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1 ´¶µ
·®¸®¹»ºx¼«½+¾À¿®ÁÃÂ\Ä®Å®ÆÈÇÈÉËÊ

σ- Ì®Í+Î+Ï Ê�Ð£ÑËÒ;Ó










utt + (−∆)
σ

u + ut + (−∆)
σ

ut =

∫ t

0

(t − s)−γ |u|pds, t > 0, x ∈ R
n,

u(x, 0) = u0, ut(x, 0) = u1, x ∈ R
n,

(1.1)

ÔDÕ
σ ≥ 1 Ö+×®Ø , γ ∈ (0, 1), p > 1, (−∆)σf = F−1(|ξ|2σF(f)(ξ)), ξ ∈ R

n, |ξ| = (ξ2
1 + · · ·+

ξ2
n)

1
2 , F Ö+ÙÈÚ»Û\Ü®Ý .ÞÈß«à

, á£â ¾+¿ãÂeÄ«ÉËÊ σ- ÌÈÍ®Î®Ï ÊJÐ»ÑDÒ�Óåä�¿«æÃçÀ¹ãº . è®é£ê ÂeÄÈë«ì ,
¸

[1-4] á ¾À¿ÃÂ\ÄÈÉ ut

Ê«Ò;Ó+í«î+¹»º
, ï«ð+ñ®ò Ò;Ó+óDÊJô+õÈö+÷ ,

óDÊ ×+ø®ù®ú«ò¶û3ü®ýÞ ì+þ®ÿ����
.
¾À¿ÃÂ\ÄÈÉ

(−∆)δut(δ > 0)
ÊJ¹»º��+¸

[5-7], �Àï«ð��
	 Ò;Ó£½�� â ó¶ÊSôõÈö+÷ û3üÈ×+ø®ù®ú«ò ÿ���� .

á«â ¾À¿®ÁÃÂ\ÄËÊ σ- Ì®Í+Î+Ï , 
 σ = 1 � ,
¸

[8] è+é ¼«½xëÈì
{

utt − ∆u + ut − ∆ut = 0, t > 0, x ∈ R
n,

u(x, 0) = u0, ut(x, 0) = u1, x ∈ R
n.

(1.2)


������«â���� L1 ��� � , ���«ï»ð�� ÒJÓ (1.2)
ÊSó ú L2 ��� ½ãÊ ý Þ ìÈþ , 
 t → ∞

� ,
¿

u(t, x) ∼ (P0 + P1)Gt(x),
Ô¶Õ

Pj :=
∫

Rn uj(x)dx(j = 0, 1), Gt(x) := 1
(
√

4πt)n
e−

|x|2

4t Ö�����! Ø . �"��#�$ , %�& ¾�'�( ê Â\Ä®ëÈì � óDÊ ý Þ ì®þ")+*-, , .!� Â\ÄÈÉ ut

Ê0/!1
2 Ö�3�4 .
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á«â ¼«½+¾À¿®ÁÃÂ\Ä û3ü�e®ñÈò ÉËÊ^f ñ®ò"g"hÈÎ+Ï
{

utt − ∆u + ut − ∆ut = F (u, ut,∇u), t > 0, x ∈ R
n,

u(x, 0) = u0, ut(x, 0) = u1, x ∈ R
n,

(1.3)

ÔDÕ
F (u) = |∂i

t∂
j
xu|p(i, j = 0, 1).

¸
[9]
Õ

, �"�®ï«ð�
 ���^i Ø n ≥ 1 � ,
Ò;Ó

(1.3) ñ®ò ÒÓÈó Ê\ôÈõ£öÈ÷
, j"k�l�m�h�n"o�p"qsr�� ÒSÓ (1.3)

¾®¿�t�u�v�w e«ñ«ò É �"x"��� ÒSÓóDÊ ×+ø®ù®ú«ò ,
ó ×+ø®ù®ú��eï«ð�#+Ø p

Ê
y�z
{�| Ö :

1 +
2

n
< p < 1 +

2

n − 2
, 1 < p <

2

n
, p > 1 +

1

n + 1
.


 F (u) = |u|p � ,
¸

[10] q}r"��
 ���^i�~ n ≤ 4 ��x���� Ò;Ó+óDÊ ×+ø®ù®ú«ò û3ü���
, ï£ð����"#®Ø pcrit = 1 + 2

n
, ��% Fujita #®Ø (�� . .�� ,

¸
[11]
¹Ãº � Ò�Ó (1.3) ��� Ê��� ò Å #+Ø p ��� y�z
� � Ê
�"� . � n ≥ 1, m ∈ [1, 2), s1, s2 Ö �"� Ø , 

����� ¿£½��v"� ��� ò :

(i) (u0, u1) ∈ (Hs1 ∩ Lm) × (L2 ∩ Lm);

(ii) s1 ≥ s2 >
n

2
, (u0, u1) ∈ (Hs1 ∩ Lm) × (Hs2 ∩ Lm);

(iii) s2 ≤ s1 <
n

2
, (u0, u1) ∈ (Hs1 ∩ Lm) × (Hs2 ∩ Lm);

�"� {�| ï«ð )"�®ëÈì«½ x���� Ò�Ó+ó¶Ê ×®ø®ùÈú«ò .


 σ ≥ 1 � ,
¸

[12]
¹»º � ¼«½+¾À¿®ÁÃÂ\ÄËÊ^f ñ®ò σ- Ì®Í+Î+Ï

{

utt + (−∆)σu + ut + (−∆)σut = F (u), t > 0, x ∈ R
n,

u(x, 0) = u0, ut(x, 0) = u1, x ∈ R
n.

(1.4)

����� � ��
 F (u) = |u|p � ÊSë«ì , ï£ð Ò�Ó (1.4) á � ñÈò Ò�Ó®ó¶ÊSô®õ«ö®÷ , q+r��^x
��� Ò;Ó+óDÊ ×+ø®ù®ú«ò¶ûGü�� � , ï«ð�����#+Ø pcrit = 1 + 2σ

n
. .�� , 
 F (u) = |u|p � ,

Ò
Ó

(1.4)
óDÊJô+õÈö+÷ % Ô á � ñ®ò Ò�Ó+ó¶ÊJô®õÈö®÷�(�� , j���$0� ô+õ���� .

