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SHARP LARGE DEVIATIONS FOR THE
LOG-LIKELIHOOD RATIO OF THE
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Abstract: In this paper, for the Cox-Ingersoll-Ross process in the stationary case, we inves-
tigate the sharp large deviations for the log-likelihood ratio under null hypothesis and alternative
hypothesis. By using the change of measure and characteristic function techniques, we obtain the
full expansion for the log-likelihood ratio.
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1 Introduction and Main Results

Consider the following Cox-Ingersoll-Ross(CIR) process
dXt - (6+bXt)dt+2\/ XtdBt, XQ :0, (11)

where 0 > 2 is a known constant, b is an unknown parameter, and {B;, ¢t > 0} is a standard
Brownian motion. The Cox-Ingersoll-Ross model was introduced by Cox, Ingersoll and Ross
in 1985, which was mainly used to study the term structure of interest rates. If b > 0,
the process is explosive; if b < 0, the process is stationary. Let Pj; denote the probability
distribution of the solution of (1.1) on C'(R*,R).

Let Vr denote the log-likelihood ratio at time 7', namely

dPysy,
Vr = log m . ,
by using Girsanov formula,
log <dp‘”” > _hizh (Xp — 6T — E (03 - b2) /T X, dt, (1.2)
dPsp, | 5 4 8 o
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where Fr =0 (B, t <T).

The above log-likelihood ratio process plays a crucial role in statistical inference. The
maximum likelihood estimator by of the parameter b can be defined by maximizing the like-
lihood ratio. According to the value of b, the asymptotic distributions and the corresponding
speeds of the maximum likelihood estimators are quite different. Overbeck [1] studied that
BT is consistent and has asymptotic normal distribution in the stationary case, while BT has
asymptotic Cauchy distribution in the explosive case. In the stationary case, Zani [2] and De
Chaumaray [3] obtained the large deviations of by, Gao and Jiang [4] obtained the moderate
deviations of by. For the parameter estimation and other issues of the Cox-Ingersoll-Ross
model, see references [5-9]. In this paper, we will consider the hypothesis testing problem of
this model.

Consider the following hypothesis testing problem

Hoib:bo, Hllb:bl,
dPs by

s | g,
above hypothesis testing statistics. By the Neyman-Pearson lemma, the decision region has

1 dP,
Fr

T dPs p,
where ¢ is the constant to be solved. Large deviation principle for the log-likelihood ratio

where by, by < 0. Here, the likelihood ratio statistic can be used as one of the

the following form:

is one of the effective methods to estimate ¢, which has been applied by Bishwal [10], Zhao
and Gao [11] to the hypothesis testing problem of the fractional Ornstein-Uhlenbeck model
and Jacobi model. Since the large deviations only consider the limiting behavior, they have
certain limitations in some practical statistical requirements.

The numerical approximations calculated by sharp large deviations outperform those
obtained with the central limit theorem or Edgeworth expansions, so the sharp large devia-
tions are very useful in practical situations. The sharp large deviations for the log-likelihood
ratio and maximum likelihood estimator of the stationary Ornstein-Uhlenbeck process were
studied by Bercu and Rouault [12]. In recent years, sharp large deviations for maximum like-
lihood estimators of the non-stationary Ornstein-Uhlenbeck process [13], fractional Ornstein-
Uhlenbeck process [14], and Cox-Ingersoll-Ross process [15] have attracted much attention.
In this paper, inspired by Bercu and Rouault [12], we investigate the sharp large deviations
for the log-likelihood ratio of the Cox-Ingersoll-Ross process in the stationary case.

Now we state our main results.

