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λ ∈ C
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u ∈ H1
0 (Ω),

��b
{

−∆u + b · ∇u + cu = λu, in Ω,

u = 0, on ∂Ω,
(2.1)

�
(u, v) =

∫

Ω

uv̄dx, g���� ����
�v�t�u���(

a(u, v) = (∇u,∇v) + (b · ∇u, v) + (cu, v), ∀u, v ∈ H1
0 (Ω). (2.2)
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, ∇ · b � ï������ − 1
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∇ · b + c > 0, in Ω.
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a(·, ·)
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|a(u, v)| 6 A‖u‖1,Ω‖v‖1,Ω, ∀u, v ∈ H1
0 (Ω),

|a(v, v)| > B ‖v‖
2
1,Ω , ∀v ∈ H1

0 (Ω).
(2.3)

(2.1)
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(λ, u) ∈ C × H1
0 (Ω), u 6= 0,
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a(u, v) = λ(u, v), ∀v ∈ H1

0 (Ω). (2.4)
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 È ëãü"/"0 {v} = 1
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(v+ + v−), [[v]] = (v+ − v−)n,
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ah(wh, vh) =
∑

κ∈Th

∫

κ

(

∇wh · ∇vh + (b · ∇wh)vh + cwhvh

)

dx −
∑

e∈Γh

∫

e

{∇wh} · [[vh]] ds
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e∈Γh

∫

e

[[wh]] ·
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∇vh

}
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[[wh]] · [[vh]] ds. (2.5)
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v ∈ L2(Ω) : v|κ ∈ Pm(κ), ∀κ ∈ Th
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{v ∈ L2(Ω) : v|κ ∈ Hs(κ), ∀κ ∈ Th} . (2.4)
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ah(uh, vh) = λh(uh, vh), ∀vh ∈ Sh. (2.6)
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w ∈ H1
0 (Ω),
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a(w, v) = (f, v), ∀v ∈ H1
0 (Ω). (2.7)
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ah(wh, vh) = (f, vh) , ∀vh ∈ Sh. (2.8)
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a(v, w∗) = (v, g), ∀v ∈ H1
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(

w − wh, w∗ − w∗I
)

. hr‖w − wh‖G‖w
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∑

e

∫

e

{∇(w − wh)} ·
[[

w∗ − w∗I
]]

ds
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e

∫

e

[[w − wh]] ·
{

∇
(

w∗ − w∗I
)}

ds|

. hr‖w − wh‖G‖w
∗‖1+r + |

∑

e

∫
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[[w − wh]] ·
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∇
(

w∗ − w∗I
)}

ds|. (2.27)
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∣
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{

∇(w∗ − w∗I)
}

ds

∣

∣

∣

∣

∣
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∑

e

h
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2
e ‖[[w − wh]]‖0,e‖w

∗‖1+r

.

(

∑

e

h−1 ‖[[w − wh]]‖
2
0,e

)

1
2

hr‖w∗‖1+r . hr‖w − wh‖h‖g‖0,Ω. (2.28)
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∣

∣

∣

∣

∣

∑

e

∫

e

[[w − wh]] ·
{

∇
(

w∗ − w∗I
)}
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∣

∣

∣

∣

∣
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∑

e

‖[[w − wh]]‖0,eh
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1
2 ‖w∗‖1+r,κ+∪κ−

.

(

∑

e

h−1 ‖[[w − wh]]‖
2
0,e

)

1
2

hr‖w∗‖1+r,Ω

. ‖w − wh‖Ghr‖g‖0,Ω . h2r‖f‖0,Ω‖g‖0,Ω. (2.29)
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(2.26),
¯6·p��P

.�
λ
Z

(2.4)

p�

j
�&éçê(ë

, � / � R V R q
ü�� Ã α,

* s λj = λj+1 = · · · = λj+q−1.�
‖Th − T‖0,Ω → 0, (2.6)



q
�&éçê(ë

λj,h, · · ·λj+q−1,h

� »�¼	d
λ.
�

M(λ)
Z��

λ
���



(2.4)

� � éçê�
 �(9 { , Mh(λ)
Z��

λh

����

(2.6)