è+éÈÎ+Ï ¾ÀÆ®ÇÈÉ+ëÈì . á«â ¼«½ãÒ;Ó










utt − ∆u + ut =

∫ t

0

(t − s)−γ |u|pds, t > 0, x ∈ R
n,

u(x, 0) = u0, ut(x, 0) = u1, x ∈ R
n,

(1.5)

Ô¶Õ
γ ∈ (0, 1), p > 1.

¸
[13]
¹Ãº ��
 �!��i Ø n ≤ 5 � , x���� Ò�Ó®ó¶Ê ×®øÈù«ú»ò .

¸
[14] ï«ð ���^i Ø n ≤ 3 � óDÊ ×+ø®ù®ú«ò¶û3ü"�!� ����i Ø ½eó¶Ê � � , ï

pcrit = 1 +
2(2 − γ)

n − 2(1 − γ)
.

á«â ¼«½ãÒ;Ó










utt − ∆u + µ(−∆)σut =

∫ t

0

(t − s)−γ |u|pds, t > 0, x ∈ R
n,

u(x, 0) = u0, ut(x, 0) = u1, x ∈ R
n,

(1.6)
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ÔDÕ
µ > 0, γ ∈ (0, 1), p > 1, σ ∈ (0, 1). 
 ���^i Ø n ≥ 1 ¼����"½�¾ ∫

Rn(u1+µ(−∆)σu0)dx >

0 � ,
¸

[15] ï£ð Ò�Ó (1.6)
Ê � � �"¿ .

¸
[16] è®é �!��i Ø n ≥ 2, σ = 1

2

ë«ì
, ï£ð Ò�Ó

(1.6) x���� Ò;Ó£½»Ê ����#+Ø pcrit = max
{

1 + 3−γ
n−2+γ

, γ−1
}

.

ú ä0ÀDÊ�� âÈÎÈÏsÁ�� ¾È¿DÂÀÄ£É % Æ£Ç£É¶Êe¹ãºËÕ , Â ç èÈé»ê ÂxÄ«ë£ì , ÃÈá»â ÁÂeÄÈë«ì ï£ð Ê��"�",�Ä , ¼�Å ÆÈÇ«É Ã�Æ , Ç Ê $
��È�Éxá ó¶Ê�("Ê ò"Ë�Ì�Í /�1 . Î«ð��(�Ï Ì ,
·£¸ ú ¸ [12] Ð�� Ê^Ñ�Ò�t , è«é ÁDÂÀÄ£ë»ìÃ½ , 
 ÒSÓ (1.1)

¾ÈÆ£Ç»É �Àá�#«Ø pÊ^yÓz ûGü ô®õ«ö®÷¶Ê
/�1 , j+ï£ð ó¶Ê � � ûGü�Í�Ô�Õ ~ t � ÊSö®÷ .
¸!Ö"�"×È¼£½

: Ø�ÙÚ�Û $ )��ÓÜ p . Ý�Þ �"��ß ú�Ø v Ú Õ Û $ , Ø+à Ú�Û $ ó¶Ê ×®øÈùÈú£ò , � � ûGü�Í�Ô�Õ~ ö+÷DÊ q}r .

2 á+âäãäå
·®¸®¿È¼«½xÆ�æ

:

(1) f . g ç�è+ù®ú (�é�ê Ø c > 0 ë®ï f ≤ cg;

(2) Lp(0 < p < ∞) ç�è Lebesgue ��� ;

(3) Hs,p(Rn) ç�è�e�ì�í Sobolev ��� , î
Hs,p(Rn) :=

{

f ∈ Lp(Rn) : ‖f‖Hs,p(Rn) = ‖F−1[(1 + |ξ|2)
s
2 f̂ ]‖Lp(Rn) < ∞, s ≥ 0

}

;

(4) f ∈ AC[0, T ] ç�è f ú [0, T ] ï-ðÀá�ñ�ò .ó�ô"Û $ { Ø!õ�ö {®Å�{ Ø!õ"÷+Ø Ê�("Ê ò"Ë ,
�

[17, 18]. � f ∈ L1(0, T ), T > 0, α ∈

(0, 1),
�

α õ Riemann-Liouville
{ Ø�õ�ö { o�ø ¼«½

Jα
0|tf(t) :=

1

Γ(α)

∫ t

0

(t − s)α−1f(s)ds, t > 0,

Jα
t|T f(t) :=

1

Γ(α)

∫ T

t

(s − t)α−1f(s)ds, t < T,

ÔDÕ
Γ(s) Ö Gamma

 Ø .

� f ∈ AC[0, T ], T > 0, α ∈ (0, 1),
�

α õ Riemann-Liouville ù { Ø�õ�÷ÀØ�o�ø ¼«½

Dα
0|tf(t) := ∂tJ

1−α
0|t f(t) =

1

Γ(1 − α)
∂t

∫ t

0

(t − s)−αf(s)ds, t > 0.

Dα
t|T f(t) := −∂tJ

1−α
t|T f(t) = −

1

Γ(1 − α)
∂t

∫ T

t

(s − t)−αf(s)ds, t < T.

�®á£â t ∈ [0, T ], α ∈ (0, 1), f, g ∈ C[0, T ]
¿

Dα
0|tf(t), Dα

t|T g(t) ùÈú�¼�ñ�ò ,
�+ú {�û ö{�ü"ý È+ï

∫ T

0

(Dα
0|tf)(t)g(t)dt =

∫ T

0

f(t)(Dα
t|T g)(t)dt.