Theorem 1.1  Under the hypothesis Hy, there exists a sequence (d. ) such that, for
3(b1—bo)?

o, We have

any p > 0 and 7T large enough, if b; < by, for all ¢ <

exp(—I(c)T + H(a.)) N de 1
Psp,(Vr < 1) = — o JIT 1+ Z Tk T O(Tp+1) ’
cY cCc k:l
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No. 1
L’l bo) , we have

if by > by, for all ¢ >
exp(—I(c)T + H(a.)) dek
1+ Z L O Tp+1)

Psy,(Vp > T) =
67b0( o ) a0V 2T
where
a 52<b% - b(2)) bg 9 (4C + 6(61 _ bO))3
c = _ 7 o2 — 7
e 60—~ -5 T 208 )
§ 1 2(4c + 6(by — bo))(ac(by — by) + bo)
H(a,) =—=1 21 |
(a.) 5 108 <2 ( + -1
and
(3(63—63)—2bo (4a+6(b1=bo)) ) o
I(x) = 16(4x+3(b1—bo)) (b3 —b2) st <1
+00 , otherwise.

d., may be explicitly given as functions of the derivatives of A

The coefficients d. 1, d. 2,
and H (see Lemma 2.1) at point a.. For example, the first coefficient d..; is given by

d —i E £+£+A3H1 5A§ Hl A3 i
T2\ 2 2 "802 " 202 240! 4. 2a.0° a2

%) such that, for

with Ay, = A®)(a,), H, = H®(a,).
Theorem 1.2 Under the hypothesis Hy, there exists a sequence (d
5(b1—bo)> h
— =g, > we have

any p > 0 and T large enough, if b; < bg, for all ¢ <
exp(—1(c)T + H(a,)) " d, 1
Psy, (Vp > cT) = 1 —+0
5,00 (V= T') G0N 2T + kz_; Tk + (Tp+1)
if by > by, for all ¢ > —5([”87;70)2, we have
exp(—I(c)T + H(a.)) Y., 1
Ps, (Vp <) =— 1 : @)
57b1( T>C ) aco_c\/m + pt k + (Tp—H)
where s
L P®®) R, (erih—by)
© 4(4e+6(by —bg))2 b2 -’ ¢ 202(b2 —b3) 7
~ (5 1 2(4C+(5(b1 —bo))(ac(bl —bo) +b1)
H =——1 (1
@ =1 (5 56 - 1) |
and
_ (563 —b3)—2b1 (4w+5(b1—bo))) . 5
I(z) = 16(dz+3(b1—bo)) (b2—b%) C Boby S D
400 , otherwise.

, c?c » can be calculated explicitly.

Similarly, the coefficients (,1;71’ dea,
By Theorems 1.1 and 1.2, we get
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Corollary 1.1 For any closed subset F' C R,

dP5 b1
dPs p,

eF><_mfI()

1
lim sup — log Psy, ( log —— £
Tre

T—o0
and for any open subset G C R,

dPs,,
& P, | 5.

.o 1 1
hTHngolfTIOgPSbO< log

<G) = 1)

where I(z) is defined in Theorem 1.1.
Corollary 1.2 For any closed subset F' C R,
1 dPsp,

|
T %Py, |,

1
lim sup T log Ps s, <

T—o0

GF) < — inf I(z),

zeF
and for any open subset G C R,

dPsp,
dPsp, | &

1
hm 1nf log Psy, <T log

eG)>_mfI()

zeG
where I(z) is defined in Theorem 1.2.

2 Preparatory Lemmas

In this section, we propose several lemmas that play an important role in the proof of
Theorem 1.1.
In order to study the sharp large deviations for the log-likelihood ratio, we consider the

logarithmic moment generating function under P, i.e.,

P,
Ar(X) = log Es , exp {)\logj 0.b1 } , YAeR
(5b0
Let
Drr, ={A e R, Ar(N) < +o0}

be the domain of Ar.
Lemma 2.1  Set p(\) = —/b + A(b5 — b), h(\) = W.
(a) For all A € Dy, we have

Ar(N) = TA(A) + H(A) + R (M), (2.1)

where

H(\) = —g log <; (1+ h(A))) : (2.3)
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Rr(\) = —g log (1 + meﬂﬂT) : (2.4)

and
Dy = {/\ER:/\(bf—bg)er% >0, A(b1 — bo) + bo — \/mm}.
(b) The remainder Rr(\) satisfies
Rr(A) = O(exp(p(N)T)).

