on (0, 1).
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(ii) If K = 1, then
V(@) <pe(l)==Ink=0, YVOo<z<]l.
By (3.5), we get that A (z) <0, V0 <z < 1, which implies that function h, (z) is strictly
decreasing on (0,1). Thus,

1
inf h,(x)= lim h,(z)= lim S

z€(0,1) z—1- z—1-x — 1

(iii) If K > 1, then ¢, (1) = Inx > 0. Moreover,

1 1 1

lim ¢, (z) = lim (1 - = —hle—l—lIl/i) = lim <1 +Ink — m) = —00.
r—0+ rz—0t X z—0*t T

Since the function ¢, () is continuous on (0,1), by the zero point theorem, there exists

xo (k) € (0,1) depending on parameter « fulfills that ¢, (2o (k)) = 0. By the monotonicity

of function ¢, () on (0,1), we know that x (k) is the unique null point of ¢, () and

or () < 0, Vze(0,z(k));
wr(x) > 0, Vre(xg(k),l).

Then, by (3.5) we have

Bo(x) < 0, Yae(0,z(k);
ho(x) > 0, Vze(zo(k),1).

Therefore, the function h, (x) is strictly decreasing on (0,z (k)) and is strictly increasing
on (zo(k),1). Thus
min h, (z) = hy (2o (K)) .

z€(0,1)

The proof is complete.
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