� � éçê�
 �(9 {�
�*��çü , λh

»
¼�i

λ.� Æ� �! [3] s�� T 3.1

�¯6·�%�2�°6ÀÄ¯6· Å � � T .q�r

2.3
�

M(λ) ⊂ H1+s(Ω)(m > s > 1
2
), t3u / À Å ���	(�P ®

|λh − λ| . h
2s

α . (2.30)

�
uh ∈ Mh(λ)

Z
(2.6)


�� � éçê�
 �(9 {�
�*��çü , t3u�� ï (2.3)

^éçê(ë

u
��b

‖u − uh‖0,Ω . h
s+r

α , (2.31)

‖u − uh‖h . hs + h
s+r

α , (2.32)
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� µ�� α = 1, t3u
‖u − uh‖h . hs + hs+r. (2.33)

‖u − uh‖0,Ω . hr‖u − uh‖h. (2.34)

3 �>���&���"�

3.1 �����7�(�7�������������� 
¡

(λh, uh) ¢ (2.6) £¥¤�¦�§ , ¨�©�ª�«�¬ κ ∈ Th ­ e ∈ Γh ®�¯�°3±�² ¬�³�´�µ ­�¶ ´
µ�¢ Rκ = ∆uh + (λh − c) uh − b · ∇uh; JF,1 = [[∇uh]] , ∀e ∈ Γi

h; JF,2 = [[uh]] , ∀e ∈ Γi
h.

±�² ©�ª�«�¬ κ ∈ Th ® £�·�¸�¹�µ�º�»�¼

η2
κ = h2

κ ‖∆uh + (λh − c) uh − b · ∇uh‖
2
0,κ +

1

2

∑

e∈Γi

h

he ‖JF,1‖
2

0,e +
1

2

∑

e∈Γi

h

h−1
e ‖JF,2‖

2

0,e .

(3.1)

½ ·�¹�µ�º�»�¼�¢
η(uh) = (

∑

κ∈Th

η2
κ)1/2. (3.2)

¾ ¶ , ¿�À�Á�Â"ÃpÄ�ª�¹�µ�Å�Æ3Ç�È�É	£ .ÊpË�Ì�Í�Î ¼ L : V (h) →
[

Sh
]2 Ï ¾

∫

Ω

L(v) · wdx =
∑

e∈Γi

h

∫

e

[[v]] · {w}ds, ∀w ∈
[

Sh
]2

. (3.3)

Ð|Ñ�Ò
[8] ¿�À�Ó�Ô Ì�Í�Î ¼�Õ�Ö�× ±�Ø , Ù ‖L(v)‖

2
0,Ω .

∑

e∈Γh

∥

∥

∥
h
−1/2
e [[v]]

∥

∥

∥

2

0,e
. Ú�Û�Ä�ª Î ¼ ,

¿�À�È"Ü ±�²�Ý ª�Þ�ß�à�á Ø3â�ã ãh(·, ·) : V (h) × V (h) → C,

ãh(w, v) =
∑

κ∈Th

∫

κ

(∇w∇v + (b · ∇w)v̄ + cwv̄)dx −
∑

κ∈Th

∫

κ

∇w · L(v̄)dx

+
∑

κ∈Th

∫

κ

L(w) · ∇vdx +
∑

e∈Γh

∫

e

σh−1
e [[w]] [[v̄]] ds. (3.4)

Ð|Ñ�Ò
[3] ä ±�å 4.1 È�Ó ¾�æ ±�å�ç�è .é�ê

3.1
¡

(λ, u) ­ (λh, uh) ¯�° Ç (2.4) ­ (2.6) £¥¤�¦�§ , u ∈ H1+s(Ω)(s > 1
2
), ë3ì�§í�î+ï £ v ∈ H1

0 (Ω), Ö ¾ ã�ç�è

‖u − uh‖G . sup
v∈H1

0
(Ω)

|(λhuh, v) − ãh(uh, v)|

‖v‖G

+ inf
v∈H1

0
(Ω)

‖uh − v‖G + ‖λhuh − λu‖0,Ω. (3.5)
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� 
 ï ¨ H1
0 (Ω)×H1