Proof By using Girsanov formula,

dPsp, ) dP(;,bo}

Ar(X) =log Es,, [exp ()\log

dPsy, ) dPs.,
_ _ 2 _ 12 2_ 2 rT
— log Es., [exp@(bl b021+bo P (xp — o) — 200 b°)8+ b — ¢ / Xtdt)]
0

If A(b2 — b2) + b2 > 0, we take ©(A\) = —/A(b? — b2) + b2, then

Ar(\) = _5T [(A(by — boé)l+ bo — ©(N)] +log Es,, [exp (A(lh —bo) I bo — ¢(A) XT)] ’

according to Pitman and Yor [16],

log E., [exp <>\(b1 —bo) I bo — o(\) XT):| _ 7% log <1 A - b(;)(;(r;;o —p(A) G 1)) .

So, for any A € Dy,

Ar()) = 0T [A(by — boi+ bo —p(N)] glog <1 Al - b(;)(p‘é‘/\l;o — (N (ew(A)T _ 1)) ’

DA:{AeR:A(bi—bg)+bg>o, A(by — bo) + by — A(b%—b3)+b§<0}.

Finally, set h(\) = W, we obtain that

oT [/\(bl - b0i+ bo — ( )] _ glog <1 _ %(h()\) _ 1)(e¢(A)T _ 1))
)

6T [A(by — bg) + by — 1) 1 1) 1—h(\ T
= — X + 2 —ilog <2(1+h()\))) filog <1+1+hE)\;eW(A) >

AT(/\) ==

=TAN) + H(A) + Rr(N).
And the remainder Rr(\) satisfies

Ry (\) = O(exp(¢(N)T)).
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Let Ay, = {2z € C, Re(z) € Da,}. Now, we prove the following lemma by a similar
method as in Appendix D in Bercu, Coutin, and Savy [13].
Lemma 2.2 For T large enough and for any (a,u) € R? such that a +iu € Ay,

pt(a)
B G O Ll A
Xep( o (1w ) )’

where ¢(a a(bf — b3) + b, I(a) = max (1 %) max (1 %)'

Proof Step 1: For all a € DA, u € R, we deduce from (2.2) that

lexp (Ar(a + iu) — Ar(a))|® < 4°1°(a) (1 n “(bl—bo)> ‘
(2.5)

Ala + iu) — Ala) = —g (iu(bl — by) — p(a+ iu) + go(a)),

which clearly implies that

exp (T(A(a +iu) — A(a)))‘ < exp ((SZ (Re(go(a +iu) — @(a)))) :

Since .

S (| )

Re(p(a+iu) — p(a)) < 8¢%(a) v*(a)

2 STu2(b? — b3)? [ wu2(b? — b2)*\ 1
S“p< o (1w ) )‘ 20

Step 2: For all a € Dy, u € R, we deduce from (2.3) that

we have

‘exp (T(A(a +iu) — A(a)))

4

‘exp (H(a +iu) — H(a)) |2 = ‘%
Since
(b + 2(a)) (b + 9(a))
L) = G ho)ela)
we have
1+ h(a) plativ)l [ le@+bl) () le(a)+bi
‘1+Ma+w>§ o(a)] (L o(@)] ) (L o(@)] )
a0 =02\ le(@ bl +m
§<1* (@) ) (L (@) > b >’
then

(2.7)

(25
w—%f)

’exp (H(a+ iu) — H(a)) ‘2 <1’(a) (1
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where

|o(a)] |p(a)]
Step 3: For all (a,u) € R? such that a + iu € Ay, we deduce from (2.4) that

I(a) = max (1, W)“") max <1, 'S”““") .

1+r(a)exp(p(@)T) |’

1+ 7(a+iu)exp(p(a+iu)T)

)

‘exp (RT(a +iu) — RT(a)) |2 = ‘

where 1 h(a)
r(a) = Th(a)'
Since
‘ 1+ r(a)exp(p(a)T) ’ -4
1+ r(a+iu)exp(e(a+iu)T)| —
we have
‘exp (Rr(a+ iu) — Rr(a)) |2 <49, (2.8)

Finally, together with (2.1), (2.6), (2.7) and (2.8), we can complete the proof of Lemma 2.2.