¼+á«â��!� Ê f ∈ ACn+1[0, T ], û3üÈ×®Ø n ≥ 0,
¿

(−1)n∂n
t Dα

t|T f = Dn+α
t|T f,

ÔDÕ
ACn+1[0, T ] :=

{f : [0, T ] → R, ∂n
t f ∈ AC[0, T ]}, ∂n

t þ � â t
Ê

n õ"÷+Ø . .�� , á£â"ÿ ¿DÊ 1 ≤ q ≤ ∞,
¿

Dα
0|tJ

α
0|t = IdLq(0,T ) ú [0, T ]

t������������
.½�u Û $Sñ®ò Ò;Ó+óDÊJô+õÈö®÷ .
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�
	
2.1

[12]
Ò;Ó

(1.1) á � ñ®ò Ò;ÓËÊ�ó ½�¾ ¼«½ (L1 ∩ L2 − L2)
ö+÷

:

‖∂j
t (−∆)

a
2 u(t, ·)‖L2 . (1 + t)−

n
4σ

− a
2σ

−j(‖u0‖L1∩Ha + ‖u1‖L1∩H[a+2(j−1)σ]+ ), (2.1)

ÔDÕ
a ≥ 0, n ≥ 1, [·]+ = max {0, ·} , j = 0, 1.½�u Û $ (�Ê�� Þ�l«ð Ê"Ü p .�
	

2.2
[19] � 1 < q < ∞, σ > 0.

� á£â���� Ê y ∈ Hσ(Rn),
¿«¼£½�{ Ø!õ G-N m ÿý

‖y‖Lq(Rn) . ‖(−∆)
σ
2 y‖

θq

L2(Rn)‖y‖
1−θq

L2(Rn), (2.2)ÔDÕ
θq = n

σ
( 1
2
− 1

q
) ∈ [0, 1].�
	

2.3
[14] � α ∈ R, β > 1, γ ∈ (0, 1),

�

∫ t

0

(1 + t − s)−α

∫ s

0

(s − τ)−γ(1 + τ)−βdτds .















(1 + t)−γ, α > 1,

(1 + t)−γ log(2 + t), α = 1,

(1 + t)1−α−γ , α < 1.

�
	
2.4

[17] � T > 0,
 Ø ω : [0, T ] → R o�ø ¼«½

ω(t) =







(1 −
t

T
), t ∈ [0, T ],

0, t > T.

� 0 < α < 1, β � 1, m ≥ 0,
� á�ÿ ¿ËÊ t ∈ [0, T ],

¿

Dm+a
t|T ωβ(t) =

Γ(β + 1)

Γ(β + 1 − m − α)
T−(m+α)ωβ−α−m(t). (2.3)

½�u Û $�� óDÊ o�ø .���
2.1

� p > 1, T > 0. � (u0, u1) ∈ L2 × L2, u ∈ Lp([0, T ], L2p) ∩ L1([0, T ], L2) ¼
á«â��!� Ê
���  Ø φ(t, x) ∈ C2([0, T ], L2)∩C1([0, T ], H2σ ∩L2)∩C([0, T ], H2σ), φ(T, ·) =

0, φt(T, ·) = 0,
¿È¼«½xÿ�ý����

Γ(α)

∫ T

0

∫

Rn

Jα
0|t(|u|

p)φ(t, x)dxdt +

∫

Rn

u0(x)(φ(0, x) + (−∆)σφ(0, x) − φt(0, x))dx

+

∫

Rn

u1(x)φ(0, x)dx =

∫ T

0

∫

Rn

u(φtt(t, x) − (−∆)σφt(t, x) + (−∆)σφ(t, x) − φt(t, x))dxdt,

(2.4)���
u þ (1.1)

Ê��"û � ó . � T = ∞,
���

u þ Ò;Ó (1.1)
Ê ×+ø�� ó .

3 �������
½�u Û $ ·®¸ËÊ Ý�Þ ��� .� 	

3.1 
 σ ≥ n
2
� , � γ ∈ (1 − n

4σ
, 1),

p > 1 +
2σ(2 − γ)

n − 2σ(1 − γ)
, (3.1)
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� ù®ú ê Ø ε > 0 ë®ï+á"�!� Ê x���� (u0, u1) ∈ A := (L1∩Hσ)×(L1∩L2), ‖(u0, u1)‖A ≤ ε,Ò;Ó
(1.1) �Àù®ú (�é� �(ÃÊ ×+ø ó u ∈ C([0,∞),Hσ) ∩ C1([0,∞), L2) ¼"½�¾ ¼«½xö+÷

‖u‖L2 . (1 + t)−
n
4σ

−γ+1‖(u0, u1)‖A, (3.2)

‖|D|σu‖L2 .







(1 + t)−
n
4σ

−γ+ 1
2 ‖(u0, u1)‖A, σ >

n

2
,

(1 + t)−γ log(2 + t)‖(u0, u1)‖A, σ =
n

2
,

(3.3)

‖∂tu‖L2 . (1 + t)−γ‖(u0, u1)‖A. (3.4)
� 	

3.2 !�"���� u0 = 0, u1 ∈ L1 ∩ L2 ¼"½�¾
∫

Rn

u1(x)dx > 0. (3.5)

� σ ≥ n
2
, γ ∈ (1 − n

4σ
, 1),

1 < p ≤ 1 +
2σ(2 − γ)

n − 2σ(1 − γ)
, (3.6)

� Ò�Ó
(1.1) m+ùÈú«×®ø ó . ¼®á£â����"x Ê�ê Ø ε > 0, 
^��� u0 = 0, u1 Ü«Ö εu1 � , È®ï

ð�Í�Ô�Õ ~ ÊJö+÷
Tε ≤ Cε−

1
k ,ÔDÕ

C > 0,

k =
(2 − γ)p

p − 1
−

2σ + n

2σ
> 0.