0 (Ω) ® a = ãh.
¡

w ∈ H1
0 (Ω),

Ð à�á Ø���ã £���� Ø�­�����Ø , È�����

‖u − w‖
2
G . |ãh (u − w, u − w)| . |ãh (u, u − w) − ãh (w, u − w)|

. |λ (u, u − w) − ãh (w, u − w)|

. |(λu − λhuh + λhuh, u − w) − ãh (w + uh − uh, u − w)|

. |(λhuh, u − w) − ãh (uh, u − w)| + |(λu − λhuh, u − w) + ãh (uh − w, u − w)|

. |(λhuh, u − w) − ãh (uh, u − w)| + ‖uh − w‖G‖u − w‖G

+ ‖λu − λhuh‖0,Ω‖u − w‖0,Ω, (3.6)

�
v = u − w, È��
‖u − w‖G . sup

v∈H1
0
(Ω)

|(λhuh, u − w) − ãh (uh, u − w)|

‖v‖G

+ ‖uh − w‖G + ‖λu − λhuh‖0,Ω

. sup
v∈H1

0
(Ω)

|(λhuh, v) − ãh (uh, v)|

‖v‖G

+ ‖uh − w‖G + ‖λu − λhuh‖0,Ω, (3.7)

Ð ��!�"�# ã , �
‖u − uh‖G . ‖u − w‖G + ‖uh − w‖G

. sup
v∈H1

0
(Ω)

|(λhuh, v) − ãh (uh, v)|

‖v‖G

+ ‖uh − w‖G + ‖λu − λhuh‖0,Ω, (3.8)

Ð
w £ î+ï Ø , È�� ±�å�ç�è .Ð|Ñ�Ò

[9] ä Scott-Zhang $�% , ¿�À�È"Ü ��&	Ü ¾ Ê å .' ê
3.1 § í�î+ï £ ϕ ∈ H1

0 (Ω), (�¨ Ý ª ¯�) á Ø $�% Ihϕ ∈ Sh *�+
∥

∥ϕ − Ihϕ
∥

∥

0,κ
+ hκ

∥

∥∇
(

ϕ − Ihϕ
)
∥

∥

0,κ
. hκ‖∇ϕ‖0,Uκ

,∀κ ∈ Th, (3.9)
∥

∥ϕ − Ihϕ
∥

∥

0,e
. h

1
2
e ‖∇ϕ‖0,Ue

, ∀e ∈ Γh, (3.10)

, ä Uκ Ç�- κ .�/�0�1 Ý ª�243(£65�Ö�«�¬	£87�9 , Ue Ç�-;: e .�/�0�1 Ý ª�243(£65�Ö
:	£87<9 .' ê

3.2
¡

(λ, u) ­ (λh, uh) ¯�° Ç (2.4) ­ (2.6) £¥¤�¦�§ , § í�î+ï £ v ∈ H1
0 (Ω), ç�è

|(λhuh, v) − ãh(uh, v)| . (η(uh) + h‖λu − λhuh‖0,Ω)‖v‖G. (3.11)

� Ð $�% Ø�= , ¿�À���& [[v − Ihv
]]

= 0, Ú�Û�>�?�@ ã , È���&
B ≡ λ(u, v − Ihv) − ãh(uh, v − Ihv)

=
∑

κ∈Th

∫

κ

(∆uh − b · ∇uh − cuh) (v − Ihv)dx +

∫

Ω

λu(v − Ihv)dx

−
∑

e∈Γh

∫

e

[[∇uh]] (v − Ihv)ds +
∑

κ∈Th

∫

κ

L(uh) ·
(

∇(v − Ihv) · n
)

dx

≡ B1 + B2 + B3 + B4, (3.12)
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ÐFEHG
- IHJ<K "�# ãML (3.9) ãML (3.10) ã�­ Ì�Í�Î ¼�£¥× ±�Ø , Ö

|B1| + |B2| .

(

∑

κ∈Th

h2
κ ‖∆uh + (λh − c)uh − b · ∇uh + λu − λhuh‖

2
0,κ

)1/2

‖v‖G, (3.13)

|B3| .

