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Abstract: This article investigates the existence of perfect integer k-matchings and k-factor
critical graphs. The extension constant represents the connectivity strength of a graph. For regu-
lar graphs, a sufficient condition for the existence of perfect integer k-matching is given using the
extension constant, which extends the results of Hamers et al. and Cioaba et al. In addition, for
regular graphs, a sufficient condition for the existence of k-factor-critical graphs based on extension
constant is also given.
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1 Introduction

All graphs considered here are undirected, connected and simple. Let G be a graph with
the vertex set V(G) and the edge set E(G). The order of G is |V (G)|. For a vertex v € V(G),
define Ng(v) = {u € V(G) : wv € E(G)} and I'(v) = {e € E(G) : e is incident with v in G}.
An integer k-matching of a graph G = (V, E) is a function h that assigns to each edge an
integer in {0, -+ ,k} such that > f(e) <k foreachv € V. A vertex v of G is saturated by

ecl'(v)
an integer k-matching h or v is h-saturated if Y f(e) = k, otherwise, v is h-unsaturated.
ecl(v)
An integer k-matching is perfect if Y f(e) = k for every vertex v € V(G).
ecl'(v)

leQ(G)‘ . Note that when

k is odd, a graph with a perfect integer k-matching has an even number of vertices. For

Clearly, an integer k-matching is perfect if and only if its size is

k =1, the integer (or perfect) 1-matching is just the matching (or perfect matching) in usual
sense. If k = 2, then the perfect 2-matching coincides with the one defined by Tutte ([1]).
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Integer k-matchings have attracted many researchers’ attention, such as Lu et al. ([2])
studied the perfect k-matchings of general graph and gave a sufficient and necessary condition
for its existence, which is the Tutte’s Theorem for perfect integer k-matching of a graph. Liu
et al. ([3]) proved that when k is even, the integer k-matching number of G equals k times
its fractional matching number. Hence, by the Berge-Tutte formula of fractional matching in
([4]), they can easily obtained the integer k-matching analogue of the Berge-Tutte Formula
when £ is even.

In addition, Gallai (1963, [5]) introduced the concepts of factor-critical graphs, i.e. a
graph G is factor-critical if G—v has a perfect matching for every vertex v of G. Very recently,
Liu et al. ([6]) extended this definition and defined k-factor-critical graph. A connected graph
G with at least three vertices is said to be k-factor-critical if for any v € V(G), there exists an

integer k-matching h such that > f(e) = k—1 and other vertices are h-saturated. We note
ecl'(v)
that this definition is different from the one defined by Favaron and Odile ([7]). Moreover,

Liu et al. ([6]) proved the integer k-matching analogue of the Berge-Tutte Formula when & is
odd, they also gave sufficient and necessary conditions for the existence of k-factor-critical.

For two subsets S,T C V(G), let e(S,T) denotes the number of edges of G joining S
to T. For a set X, we denote the cardinality of X by |X|. Given a subset S C V(G), we

let (.S, S¢) denote the number of edges with exactly one endpoint in S, where S¢ denotes

the complement of S in K|y (). The expansion constant of a graph G is h(G) = mine(”‘qﬁc),
where the minimum is taken over all S C V(G) with |S| < w, the expansion constant of

a graph represents a strength of connection of the graph ([8]).

In [9], Cioaba proved a sufficient condition for the existence of a perfect matching in a
regular graph in terms of expansion constant and A3, which improved the result of Brouwer
and Haemers ([10]). For regular graphs, Lu et al. ([2]) provided a sufficient condition for
the existence of perfect k-matching in terms of the edge connectivity. Based on this, we will
consider the existence of perfect integer k-matching and k-factor-critical graph in terms of the
expansion constant. We present a sufficient condition for the existence of a perfect integer k-
matching in a regular graph in terms of its expansion constant, which generalizes the results
of Haemers et al. ([10]) and Cioaba et al. ([9]). Furthermore, a sufficient condition for the
existence of k-factor-critical graphs for regular graphs in terms of its expansion constant is

obtained.

2 Expansion and Perfect Integer k-Matching

In this section, we determine a lower bound on the expansion constant of a regular
graph, which implies the existence of a perfect integer k-matching.

Given a subset S C V(G), we say G — S is the subgraph obtained from G by deleting all
vertices of S and their incident edges. In 2014, Lu et al. ([2]) obtained the Tutte’s Theorem
for perfect integer k-matching of a graph.