#
3.1 $ � t , F (t, u) := Γ(1−γ)J1−γ

0|t (|u|p), limγ→1 Γ(1−γ)F (t, u) = |u|p, î�
 γ → 1

� , È û\ïËð!eÃñÃò ÆÃÇËÉ %�%�í�eãñÃò É�� � Ê"��� . &('Óo!p 3.1
Å o!p 3.2, È»ï+


σ ≥ n
2
, γ ∈ (1 − n

4σ
, 1) �

pcrit = 1 +
2σ(2 − γ)

n − 2σ(1 − γ)
,

� γ → 1
¿

pcrit → 1 + 2σ
n

, ��% ¸ [12]
Õ e®ñ®ò É Ö)%�í É �eï«ð Ê ����#®Ø (�� .� 	

3.3 
 σ ∈ [n
4
, n

2
) � , � σ ∈ (n

4
, n

2
),

γ ∈

(

max

{

1 −
n

4σ
,
n

σ
−

2σ

n
−

n2

σ2 − 2n
σ

4
+

n3

σ3 − 8n2

σ2 + 12n
σ

8n
σ
− 16

}

,
3

2
−

n

4σ

)

,

1 + n
σ
− n2

4σ2

3n
4σ

+ γ − 1 − n2

8σ2

< p <
n

n − 2σ
; (3.7)

� σ = n
4
, γ = 1

2
, p = 2,

� ùÃú ê Ø ε > 0 ëÃï»á��}� Ê x���� (u0, u1) ∈ A := (L1 ∩

Hσ) × (L1 ∩ L2), ‖(u0, u1)‖A ≤ ε,
Ò�Ó

(1.1) �+ùÈú (�é( "(ãÊ ×®ø ó u ∈ C([0,∞),Hσ) ∩

C1([0,∞), L2) ¼"½�¾ ¼«½xö+÷

‖u‖L2 .







(1 + t)−
n
4σ

−γ+1‖(u0, u1)‖A, σ ∈ (
n

4
,
n

2
),

(1 + t)−γ log(2 + t)‖(u0, u1)‖A, σ =
n

4
,

(3.8)
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‖|D|σu‖L2 . (1 + t)−γ‖(u0, u1)‖A, (3.9)

‖∂tu‖L2 . (1 + t)−γ‖(u0, u1)‖A. (3.10)

4 *�+-,/.-0
· Ú ú�q+r^o"p ��1 ,

ó�ô"Û $ ó¶Ê ç�2 ý ûGüÈú�q+r ó¶Ê ×®ø«ùÈú»ò�3ÈÏ Õ ÿ � Þ Êó ��� Ê o�ø .

k"l Duhamel 4�p , È+ï Ò;Ó (1.1)
Ê�ó

,
ì�ý+¼«½

u(t, x) = uln(t, x) + unl(t, x), (4.1)

ÔDÕ
uln(t, x) = K0 ∗x u0(x) + K1 ∗x u1(x),

unl(t, x) =

∫ t

0

K1(t − τ, x) ∗x

(

∫ τ

0

(τ − s)−γ|u(s, x)|p
)

dsdτ,

Ki(i = 0, 1)
Ê o"ø�% [12]

Õ^(��
. Ö�� q+r^o"p 3.1

Å o"p 3.3,
Ü
5Èó �!� X(t). á���� Ê

t > 0, û3ü η > 0, ��� X(t) o�ø ¼«½

X(t) :=
{

u | u ∈ C([0, t], Hσ) ∩ C1([0, t], L2), ‖u‖X(t) < η
}

. (4.2)

o�ø�6)7 N : u ∈ X(t) → Nu,
ÔDÕ

Nu(t, x) = uln(t, x) + unl(t, x). (4.3)

Ò�Ó
(1.1)

Ê ×®ø ó îeÖ�6�7 N
Ê m"h�n . 8^. , Ö��Jï£ð X(t)

Õ�ó¶Ê�9�� ùÈú£ò Å( ( ò , á«â��!� Ê u, v ∈ X(t)
� Þ�q}r«û ½�:®É+ö+÷

‖Nu‖X(t) . ‖(u0, u1)‖A + ‖u‖p
X(t), (4.4)

‖Nu − Nv‖X(t) . ‖u − v‖X(t)(‖u‖
p−1
X(t) + ‖v‖p−1

X(t)). (4.5)

; � l Banach m�h!n�o�p , È+ï�x���� Ò;Ó+óDÊ
9�� ùÈú«ò ��¿ .<>= � 	
3.1 
 σ = n

2
� , o�ø ��� y ØÈÖ

‖u‖X(t) = sup
0≤τ≤t

((1 + τ)−
1
2 +γ‖u(τ, ·)‖L2 + (1 + τ)γ log−1(2 + τ)‖|D|σu(τ, ·)‖L2

+ (1 + τ)γ‖∂tu(τ, ·)‖L2).


 σ > n
2
� , o�ø ��� y ØÈÖ

‖u‖X(t) = sup
0≤τ≤t

((1+τ)
n
4σ

+γ−1‖u(τ, ·)‖L2+(1+τ)
n
4σ

+γ− 1
2 ‖|D|σu(τ, ·)‖L2+(1+τ)γ‖∂tu(τ, ·)‖L2).

½�u &
q}r σ > n
2
� ëÈì , σ = n

2
�^q}r
% ��w)? .
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ú ñ®ò ö+÷ ,
¿

‖uln‖X(t) = sup
0≤τ≤t

((1 + τ)
n
4σ

+γ−1‖uln(τ, ·)‖L2 + (1 + τ)
n
4σ

+γ− 1
2 ‖|D|σuln(τ, ·)‖L2

+ (1 + τ)γ‖∂tu
ln(τ, ·)‖L2)

.‖(u0, u1)‖A.