(

∑

e∈Γh

he ‖[[∇uh]]‖
2
0,e

)1/2

‖v‖G, |B4| .

(

∑

e∈Γh

σh−1
e ‖[[uh]]‖

2
0,e

)1/2

‖v‖G. (3.14)

N<O
B1 − B4 ®�P�Q ª "�# ã , È"Ü ��&

|B| .
(

η(uh) + h‖λu − λhuh‖0,Ω

)

‖v‖G. (3.15)

Ð
(2.6) ­ (3.15) ¿�À�Ö

(λhuh, v) − ãh(uh, v) = (λhuh, v − Ihv) − ãh(uh, v − Ihv)

. (η(uh) + h‖λu − λhuh‖0,Ω)‖v‖G, (3.16)

R
(3.11) ç�è , Â"Ã�S ç .é�ê

3.2 ¨ ±�å 3.1 £6T�U ¾ , Ö ¾ ã�ç�è
‖u − uh‖G . η(uh) + ‖λu − λhuh‖0,Ω. (3.17)

� Ð|Ñ�Ò
[10] È�Ó , § í�î+ï £ v ∈ Sh, (�¨ Ý ª�V4W Î ¼ Eh : Sh → Sh ∩ H1

0 (Ω), X��
∑

κ∈Th

(

h−2
κ ‖v − Ehv‖

2
0,κ + ‖∇ (v − Ehv)‖

2
0,κ

)

.
∑

e∈Γi

h

h−1
e ‖[[v]]‖

2
0,e . (3.18)

§ (3.5) Y�:�Z�[�\�Ú�Û (2.11) ­ (3.18) ã , 7 
 ï & [[Ehuh]] = 0, Ö
inf

v∈H1(Ω)
‖uh − v‖

2
G . ‖Ehuh − uh‖

2
G =

∑

κ∈Th

‖∇ (Ehuh − uh)‖
2
0,κ +

∑

e∈Γi

h

h−1
e ‖[[Ehuh − uh]]‖

2
0,e

.
∑

e∈Γi

h

∥

∥h−1/2
e [[uh]]

∥

∥

2

0,e
+
∑

e∈Γi

h

h−1
e ‖[[uh]]‖

2
0,e

.
∑

e∈Γi

h

h−1
e ‖[[uh]]‖

2
0,e .

∑

e∈Γi

h

h−1
e ‖JF,2‖

2

0,e. (3.19)

Á (3.19) ­ (3.11) ]�^ (3.5), È���& (3.17), Ù¥Â"Ã�S ç .Ð ±�å 2.3, ¿�À3Ó�Ô`_6a α = 1 b , ‖λu − λhuh‖0,Ω ­ ‖u − uh‖0,Ω c Ç ‖u − uh‖G £dHe�f�g
, hji (3.17) k�l(¿�À(¹�µ3Å3Æ º3»(¼ η(uh) Çnm�o�Ö�p5¬�q g4r�s £ ®4t�u+Ý ,

hvi�¹�µ�Å�Æ3Ç�È�É�£ .

3.2 w�xny8z<{�|�}H~j���� 
¢��8�3Â ¿3À$£5Å3Æ��4�(§ í���� £��F�4�n� Ë Ç(ÖM�"£ , ¿3À$£ ¾ Ý ª����+Ç3Â<Ã

·3¸3¹�µ3Å�Æ+º�»3¼ ηκ

Ì�� � κ ® ¹�µ"£5·3¸ ¾ t . ��� bκ ∈ H1
0 (κ) ¢����(«�¬����n�
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s
, be ∈ H1

0 (Ue) ¢ ¶�® £6����� s ,
, ä Ue Ç���ª�«�¬ κ+ ­ κ− .�/ e £87<9 , ����Ú�Û

Verfürth ����£6����� s���� , ¿�À Ê ^H7;�� "Ü ¾ Ó�¡ .' ê
3.3 § í 5�Ö4¢;\ ã � s v ∈ Pk(κ),

‖v‖0,κ .
∥

∥b1/2
κ v

∥

∥

0,κ
, (3.20)

§ í 5�Ö4¢;\ ã � s w ∈ Pk(e), ¿�À�Ö
‖w‖0,e .