3 Sharp Large Deviations for the Log-Likelihood Ratio

In this section, we mainly prove the sharp large deviations for the log-likelihood ratio.

If by < by, for ¢ < 2ol e

6% (b3 — b)) b

Ae = 5
4(de+3(by —bo))®  bF — 0

consider the change of probability:

dQs,r
dPsp,

=exp{a.Vr — Ar(a.)},
and denote by Eg the expectation under ()5 . We obtain that

Ps (Ve < cT) = Eq (eXp(AT(aC) —ca.T + ca, T — aCVT)I{VTSCT})
= exp(Ar(a.) — ca.T)Eqg (exp(—acacUTﬁ)I{UT§0}> ,

where

Vr—cl 5 _ (4c+0(by — b))’

oNT =~ ¢ 20%(b§ — b)

Ur =

Let
Arp = eXp(AT(ac) - CCLCT),
Br =Eq (exp(—acacUT\/T)I{UTgo}> )

then we have
P&,bo(VT S CT) = ATBT' (31)
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Now we consider the asymptotic expansion of A7 and Br.
3.1 Asymptotic Expansion of Ar

5(171 bo)

Lemma 3.1 For all ¢ < , T tends to infinity,

Ap =exp ( —I(c)T + H(@c)) (1 + (f)(ew(/\)T)) '
Proof It follows from Lemma 2.1 that
Ar = exp(Ar(a.) — ca.T)

= exp(T'A(a.) + H(a.) + Rr(a.) — ca.T)
= exp ( —I(e)T + H(ac)) (1 + O(e*D(A)T)) .

Thus we can complete the proof of Lemma 3.1.
3.2 Asymptotic Expansion of Br

Let ®1(-) be the characteristic function of Ur under Qs 7. For all u € R, we have

®r(u) = Eq(exp(iulr))
= Esp, <exp (quZC_\/%T) exp (aCVT - AT(ac))>

= exp <—WCJ\C/T> Esy, <exp <<Uj\l;f + ac> Vi — AT(ac)>>

— exp <—’“Zﬁ> exp (AT (a\/T n ac> _ AT(ac)> .

§(bi—bo)?

Lemma 3.2 For all ¢ < S,
Br =Cr+ Dy,
where
1 21U -t
Cp——— - 1+ O (u)du,
r 27Tac0c\/T |u\§2T% < aco—cﬁ> T( )
1 iu -
Dp——— - 1+ — Or(u)du.
4 2ra.ocNT lu|>2T % < CLCUC\/T> r(v)

And for T large enough, there exist two positive constants d and D such that
D] < dexp {—DT%} .
Proof Applying Parseval formula, we obtain

BT = EQ (eXp(—CLCO'C\/TUT)I{UTgo})

2ma acf/< M>_1®T(u)du’
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let

-1

1 i

Cr=—-——"+= 1+ ——F Op(u)du,
g 27,0 NT Jyuj<ord < acacﬁ> r(u)

—1

1 X

Dp=——w—— 1+ — Dr(u)du,
’ 2na.0cVT Jyu>2rs < acach> r(v)

then By = Cr 4+ Dp. Next we prove that Dy goes exponentially fast to zero.
We deduce from the Cauchy-Schwarz inequality that

1 u2 ! 2
|Dr|? = / (1 + ) du/ | D (u)|” du. (3.3)
Am2a2o?T )|, ot azo?T lu|>2T6

First of all, by integration by substitution,

uwr \ 7'
1 du <
/u|>2T<15 ( " a%a?T) “=

_ wa
SeCOHdly, let Yr = m

1
acac\/T’/ dv <
g 1+02

acac\/ﬂ . (3.4)

, we deduce from Lemma 2.2 together with (3.2) that for
T large enough,

8 T _3
@7 (u)[* < 4°1°(a.) (14 u?+7) " exp <5(§§ac)u2fy% (14 u?+7) 4> :

Then

Foo s T _s
/ ) |7 (w)]* du < 2 x 4°1(a,) . (1 + uzfy%) *exp (590(%)”27% (1 + u2”y%) 4> du
\

u|>2T6 276 32

920+178 . +oo 5 ST . _3
< (ac) / (1 +1}2)4 exp ( o(a )v2 (1 —|—v2) i) v,
2

T T%'YT 32

if ¢ = 2T5~7, we have

226+1 o T 2
[ e e BT o ()G
lu|>2T'6 YT

On the one hand,
o (U200 o (Tl G )
64 (1+¢3)7) 108 (1+4¢3)s

0Tp(ac) AT (b2 — b3)*
<
—eXp< 108 ToZpi(a,)