(4.6)

ÖÓ�-q}r ý (4.4), @ ½ à q}r
‖unl(t, x)‖X(t) . ‖u‖p

X(t). (4.7)

ú Ü p 2.1 È+ï ¼«½xö+÷

‖unl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

∫ τ

0

(τ − s)−γ‖up(τ, ·)‖L1∩L2dsdτ, (4.8)

‖|D|σunl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

− 1
2

∫ τ

0

(τ − s)−γ‖up(τ, ·)‖L1∩L2dsdτ, (4.9)

‖∂tu
nl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

−1

∫ τ

0

(τ − s)−γ‖up(τ, ·)‖L1∩L2dsdτ. (4.10)

ú Ü p 2.2
Õ

G-N m ÿ�ý È¶û ö+÷«¼«½�y Ø
‖u‖p

Lsp . ‖u‖
(1−θ)p

L2 ‖(−∆)
σ
2 u‖θp

L2

. (1 + τ)(−
n
4σ

−γ+ 1
2 )θp‖u‖θp

X(t)(1 + τ)(−
n
4σ

−γ+1)(p−θp)‖u‖
(p−θp)
X(t)

. (1 + τ)−
n
2σ

(p− 1
s
)−(γ−1)p‖u‖p

X(t),ÔDÕ
s = 1, 2. θ ∈ [0, 1] ¼

θ =
n

σ
(
1

2
−

1

sp
).

A Ã®ï
‖up‖L1∩L2 .‖u‖p

Lp + ‖u‖p
L2p

.(1 + τ)−
n
2σ

(p−1)−(γ−1)p‖u‖p
X(t) + (1 + τ)−

n
2σ

(p− 1
2 )−(γ−1)p‖u‖p

X(t).
(4.11)

� βγ(n, σ, p) := n
2σ

(p− 1) + (γ − 1)p, β
′

γ(n, σ, p) := n
2σ

(p− 1
2
) + (γ − 1)p,

ß�ý
(4.11) B 5�ý

(4.8) (4.9)
Å

(4.10)
¿

‖unl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

∫ τ

0

(τ − s)−γ(1 + s)−βγ(n,σ,p)dsdτ‖u‖p
X(t)

+

∫ t

0

(1 + t − τ)−
n
4σ

∫ τ

0

(τ − s)−γ(1 + s)−β
′

γ(n,σ,p)dsdτ‖u‖p
X(t).

(4.12)

‖|D|σunl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

− 1
2

∫ τ

0

(τ − s)−γ(1 + s)−βγ(n,σ,p)dsdτ‖u‖p
X(t)

+

∫ t

0

(1 + t − τ)−
n
4σ

− 1
2

∫ τ

0

(τ − s)−γ(1 + s)−β
′

γ(n,σ,p)dsdτ‖u‖p
X(t).

(4.13)
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‖∂tu
nl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

−1

∫ τ

0

(τ − s)−γ(1 + s)−βγ(n,σ,p)dsdτ‖u‖p
X(t)

+

∫ t

0

(1 + t − τ)−
n
4σ

−1

∫ τ

0

(τ − s)−γ(1 + s)−β
′

γ(n,σ,p)dsdτ‖u‖p
X(t).

(4.14)

8
. , 
 βγ(n, σ, p) > 1, β
′

γ(n, σ, p) > 1, γ ∈ (1− n
4σ

, 1) � , È+ï p > 1 + 2σ(2−γ)
n−2σ(1−γ)

, .!�DC"lÜ p 2.3 È+ï
‖unl‖L2 . (1 + t)1−γ− n

4σ ‖u‖p
X(t),

‖|D|σunl‖L2 . (1 + t)
1
2−γ− n

4σ ‖u‖p
X(t),

‖∂tu
nl‖L2 . (1 + t)−γ‖u‖p

X(t).A Ã
(1 + t)−1+γ+ n

4σ ‖unl‖L2 . ‖u‖p
X(t),

(1 + t)−
1
2+γ+ n

4σ ‖|D|σunl‖L2 . ‖u‖p
X(t),

(1 + t)γ‖unl‖L2 . ‖u‖p
X(t).

îSï«ð
‖unl‖X(t) . ‖u‖p

X(t). (4.15)� ' ý (4.6) (4.15) ï
‖Nu‖X(t) . ‖(u0, u1)‖A + ‖u‖p

X(t). (4.16)½�u q}r ý (4.5). á«â��!� Ê u, v ∈ X(t),
¿

Nu − Nv = unl − vnl.

ú Ü p 2.1
¿

‖unl − vnl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

∫ τ

0

(τ − s)−γ‖|u(τ, ·)|p − |v(τ, ·)|p‖L1∩L2dsdτ, (4.17)

‖|D|σunl − |D|σvnl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

− 1
2

∫ τ

0

(τ − s)−γ‖|u(τ, ·)|p − |v(τ, ·)|p‖L1∩L2dsdτ,

(4.18)

‖∂tu
nl − ∂tv

nl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

−1

∫ τ

0

(τ − s)−γ‖|u(τ, ·)|p − |v(τ, ·)|p‖L1∩L2dsdτ.

(4.19)ú
Hölder m ÿ�ý , 
 r ≥ 1 � ¿

‖|u(τ, ·)|p − |v(τ, ·)|p‖Lr ≤ ‖|u(τ, ·)| − |v(τ, ·)|‖Lrp(‖u(τ, ·)‖p−1
Lrp + ‖v(τ, ·)‖p−1

Lrp ).

ú Ü p 2.2
Õ

G-N m ÿ�ý ï
‖|u(τ, ·)|p − |v(τ, ·)|p‖L1∩L2 . ‖u − v‖Lp(‖u‖p−1

Lp + ‖v‖p−1
Lp ) + ‖u − v‖L2p(‖u‖p−1

L2p + ‖v‖p−1
L2p )

. (1 + τ)−
n
2σ

(p−1)−(γ−1)p‖u − v‖X(t)(‖u‖
p−1
X(t) + ‖v‖p−1

X(t))

+ (1 + τ)−
n
2σ

(p− 1
2 )−(γ−1)p‖u − v‖X(t)(‖u‖

p−1
X(t) + ‖v‖p−1

X(t)).