∥

∥b1/2
e w

∥

∥

0,e
, (3.21)

§ í © Ý ª bew, (�¨�£�¤�£ Wb *�+ Wb|e = bew, Wb ∈ H1
0 (Ue)

‖Wb‖0,we
. h1/2

e ‖w‖0,e, (3.22)

‖∇Wb‖0,we
. h−1/2

e ‖w‖0,e. (3.23)

¥�¦ Ü ® Ê å , 7�X�Û�����§ s ( ¨ Ñ3Ò [11] ä Ê å 3.13), ¿�À3È$Ü|Â$Ã(Ü ¾ Ö(·3¸ ¾
t . ' ê

3.4
¡

(λ, u) ­ (λh, uh) ¯�° Ç (2.4) ­ (2.6) £�Z j ª�¤�¦�§ , ©�ª�¿�À�Ö$Ü ¾ ·
¸ ¾ t :

(i) § í�î+ï £ κ ∈ Th,hκ‖∆uh + (λh − c)uh − b · ∇uh‖0,κ . ‖∇(u − uh)‖0,κ+hκ‖u − uh‖0,κ

+ hκ‖λu − λhuh‖0,κ.

(ii)
¡

e ∈ Γh Ç κ+ ­ κ− .�/�£H« ¸<: , Ö
h1/2

e ‖JF,1‖0,e .
∑

κ∈∪e

(

‖∇(u − uh)‖0,κ + hκ‖u − uh‖0,κ + hκ‖λu − λhuh‖0,κ

)

,

, ä Ue = {κ+, κ−}.

(iii) § í ©�T�: e ∈ Γh,h−1
e ‖JF,2‖

2

0,e = h−1
e ‖[[uh]]‖

2
0,e = h−1

e ‖[[u − uh]]‖
2
0,e .�

(i)
¡

vh = ∆uh + (λh − c) uh − b · ∇uh ­ vb = bκvh.

 ï ¨ L2(κ) ä ∆u +

(λ − c) u − b · ∇u = 0, ¨ ∂κ ® , vb = 0, Ú�Û ¯ ¸�¬ ¯ , Ö
∥

∥b1/2
κ vh

∥

∥

2

0,κ
(3.24)

=

∫

κ

∇(u − uh)∇vbdx +

∫

κ

b · ∇(u − uh)vbdx +

∫

κ

(λhuh − λu)vbdx +

∫

κ

c(u − uh)vbdx,

Ú�Û (3.20) ã�­ EHG - IHJ<K "�# ã , È��
hκ‖vh‖0,κ . ‖∇(u − uh)‖0,κ + hκ‖u − uh‖0,κ + hκ‖λhuh − λu‖0,κ.

­
(i) ��Â .

(ii) § í�î ï £ e ∈ Γh,
¡

wh = [[∇uh]], wb = bewh.
¡

Wb ∈ H1
0 (Ue) Ç wb *�+ (3.22)

­ (3.23) £6£�¤ .

 ï

[[∇u]] = 0, Ú�Û�>�?�@ ã , (3.21), (3.22), (3.23), È"Ü �����

h1/2
e ‖wh‖0,e . h1/2

e

∥

∥b1/2
e wh

∥

∥

0,e
.
∑

κ∈Ue

(he‖∆uh + (λh − c) uh − b · ∇uh‖0,κ (3.25)

+ ‖∇(uh − u)‖0,κ + he‖b · ∇(uh − u)‖0,κ + he‖uh − u‖0,κ + he‖λu − λhuh‖0,κ).



524 A B C D Vol. 43

N<O
‖∆uh + (λh − c)uh − b · ∇uh‖0,κ ¨ (i) ä�£ t�­M® > ��¯�° ­ Ø �
h1/2

e ‖[[∇uh · n]]‖0,e .
∑

κ∈∪e

(

‖∇(u − uh)‖0,κ + hκ‖u − uh‖0,κ + hκ‖λu − λhuh‖0,κ

)

,

Ð i�È���& (ii).