Lemma 2.1 (see [2]) Let k > 2 be even. A graph G has a perfect integer k-matching
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if and only if
i(G—8) <|S| forall S CV(G),

where i(G — S) is the number of isolated vertices of G — S.
Let odd(G) denote the number of odd components with order at least three in G.
Lemma 2.2 (see [2]) Let k& > 1 be odd. A graph G has a perfect integer k-matching
if and only if
0dd(G — S)+k-i(G—S) <k|S| for all S CV(G),

where odd(G — S) is the number of odd components with order at least three of G — S and
i(G — S) is the number of isolated vertices of G — S.

Theorem 2.1 Let G be a d-regular graph with n vertices.

(1) If k is even, and

=N

h(G) >

=

Zf, if dis even,
%, otherwise,
then G has a perfect integer k-matching;

(2) For even n. If k is odd, and

[ V)

h(G) > d
(@) = %, otherwise,

N =

d* . .
{ i Uf dis even,

then G has a perfect integer k-matching.

Proof (1) Assume G has no perfect integer k-matching. By Lemma 2.1, there is a
vertex set S such that (G — S) > |S|. Let |S| = s and i(G — S) = ¢q. We easily observe
q>s+1. Let V! = V(G)\S. Thus |[V’'| =n —s. We denote the ¢ isolated vertices of G — S
by vi,v2,--- ,v,. Let Gi,Ga, -+, G, be the subgraphs induced by v; and N¢(v;), where
Ng(v;) is the set of neighbours of v; and 1 < i < g. Denote by n; and e; the order and the
size of G;, respectively.

For i € [q], let t; denote the number of edges in G between G; and S — Ng(v;). Since G
is connected, it follows that ¢; > 1 for each i € [¢]. Because v; is adjacent only to vertices in
S, we deduce that 2e; = d(d 4 1) — t;. Clearly ¢; is even.

The sum of the degrees of the vertices in S is at least the number of edges between S

q
and U!_,v;. Thus, ds > > t;. Since ¢ > s+ 1, it follows that there are at least two ¢;’s such

=1
that t; < d. This implies there are at least two t;’s satisfying ¢; < d — 2 if d is even and
t; <d-—11if d is odd.

The fact n; +ny < n implies that there is at least one i such that n; < 5. Without
losing generality, assume 1, < %. Then we obtain £ < 92 if d is even and & < 4= if d is

odd. This contradicts the assumption made on the expansion constant, which finishes the
proof.

(2) By the definition of perfect integer k-matching, we know that a graph with a perfect
integer k-matching has an even number of vertices when k is odd. So we only discuss the

case n is even.
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Assume G has no perfect integer k-matching. By Lemma 2.2, there is a vertex set S
such that odd(G — S) + k- i(G — S) > k|S|. Let |S| = s and 0odd(G — S) +i(G — S) = q. By
easily process, we can obtain ¢ > s. But since n is even, s + ¢ is even, hence ¢ > s + 2. Let
V' =V(G)\S. Thus |V'| =n —s. We denote the ¢ components by G1,Gs,- - ,G,. Denote

by n; and e; the order and the size of G; respectively.

For ¢ € [q], let t; denotes the number of edges with one endpoint in G; and another in
S. Since G is connected, it follows that t; > 1 for each i € [¢]. Because vertices in G; are
adjacent only to vertices in G; or S, we deduce that 2e; = dn; — t; = d(n; — 1) +d — ;.
Because n; is odd, it follows that d — ¢; is even. Hence, ¢; and d have the same parity for

each i.
The sum of the degrees of the vertices in S is at least the number of edges between S and
q
UZ_,G;. Thus, ds > > t;. Since ¢ > s+2, it follows that there are at least three ¢;’s such that

t; < d. This implies Eﬁére are at least three t;’s satisfying t; < d—2. If t; < d—2, then n; > 1.
Assume t; < d— 2 for i € [3]. If t; < d —2, then n;(n; — 1) > 2e; = dn; —t; > dn; —d + 2.
Thus, n; > d + % Hence, n; > d + 1. Now, since d and n; are both odd, we obtain
n; > d-+ 2.

The fact ny +no +mn3 < n implies that there is at least one ¢ such that n; < 7. Without
Z—ﬁifdisevenandﬁgj—ﬁifdis
odd. This contradicts the assumption made on the expansion constant, which finishes the

losing generality, assume n; < 3. Then we obtain :Tll <

proof.

From the above Theorem 2.1, if n is even and let £ = 1, then we may deduce the
following results obtained by Cioaba [9], which provides an expansion constant condition to
guarantee that there exists a perfect matching in a regular graph G.

Corollary 2.1 (see [9, 10]) Let G be a d-regular graph. If n is even and

hG) > { z—ﬁ, if dis even,

4=2 " if dis odd,

then G has a perfect matching.

3 Expansion and k-Factor-Critical Graph

In this section, for a positive integer k and a regular graph G, we obtain a condition of
k-factor-critical according to a lower bound of the expansion constant h(G).