(4.20)



No.6 ����� : � �¢¡G£�¤�¥�¦¨§ª©¨«­¬ σ- ® ¯�°�±�²³§ª´�µ�¶ ·¢¸ ¹�º�» 555

ß
(4.20)

¾E5
(4.17), (4.18) û3ü (4.19)

Õ
, � βγ(n, σ, p) > 1, β

′

γ(n, σ, p) > 1, γ ∈ (1− n
4σ

, 1),

k"l Ü p 2.3 È+ï
‖Nu − Nv‖X(t) . ‖u − v‖X(t)(‖u‖

p−1
X(t) + ‖v‖p−1

X(t)). (4.21)

& t , î
q«ï (4.4) % (4.5),
; C�l�m"h�n�o"p � È®ï£ðÀú σ > n

2

ë«ì£½ËÒ�Ó
(1.1) ×®ø ó¶Ê

ù®ú  �( ò , ¼ ¿È¼«½xô+õÈö+÷
‖u‖L2 . (1 + t)−

n
4σ

−γ+1‖(u0, u1)‖A,

‖|D|σu‖L2 . (1 + t)−
n
4σ

−γ+ 1
2 ‖(u0, u1)‖A,

‖∂tu‖L2 . (1 + t)−γ‖(u0, u1)‖A.

% t�� q}r w)? , ��È+ï σ = n
2
�e×+ø óDÊ ù®ú  �( ò Å®ô+õÈö®÷

‖u‖L2 . (1 + t)
1
2−γ‖(u0, u1)‖A,

‖|D|σu‖L2 . (1 + t)−γ log(2 + t)‖(u0, u1)‖A,

‖∂tu‖L2 . (1 + t)−γ‖(u0, u1)‖A.½�u q}r σ ≥ n
2
� óDÊ � � .<>= � 	

3.2
ó"ô !�" u þ Ò;Ó (1.1)

Ê ×+ø ó . � Ψ ∈ C∞
c (Rn) Ö)F+á �  Ø , ½�¾ :

(1) suppΨ = B1,

(2) 0 ≤ Ψ ≤ 1, ¼+á«â��!� Ê x ∈ B 1
2
, Ψ(x) = 1,

(3) � |x1| ≤ |x2|,
�

Ψ(x1) ≥ Ψ(x2),
ÔDÕ

BR = {x ∈ R
n : |x| ≤ R}.

ω(t) o�ø ¼«½

ω(t) =







1 −
t

T
, t ∈ [0, T ],

0, t > T,ÔDÕ
suppω = [0, T ], á«â��!� Ê β > k ≥ 0, ωβ(t) ∈ Ck

c ([0,∞)).

á}�ä� Ê R ≥ 1, � ΨR(x) := Ψ( x
R

), ΦR(t, x) = ωβ(t)ΨR(x),
Ü�5  Ø φ(t, x) :=

Dα
t|T ΦR(t, x) = Dα

t|T ωβ(t)ΨR(x),
�

suppφ ⊂ [0, T ] × BR.
� α := 1 − γ, β > (α + 2)p′,

ÔDÕ
p′ þ p

Ê
G)H #+Ø .
ú Ü p 2.4 ï

Dα
t|T ΦR(t, x) = ΨR(x)Dα

t|T ωβ(t) = CΨR(x)T−αωβ−α(t),

∂tD
α
t|T ΦR(t, x) = −ΨR(x)Dα+1

t|T ωβ(t) = −CΨR(x)T−α−1ωβ−α−1(t),

∂2
t Dα

t|T ΦR(t, x) = ΨR(x)Dα+2
t|T ωβ(t) = CΨR(x)T−α−2ωβ−α−2(t),

ÔDÕ
C Ö ê Ø .

ú â σ þ ×®Ø ,
¿

(−∆)σΨR(x) = R−2σ(−∆)σΨ( x
R

).ú � óDÊ o�ø (2.4)
¿

Γ(α)

∫ T

0

∫

BR

Jα
0|t(|u|

p)φ(t, x)dxdt +

∫

BR

u1(x)φ(0, x)dx

=

∫ T

0

∫

BR

u(φtt(t, x) − (−∆)σφt(t, x) + (−∆)σφ(t, x) − φt(t, x))dxdt.



556 a b c d Vol. 43

� IR := Γ(α)
∫ T

0

∫

BR
Jα

0|t(|u|
p)φ(t, x)dxdt = Γ(α)

∫ T

0

∫

BR
|u|pΦRdxdt.

½�u+í«î+ö+÷
.

∫ T

0

∫

BR

uφttdxdt =

∫ T

0

∫

BR

uΦ
1
p

RΦ
− 1

p

R φttdxdt

≤ ε

∫ T

0

∫

BR

upΦRdxdt + Cε

∫ T

0

∫

BR

Φ
− 1

p−1

R φ
p′

ttdxdt

≤ εIR + CεT
−(α+2)p′

∫ T

0

∫

BR

ω− β
p−1 (t)Ψ

− 1
p−1

R Ψp′

Rω(β−α−2)p′

(t)dxdt

≤ εIR + CT−(α+2)p′+1Rn.

(4.22)
∫ T

0

∫

BR

u(−∆)σφdxdt =

∫ T

0

∫

BR

uΦ
1
p

RΦ
− 1

p

R (−∆)σφdxdt

≤ εIR + CεT
−αp′

∫ T

0

∫

BR

R−2σp′

wβ−αp′

(t)(Ψ(
x

R
))−

1
p−1

× ((−∆)σΨ(
x

R
))p′

dxdt

≤ εIR + CT−αp′+1Rn−2σp′

.

(4.23)

−

∫ T

0

∫

BR

u(−∆)σφtdxdt =

∫ T

0

∫

BR

u(−∆)σDα+1
t|T ΦRdxdt

=

∫ T

0

∫

BR

uΦ
1
p

RΦ
− 1

p

R ((−∆)σDα+1
t|T ΦR)dxdt

≤ εIR + CεT
−(α+1)p′

R−2σp′

∫ T

0

∫

BR

wβ−(α+1)p′

(t)(Ψ(
x

R
))−

p′

p

× ((−∆)σΨ(
x

R
))p′

dxdt

≤ εIR + CT 1−(α+1)p′

Rn−2σp′

.