(iii) § í�î+ï £ e ∈ Γh, ¿�À�Ö [[u]] = 0, ±�²���& (iii) .é�ê
3.3 ¨ ±�å 3.1 £6T�U ¾ , Ö ¾ ¶ # ã�ç�è

ηκ .
∑

κ∈wκ

(

‖∇ (u − uh)‖0,κ + hκ‖u − uh‖0,κ + hκ‖λu − λhuh‖0,κ

)

+
∑

e∈Γh

h
−

1
2

e ‖[[u − uh]]‖0,e, (3.26)

η(uh) . ‖u − uh‖G + h‖λu − λhuh‖0,Ω. (3.27)
� ��� ηκ £ ±�²�­ Ê å 3.4, È���& (3.26), ³�Ú�ÛMm;o ÖMp�¬ r�s ‖·‖G £ ±�² , È"Ü

��& (3.27).

±�å 3.3 ´"Ã¥¹�µ�Å�Æ3º�»�¼ η(uh) Ç�Ö�� £ .

3.3 µ;¶�w�x�·�¸�¹�{�|�º4»<}H~����� 
' ê

3.5(
Ñ Ò

[3] ä Ê å 4.6)
¡

(λ, u) ­ (λh, uh) ¯(° Ç (2.4) ­ (2.6) £ ¤ ¦3§ ,
¡

(λ∗, u∗) ­ (λ∗
h, u∗

h) ¯�° Ç (2.4) £p§�¼`½¿¾�À�Á<Â�Ã ¯���ã £¥¤3¦�§ , (uh, u∗
h) 6= 0, ë3ì

λ − λh = λ
(u − uh, u∗ − u∗

h)

(uh, u∗
h)

−
ah(u − uh, u∗ − u∗

h)

(uh, u∗
h)

. (3.28)

é3ê
3.4 ¨ Ê å 3.5 £3£8T�U ¾ ,

¡ ¤(¦M� s�Ä m M(λ), M(λ∗) ⊂ H1+s(Ω)(s > 1
2
),

ë3ì
|λ − λh| . η(uh)

2
+ η(u∗

h)
2
+ ε

∑

κ∈Th

∣

∣u − uI
∣

∣

2

1,κ
+ ε

∑

κ∈Th

∣

∣u∗ − u∗I
∣

∣

2

1,κ

+ ε
∑

κ∈Th

hσ
κ

∣

∣u − uI
∣

∣

2

1+ σ

2
,κ

+ ε
∑

κ∈Th

hσ
κ

∣

∣u∗ − u∗I
∣

∣

2

1+ σ

2
,κ

. (3.29)

, ä , ε Ç Ý ª +<Å f £8Æ s , σ > 1
2 Ç ¯<È�É 1

2
.� ±�å 2.3 ´"Ã ‖u − uh‖0,Ω Ê ‖u − uh‖h Ë
d�e

, ‖u∗ − u∗
h‖0,Ω Ì Ê ‖u∗ − u∗

h‖h Ë
d

e
. hvi ,

Ð
(3.28), uh £¥Å�Æ ã (3.17) ­ u∗

h £¥Å�Æ ã , È��
|λ − λh| <

∼ η(uh)
2
+ η(u∗

h)
2
+ ε

∑

e∈Γh

he ‖ {∇ (u − uh)} ‖2
0,e +ε

∑

e∈Γh

he ‖ {∇ (u∗ − u∗

h)} ‖2
0,e,

Ð Í Å�Æ ­�Î "�# ã , �
ε
∑

e∈Γi

h

he ‖{∇ (u − uh)}‖
2
0,e . ε

∑

e∈Γh

he

∥

∥

{

∇
(

uI − uh

)}∥

∥

2

0,e
+ ε

∑

e∈Γh

he

∥

∥

{

∇
(

u − uI
)}∥

∥

2

0,e

. ε ‖u − uh‖
2
G + ε

∑

κ∈Th

∣

∣u − uI
∣

∣

2

1,κ
+ ε

∑

κ∈Th

hσ
κ

∣

∣u − uI
∣

∣

2

1+ σ

2
,κ

,

ε
∑

e∈Γi

h

he ‖{∇ (u∗ − u∗

h)}‖
2
0,e . ε ‖u∗ − u∗

h‖
2
G + ε

∑

κ∈Th

∣

∣u∗ − u∗I
∣

∣

2

1,κ
+ ε

∑

κ∈Th

hσ
κ

∣

∣u∗ − u∗I
∣

∣

2

1+ σ

2
,κ

.
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���$Ü ® � ª�@ ã , È�Â"ÃvÏ ±�å .