In 2021, Liu et al. ([6]) gave a sufficient and necessary condition for the existence of
k-factor-critical graph.

Lemma 2.3  (see [6]) A connected graph G with at least three vertices is k-factor-
critical if and only if G has odd number of vertices and odd(G — S) + k-i(G — S) < k|S| —1
for any ) # S C V(G).
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Theorem 2.2 Let G be a d-regular graph with n vertices. If n is odd and

G > g, ZZfdz:s even,
&= if dis odd,
then G is k-factor-critical.

Proof Suppose G satisfies the conditions of this theorem, but it is not k-factor-critical.
By Lemma 2.3, there is a vertex set S such that odd(G —S)+k-i(G—S) > k|S|. Let |S| =s
and odd(G — S) +i(G — S) = q, we can get ¢ > s. And since n is odd, s + ¢ is odd, hence
qg>s+1.

Let G1,G3, -+ ,Gy be the ¢ odd components with odd vertices of G —S. We denote
the order and size of G; by n; and e;, respectively. For i € [q], let ¢; denote the number of
edges with one endpoint in G; and another in S. We know ¢; > 1 for i € [¢] because G is
connected. Since vertices in G; are adjacent only to vertices in G; or S, we can get that
2e; = dn; —t; = d(n; — 1) +d —t;. This implies that d —t; is even since n; is odd. Therefore,
t; and d have the same parity for each 1.

The sum of degrees of the vertices of S is at least the number of edges between S and

the odd component G; for i € [¢]. Hence, ds > zq: t;. Because ¢ > s+ 1, it follows that there
are at least two t;’s such that t; < d. Hence, tﬂ;rle are at least two t;’s such that t; < d — 2.
If t; < d—2, then n; > 1. Without loss of generality, we assume t; < d — 2 for i € [2], then
ni(n; — 1) > 2e; = dn; — t;. Hence, n; > d+ —2~. Then n; > d + 1. If d is odd, we get
n; > d + 2 since n; is odd.

There is at least one ¢ such that n; < 4 because of n; +ny < n. We assume n; < 7.
Therefore, we get :Tll < % if d is even and lel < Z% if d is odd. This contradicts the
condition made on the expansion constant, which completes the proof.

1

ez

References

[y

Tutte W. The 1-factors of oriented graphs[J]. Proc. Am. Math. Soc, 1953, 4(6): 922-931.

Lu H L, Wang W. On perfect k-matchings[J]. Graphs Combin, 2014, 30(1): 229-335.

Liu Y, Liu X H. Integer k-matchings of graphs[J]. Discrete Appl. Math, 2018, 235(2): 118-128.

Scheinerman E, Ullman D. Fractional graph theory[M]. New York: John Wiley and Sons, Inc., 2014.

Gallai T. Neuer Beweis eines Tutteschen Satzes[J]. Magyar Tud. Akad. Mat. Kutaté Int. Kozl, 1963,

8: 135-139.

[6] LiuY, Su X L, Xiong D N. Integer k-matchings of graphs: k-Berge-Tutte formula, k-factor-critical
graphs and k-barriers[J]. Discrete Appl. Math, 2021, 297(7): 120-128.

[7] Favaron O. On k-factor-critical graphs[J]. Discussiones mathematicae graph theory, 1996, 16(1):
41-51.

[8] Chartrand G, Lesniak L. Graphs and digraphs[M]. Wadsworth and Books/Cole Mathematics Series,
1986.

[9] Cioabd S. Perfect matchings, eigenvalues and expansion[J]. C. R. Math. Acad. Sci. Soc. R. Can,

2005, 27(4): 101-104.

N

SR EN



194 Journal of Mathematics Vol. 44

[10] Brouwer A, Haemers W. Eigenvalues and perfect matchings[J]. Linear Algebra Appl, 2005, 395(1):
155-162.

SEREH k- ILECA k- EFIRRE

sRaealt, sk AL, AR
(1. HEIFE R 5 G0 2B, PiT 810008)
(2. JCAE BALFL S N 52 A 50 %, 765 810008)
(3. M JE AL TR R R FURE, 78 T 810008)

WE: AT TSR BEEL k- DLECAN k- DR ST AEAE . 37 7K W s B R e s, T 1E )
B, M5k Bl T e S AL k-DLBCAFAE I — D 80 5k, X4 T Hamers 55 A1 Cioaba 55 N4
R.BAE, X TIENE, BTk EOL e T k- IR Tl A EAEE R — AN e R A

KB TESREEAL K-ULAC; A-DR IR S YE; 55K H

MR,(2010)ZF 7 43 2= 05C50; 05C72 FESSFES: 0157.5; 0153.1