(4.24)

−

∫ T

0

∫

BR

uφtdxdt =

∫ T

0

∫

BR

uDα+1
t|T ΦRdxdt

≤ εIR + CεT
−(α+1)p′

∫ T

0

∫

BR

w(β−α−1)p′

(t)(Ψ(
x

R
))p′

Φ
− 1

p−1

R dxdt

≤ εIR + CT 1−(α+1)p′

Rn.

(4.25)

&)' (4.22), (4.23), (4.24), (4.25)
¿

IR +

∫

BR

u1(x)φ(0, x)dx . 4εIR + T 1−αp′

Rn(T−2p′

+ R−2σp′

+ T−p′

R−2σp
′

+ T−p′

), (4.26)

� ε ∈ (0, 1
4
),
ú

(3.5) û3ü 0 ≤ Ψ ≤ 1, ï
IR . T 1−αp′

Rn(T−2p′

+ R−2σp′

+ T−p′

R−2σp′

+ T−p′

),

I
R = T

1
2σ , ï

IR . T 1−(α+1)p′+ n
2σ ,
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$ � t , 
 n > 2σα, î γ > 1− n
2σ
� , 1− (α + 1)p′ + n

2σ
< 0 
^¼)J�
 p < 1 + 2σ(2−γ)

n−2σ(1−γ)
.
ú

Beppo Levi ê)K�LEM�o�p ,
ú â T → ∞, Φ

T
1
2σ

→ 1, È+ï
lim

T→∞
I
T

1
2σ

= 0,

8
.�È+ï u ≡ 0, ��% (3.5) N�O .

è+é p̄ := 1 + 2σ(2−γ)
n−2σ(1−γ)

��� ëÈì , � R = T
1
2σ K− 1

2σ , K > 1.
�}ú

(4.26)
¿

(1 − 4ε)

∫ T

0

∫

B
T

1
2σ K

− 1
2σ

|u|pΦRdxdt ≤ C̄K− n
2σ (T−p̄′

+ K p̄′

+ T−p̄′

K p̄′

+ 1).

8
. , � T → ∞, á«â '�Ê C(K) > 0
¿

∫ ∞

0

∫

Rn

|u|pdxdt = lim
T→∞

∫ T

0

∫

B
T

1
2σ K

− 1
2σ

|u|pΦ
T

1
2σ K− 1

2σ
dxdt ≤ C(K). (4.27)

ú â®á»â"��� Ê � ×«Ø θ, 
 |x| ≤ R
2
� , (−∆)θΨR(x) = 0. %�e��"� ë£ì qsr w�? , 


R = T
1
2σ K− 1

2σ � ,
¿
∫ T

0

∫

Rn

uφttdxdt ≤ ε

∫ T

0

∫

Rn

up̄ΦRdxdt + CεK
− n

2σ T−p̄′

, (4.28)

∫ T

0

∫

Rn

uφtdxdt ≤ ε

∫ T

0

∫

Rn

up̄ΦRdxdt + CεK
− n

2σ , (4.29)

û3ü
∫ T

0

∫

Rn

u(−∆)σφdxdt =

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

u(−∆)σφdxdt

≤ (

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

((−∆)σφ)p̄′

Φ
− 1

p̄−1

R dxdt)
1
p̄′

× (

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

up̄ΦRdxdt)
1
p̄ ,

ÔDÕ
∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

((−∆)σφ)p̄′

Φ
− 1

p̄−1

R dxdt . K− n
2σ

+p̄′

. (4.30)

Á0p ¿
∫ T

0

∫

Rn

u(−∆)σφtdxdt =

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

u(−∆)σφtdxdt

≤ (

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

((−∆)σφt)
p̄′

Φ
− 1

p̄−1

R dxdt)
1
p̄′

× (

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

up̄ΦRdxdt)
1
p̄ ,
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ÔDÕ
∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

((−∆)σφt)
p̄′

Φ
− 1

p̄−1

R dxdt . K− n
2σ

+p̄′

T−p̄′

. (4.31)

ú
(4.28), (4.20), (4.30), (4.31)

¿

(1 − 2ε)

∫ T

0

∫

Rn

up̄ΦRdxdt ≤ CK− n
2σ (T−p̄′

+ 1) + K
− n

2σp̄′ +1(1 + T−1)

× (

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

up̄ΦRdxdt)
1
p̄ .

(4.32)

ú
(4.27)

¿
u ∈ Lp,

A Ã+á«â��!�(P^o Ê K > 0,
¿

lim
T→∞

∫ T

0

∫

|x|>(T
1
2σ K− 1

2σ )/2

up̄ΦRdxdt = 0,

A Ã�
 T → ∞,
ú

(4.32) È+ï
∫ ∞

0

∫

Rn

up̄dxdt ≤ CK− n
2σ . (4.33)


 K → ∞ � ¿ u ≡ 0, ��% (3.5) N�O . & t , � � ��� ï�q .


 u1 ∈ L1∩L2, ��� Û o+Ö (0, εu1) � , Q�R t�� � � q}r
S)T , á«â (α+1)p′ > 1+ n
2σ

,
� k = (α + 1)p′ − 1 − n

2σ
,
ú â
IR + Cε . Cτ−(α+1)p′+1+ n

2σ = Cτ−k,

� ¿
ε ≤ Cτ−k, τ ≤ Cε−

1
k ,

A Ã®ï«ð�Í�Ô�Õ ~ ö+÷
Tε ≤ Cε−

1
k ,ÔDÕ

C > 0,

k =
(2 − γ)p

p − 1
−

2σ + n

2σ
> 0.

<>= � 	
3.3 
 σ = n

4
� , o�ø ��� y ØÈÖ

‖u‖X(t) = sup
0≤τ≤t

((1+τ)γ log−1(2+τ)‖u(τ, ·)‖L2+(1+τ)γ‖|D|σu(τ, ·)‖L2+(1+τ)γ‖∂tu(τ, ·)‖L2).