± ±�å 3.2 ­+±�å 3.3, È&Ü¥Ó�Ô(¤(¦M� s ¹3µ ‖u − uh‖
2
G + ‖u∗ − u∗

h‖
2
G £7Å�Æ+º�»3¼

η(uh)2 + η(u∗
h)2 Ç�È�É ­ d ��£ , h8i , Ð í Ï�Å�Æ(º�»�¼"£`�Ñ��� Î �(È&Ü6Ò çÔÓ�Õ £vÖ

a ® > . X É�× ¤�¦4� s ¨ ‖·‖
2
G ä¿ØH&<Ù�Ú4Û;Ü

e
O(dof−m). hvi , ¿�À�Ý�Þ���& :

∑

κ∈Th

hσ
κ

∣

∣u − uI
∣

∣

2

1+
σ
2

,κ
+
∑

κ∈Th

hσ
κ

∣

∣u∗ − u∗I
∣

∣

2

1+
σ
2

,κ
≤ dof−m.

h8i , ± (3.29) È�� |λ − λh| ≤ dof−m. 5&Ü η(uh)2 + η(u∗
h)2 È�ß�à λh £7¹�µ�Å�Æ(º�»�¼ ,

Z 4 2�£ s % �;á ´"Ã η(uh)2 + η(u∗
h)2 à�¢ λh £�¹�µ�Å�Æ3º�»�¼�Ç�È�É�£ ­ d � £ .

4 âäãÔå`æ
¨�ç�2	ä , Á�èHk Ý�é s % �<á , Ü i�ê�Â"Ã¥¿�À����	£¥ÖH� Ø . ë�ì�½¿¾ (2.1),

, ä �
b = (0, 0)T ,(1, 1)T ,(3, 0)T , c = 0. ¿3À$£8íHî Ç�¨ iFEM ï�U4ð ¾�ñHò £ , ¿3ÀHX(Û SIPG

�H� (θ = −1) ê Ë�ó Æ Î . ë�ì Ü ¾ �3ªHôHõHö : L � ö ΩL = (−1, 1)2\([0, 1) × (−1, 0]),÷�ø`NMù ö ΩSL = (−1, 1)2\{0 6 x 6 1, y = 0}.
Ð íMúnû £�¤	¦M%	Çnü�Ó<£ , ¿�À�¨ L

� ö<ä � §�ë ¤�¦4% λ1 = |b|
2
/4 + 9.63972384472 ; ¨ ÷MønN4ù ö ΩSL ä � §�ë ¤�¦4%

λ1 = |b|
2
/4 + 8.3713297112 . Ä é §�ë�¤�¦�%�Ç����ý�þ����Æ Î�ÿ ÈHq�� ú �H& £ .