1
S 016_02T3 ]

e
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where C and C; are positive constants.
On the other hand, let
_ 0Tylar)  (F
€r = PRER
64 (1+(F)3

we obtain that ep goes to —oo as T' tends to infinity, which implies that for T' large enough,

er — 1 < 0. Then, for T large enough,
+o0 5 +o0 )
max(1,v2) exp(ery/v)dv < exp ((er — 1)Vv) dv < ———,
¢r ¢r (1 - eT)Q
which tends to zero.
Thus, we obtain that

226+1 1 1
[ e s 2t e, (35)
\

u|>2T6 YT

Finally, we deduce from (3.3), (3.4) and (3.5) that there exist two positive constants d
and D such that
IDr| < dexp {—DT%} .
Now we prove the Taylor expansion of ®r(-). First of all, for any k£ € N, Rgc) (ac) =
(@] <Tk exp{ — | it T}) . Then, we obtain from (2.1) that

2(4c+3(b1—bg))
(b2 — b2)
(k) _ k _ 1~ 0%
AP (a) = TA, + Hy + O (T exp{ ‘2(4c+ O T, (3.6)

where Ay, = A®)(a,), H, = H®) (a,).
2
Lemma 3.3 For any p > 0, and for any ¢ < %, there exist integers ¢(p) and a
polynomial sequence (1) independent of p, such that, for T large enough,

) q(p) w max u 6(p+1)
bo(u) = =% <1+Z(77;(T))k+0< (Ll >)) @)

. . . 1 3
where the remainder O is uniform as soon as |u| < 27's. Moreover, the 7, are polynomials

in odd powers of u for k odd and in even powers of u for k even. For example,

iU3A3 ZU,Hl

3 Y
6o o

m(u) =

w?H?  uw?Hy  u'Ay  u'A3H;  uSA2
202 202 2404 604 7206°
Proof We deduce from (3.2) and (3.6) that there exists £ € R such that, for any

p >0,

. [2p+3] . k 2p+4
B iueT w TA, Hy max (1, [ul""")
log CI)T(U) = — o, + E < To > <l€' + TC' ) + O <Tp+1 .
k=1 v ¢

n2(u) =
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One can observe that A (a.) = ¢ and A® (a.) = 02, thus,

2 [2p+3] . [2p+1] . k 2p+4
u iu i Hy max(1, [u|™")
(3.8)
Finally, we obtain (3.7) by taking the exponential of both sides of (3.8), remarking that in

the range |u| < 275 and for any k > 3, the quantity remains bounded in (3.7).

Tu®
(VT)*

From Lemmas 3.2 and 3.3 together with standard calculus on the N(0,1) distribution,
we obtain the asymptotic expansion of Br.

6(b1 bo

Lemma 3.4 For all ¢ < , there exists a sequence (1)) such that, for any p > 0

and T large enough,

Br=— o <1+Z <Tpl+1>).

Proof of Theorem 1.1 and 1.2 We complete the proof of Theorem 1.1 by Lemmas
3.1 and 3.4 together with (3.1). The proof of Theorem 1.2 is similar to Theorem 1.1.

4 Conclusion

The Cox-Ingersoll-Ross process is widely used to model the evolution of short-term in-
terest rates in mathematical finance, which has many appealing advantages. In the stationary
case, in testing the Cox-Ingersoll-Ross model, we obtain the expansion formula of the prob-
ability of the first kind and the second kind. The limiting distribution for the log-likelihood
ratio in the non-stationary case is different from that in the stationary case, and we will
investigate the sharp large deviations for the log-likelihood ratio of the Cox-Ingersoll-Ross

process in the non-stationary case.
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