 σ ∈ (n
4
, n

2
) � , o�ø ��� y ØÈÖ

‖u‖X(t) = sup
0≤τ≤t

((1 + τ)
n
4σ

+γ−1‖u(τ, ·)‖L2 + (1 + τ)γ‖|D|σu(τ, ·)‖L2 + (1 + τ)γ‖∂tu(τ, ·)‖L2).

ú ñÈò Ò�Ó®ó¶ÊSô®õ«öÈ÷ , 3)U uln �Èâ X(t).
ý

(4.7)
Ê q+rJÎ�V�S�T�%�o"p 3.1

Õ®Ê
q}r w)? , & þ ú�ë"l Ü p 2.2 � ¿ mÓÁ . 
 σ ∈ (n

4
, n

2
) � , .!� G-N m ÿ�ý ÜÈÖ

‖u‖p
Lsp . (1 + τ)−

n
2σ

(p− 1
s
)−(γ−1)p+( n

4σ
− 1

2 ) n
σ

( p
2− 1

s
)‖u‖p

X(t),
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ÔDÕ
s = 1, 2. θ ∈ [0, 1] ¼

θ =
n

σ
(
1

2
−

1

sp
).

A Ã®ï
‖up‖L1∩L2 . ‖u‖p

Lp + ‖u‖p
L2p

. (1 + τ)−
n
2σ

(p−1)−(γ−1)p+( n
4σ

− 1
2 ) n

σ
( p
2−1)‖u‖p

X(t)

+ (1 + τ)−
n
2σ

(p− 1
2 )−(γ−1)p+( n

4σ
− 1

2 )n
σ

( p
2− 1

2 )‖u‖p
X(t).

(4.34)

.!� � βγ(n, σ, p) := n
2σ

(p− 1) + (γ − 1)p− ( n
4σ

− 1
2
)n

σ
(p

2
− 1), β

′

γ(n, σ, p) := n
2σ

(p− 1
2
) + (γ −

1)p − ( n
4σ

− 1
2
)n

σ
(p

2
− 1

2
),
)"��W

,
ú Ü p 2.1 È+ï ¼«½xö+÷

‖unl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

∫ τ

0

(τ − s)−γ‖up(τ, ·)‖L1∩L2dsdτ, (4.35)

‖|D|σunl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

− 1
2

∫ τ

0

(τ − s)−γ‖up(τ, ·)‖L1∩L2dsdτ, (4.36)

‖∂tu
nl‖L2 .

∫ t

0

(1 + t − τ)−
n
4σ

−1

∫ τ

0

(τ − s)−γ‖up(τ, ·)‖L1∩L2dsdτ. (4.37)

� βγ(n, σ, p) > 1, β
′

γ(n, σ, p) > 1, îSï

p >
1 + n

σ
− n2

4σ2

3n
4σ

+ γ − 1 − n2

8σ2

, (4.38)

ú t��
θ
I � y�z , 
 σ ∈ (n

4
, n

2
) � ¿

2 ≤ p ≤
n

n − 2σ
. (4.39)

Þ)X (4.38) Á���½�¾ (4.39), È+ï γ
y�z Ö

γ ∈

(

max

{

1 −
n

4σ
,
n

σ
−

2σ

n
−

n2

σ2 − 2n
σ

4
+

n3

σ3 − 8n2

σ2 + 12n
σ

8n
σ
− 16

}

,
3

2
−

n

4σ

)

.

.!� ß (4.34)
¾E5

(4.35), (4.36)
Å

(4.37),
; k"l Ü p 2.3, È+ï ¼«½xö+÷

‖unl‖L2 . (1 + t)1−γ− n
4σ ‖u‖p

X(t), (4.40)

‖|D|σunl‖L2 . (1 + t)−γ‖u‖p
X(t), (4.41)

‖∂tu
nl‖L2 . (1 + t)−γ‖u‖p

X(t). (4.42)

A Ã�È+ï
‖unl‖X(t) . ‖u‖p

X(t).
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ý
(4.5)

Ê q+r^%�o"p 3.1
Õ q+r w�? , ï£ð (4.4) (4.5) Y ; C�l�m"h�n�o"p�È®ï ó¶Ê ×®øÈù

ú  �( ò . σ = n
4
� Ê q}r
�"%"o�p 3.1

Õ q}r w)? . ï«ð σ ∈ [n
4
, n

2
) � ô+õÈö+÷«¼«½

‖u‖L2 .







(1 + t)−
n
4σ

−γ+1‖(u0, u1)‖A, σ ∈ (
n

4
,
n

2
),

(1 + t)−γ log(2 + t)‖(u0, u1)‖A, σ =
n

4
,

‖|D|σu‖L2 . (1 + t)−γ‖(u0, u1)‖A,

‖∂tu‖L2 . (1 + t)−γ‖(u0, u1)‖A.

#
4.1 o�p 3.3

Õ
γ
y�z Ö

γ ∈

(

max

{

1 −
n

4σ
,
n

σ
−

2σ

n
−

n2

σ2 − 2n
σ

4
+

n3

σ3 − 8n2

σ2 + 12n
σ

8n
σ
− 16

}

,
3

2
−

n

4σ

)

.

Z 3 ÷ 6"È À , ú σ ∈ (n
4
, n

2
)
t

γ
Ê
y�z e � .
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GLOBAL EXISTENCE AND BLOW UP OF SOLUTIONS FOR A

CLASS OF DOUBLE DAMPED σ-EVOLUTION EQUATIONS WITH

MEMORY TERM

LIU Mei, HE Xin-hai, YANG Han

(School of Mathematics, Southwest Jiaotong University, Chengdu 611756, China)

Abstract: The purpose of this paper is to study the Cauchy problem for a class of double

damped σ-evolution equations with memory term. With the help of the decay estimates of the

corresponding linear problem, the global existence of the solution of the small initial value problem

is obtained by using the contraction mapping principle. Moreover, when the integral of initial value

is positive, the blow up of the solution and the upper bound of the lifespan are obtained by using

the test function method. The conclusion on the sigma- evolution equation with double damping

term is generalized.

Keywords: σ-evolution equation; double damping; memory term; global existence; blow-up
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