�
1 � b = (0, 0)T � , ��� ΩL,ΩSL � ý
	���	 AAúAøAùAú�
��

Domain h dof λ1 Error rate

1/8 18 9.6410 0.0019 0.6644

1/16 36 9.6406 0.0012 0.7352

ΩL 1/32 72 9.6402 0.0007 0.7894

1/64 144 9.6400 0.0004 0.7515

1/128 288 9.6398 0.0002 0.6430

Domain h dof λ1 Error rate

1/8 24 8.3754 0.0058 0.5239

1/16 48 8.3742 0.0040 0.5109

ΩSL 1/32 96 8.3733 0.0028 0.5407

1/64 192 8.3727 0.0019 0.5011

1/128 384 8.3723 0.0014 0.4975

�
2 � b = (1, 1)T � , ��� ΩL,ΩSL � ý
	���	 AAúAøAùAú�
��

Domain h dof λ1 Error rate

1/8 18 10.1420 0.0042 0.6300

1/16 36 10.1412 0.0027 0.7566

ΩL 1/32 72 10.1405 0.0016 0.6124

1/64 144 10.1402 0.0010 0.6479

1/128 288 10.1400 0.0007 0.3354

Domain h dof λ1 Error rate

1/8 24 8.8776 0.0081 0.5587

1/16 48 8.8757 0.0055 0.5463

ΩSL 1/32 96 8.8742 0.0038 0.5077

1/64 192 8.8733 0.0027 0.5218

1/128 384 8.8727 0.0018 0.4116
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�
3 � b = (3, 0)T � , ��� ΩL,ΩSL � ý
	���	 AAúAøAùAú�
��

Domain h dof λ1 Error rate

1/8 18 11.8930 0.0062 0.7158

1/16 36 11.8915 0.0038 0.9617

ΩL 1/32 72 11.8909 0.0019 0.7041

1/64 144 11.8903 0.0012 0.9499

1/128 288 11.8901 0.0006 0.6851

Domain h dof λ1 Error rate

1/8 24 10.6319 0.0090 0.6422

1/16 48 10.6285 0.0058 0.7145

ΩSL 1/32 96 10.6258 0.0035 0.6172

1/64 192 10.6247 0.0023 0.6508

1/128 384 10.6235 0.0015 0.5316

�
1 � b = (0, 0)T � , ������� ΩL � ΩSL � , ��������� 1/8  "!$#&%('*)$+����&,"-$.0/
1 �

�
2 � b = (1, 1)T � , ������� ΩL � ΩSL � , ��������� 1/8  "!$#&%('*)$+����&,"-$.0/
1 �



No.6 ðAñAòAó : ôAõAöA÷AøAùAúLûNüPýRþTÿ�����������	�
�� 527

�
3 � b = (3, 0)T � , ������� ΩL � ΩSL � , ��������� 1/8  "!$#&%('*)$+����&,"-$.0/
1 �

¿�À�¨�´ 1 &;´ 3 ä æ � �����ý������Æ Î �H&�£�¤3¦�% s %32 N34 , 7 ¨65�ä87 P �
�þ��� ® > ­ ¹�µ:9 á . ±;5 1 &<5 3 ä , ¿�À�È"Ü ß � , = b = (0, 0)T ,(1, 1)T ,(3, 0)T b , Ý> m�o�¬"£5¹�µ?9¥á É�×A@ ó í3BDC ¢ −1 £FE3á .

NG4 ´&Ã , Ïý�Ñ��� Î ��q<Ø�&�Ù�ÚMÛ
Ü e;s , ±�¹�µ:9 á Ì È"Ü¿ß

�
, ¨GHJIM� Ð a (dof)

¾
, �þ��� Î ����& £ É�× Ê8KAL ® >

Æ Î £ É�× Ë � ú .
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THE ADAPTIVE DISCONTINUOUS FINITE ELEMENT METHOD

FOR CONVECTION-DIFFUSION EIGENVALUE PROBLEMS

DUAN Li-mei, CHEN Xing-long, HAN Jia-yu

(School of Mathematics Science, Guizhou Normal University, Guiyang 550025, China)

Abstract: The discontinuous finite element method for convection-diffusion eigenvalue

problems is studied in this paper. As an important branch of partial differential equation, the

convection-diffusion equation originates from many practical physical backgrounds, such as envi-

ronmental science, fluid mechanics, aerodynamics, etc. Since the solution of convection-diffusion

equation is difficult to be obtained by the analytical method, it is of great value to explore the

numerical method of convection-diffusion equation. The numerical method of convection-diffusion

eigenvalue problem is a hot topic in computational mathematics. The difficulty of this study lies

in the asymmetry of the problem and the boundary layer effect caused by the convective term.

In this paper, the discontinuous finite element method is used to study the convection-diffusion

eigenvalue problem. The complete posterior error estimation results of this method are obtained

and the adaptive finite element calculation is performed. Numerical experiments and theoretical

analysis show that our method reaches the optimal convergence order.

Keywords: convection-diffusion eigenvalue; discontinuous Galerkin method; a posteriori

error estimate; adaptive algorithm
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