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1 ���
�x�n�����x���

Cartan �n�n�x�x���P�.�.� , �����P������� Jacobson � 1949 ���  � [1], ¡ � ���P� ��¢x£w¤�¥ [[u, v], w] ¦��Q§�¨v�P©wªv«�¬­� ¥n®n¯ . °v±v²x³v´ , µ�¶· � [2] �3����¸ ����� �Q¹xº­»$¼ , ½ ����� �P©v¾�¿$ÀvÁvÂxÃxÄ ¥�Å �N���wÆvÇxÈ [3, 4].

Okubo É�ÊwË­Ì�¸ �vÍ���� �WÎvÃ ,
�vÍ���� �NÏ�Ð�ÑvÒxÓxÔ�ÕPÖ�¹nº�×JØ �vÍx�x� �PÙ�ÚÛ Ø NiJenhuis Ü ¥�Å ¿$À�ÆvÇ�È [5, 6]. Ç�È [7] ����¸ � color «�¬­�PÎvÃ , ÝnÞvß�ºáà Åâ � [8] �3����¸ � color

��� �PÄ ¥ ×�Ø�ÂxÃ�Ä ¥�Å �PÐvã .

�nÇnÈ [9] �N�.�.¸ Hom-
� «n¬��NÂ�ÃnÄ ¥ , ä�½xå�æ�¸ Hom-

� «n¬��Pç�Ä ¥ «n¬è ×Né   æ�ê�ë�� Hom-
� «�¬ì�wÄ ¥ � , Hom-

�
color «�¬ì�W�x�íÆxÇ�È [10]. Ý.Þxß ,

ÇxÈ [11] �í�í¸Nîvï��Wð�ñ�ò Hom-
�

color «x¬��W©�¾ Å ¿3À , � [12] �Póvòxô Å â �í�
¸ BiHom-Lie õ�Ñw«�¬­�NÙ­Ú Û ÓvÑvÒ , � [13] �3����¸ δ-BiHom-Jordan

�vÍ «�¬­�WÔnÕ
Ö�¹�º­�Pön÷�¿QÀ . ÇnÈ [14, 15] �Pî�øx�.�.¸ BiHom-

�x�n� �NÂ�ÃnÄ ¥ Á δ-Jordan-
�

��� Ù�ù�úxû λ � K- üvÂíÃ�Ä ¥ . ýnÇnþìÌ�¸ BiHom-
�

color
��� ÎxÃ , Ý�ÿn�­�����

BiHom-
�

color
��� �3ÂxÃ�Ä ¥ �PÞ���Ðvã .

2 ���	��

��


2.1[7] � G � £w¤�� , F ������� . �v������� α, β, γ ∈ G, ¦�� Å�������� :

(1) ε(α, β)ε(β, α) = 1,

(2) ε(α, β + γ) = ε(α, β)ε(α, γ),
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(3) ε(α + β, γ) = ε(α, γ)ε(β, γ).

ñ�]_^V` ε : G × G → F\{0} a G �cb���]�ò�dFe�f ( g £w¤ihN¥ ). jVk ,

ε(α, 0) = ε(0, α) = 1, ε(α, α) = ±1.

l�m�n � V �vÞFo ¥­®­¯ {Vγ}γ∈G, p_q V = ⊕γ∈GVγ , ñ�].Ï�Ð ®­¯ V a G- üFr ;l�m
x ∈ Vγ(γ ∈ G), ñ�] x a γ Ê�s.Ê ¢_t .

l�m
x, y, z � G- üFr�uwv ®­¯ �n��s­Ê¢

, ¡ |x|, |y|, |z| ∈ G x�y���zì�wÊ�¬ . a�{�| , ¡ ε(x, y) x�y ε(|x|, |y|), ¡ ε(x, y + z) x
y ε(|x|, |y| + |z|), ×c}�~�� . }�� , ε(x, y) ÌV���Vx����ì��� x, y �Fs�Ê ¢ . �nýxÇì� , ¡
hg(V ) xFy V �c��ú�sxÊ ¢Ft .

� V, W ����� G- ü�r­�NÏ�Ð ®n¯ ,
l�m � � ����� x ∈ Vγ, �vú f(x) ∈ Wγ+θ, ñ�]xÏ

Ð�^V` f : V → W a θ Ê . � f ���xÊí� , � f(Vγ) ⊆ Wγ, ñ�] f ���­� .

�����i�.� θ, µ ∈ G,
l�m

T � G- ü�rnÏxÐ ®í¯ , � T = ⊕γ∈GTγ , ä�½ TθTµ ⊆ Tθ+µ,

ñ T ]�a G- ü�r­�3«�¬ ,
l�m

α(Aγ) ⊆ Bγ , ]�Úc� α : A → B ���­� .��

2.2[7]

�
color «�¬���Þi� ��¢�� (T, [·, ·], ε), � � T = ⊕g∈GTg ��� F Ù��

Þ�� G- ü�r�u�v ®�¯ ,
lim�n �­ò­Ï.Ð�^�` [·, ·] : T × T → T ( �i���ì� g, g′ ∈ G, ú

[Tg, Tg′ ] ⊆ Tg+g′) Á G Ù.�PÞ���b���]�ò�dFe�f ε : G × G → F\{0}, pFq
(1) [x, y] = −ε(x, y)[y, x],

(2) ε(z, x)[x, [y, z]] + ε(x, y)[y, [z, x]] + ε(y, z)[z, [x, y]] = 0.

������� x, y, z ∈ hg(T ).�
G = Z2 ½ ε(x, y) = (−1)|x||y| � ,

�
color «x¬ � a ��Í «n¬ ;

�
ε(x, y) ≡ 1 � ,

�
color «x¬ � a � «x¬ .

h } ,
�

color «x¬x�xÞ�~F�F� � «x¬�Á ��Í «n¬��V��Â����Q«n¬�©
¾ . �_


2.3[10] Hom-
�

color «�¬���ÞF��� ¢�� (T, [·, ·], α, ε), ��� T = ⊕g∈GTg ���
F Ù���Þ�� G- ü�r�u�v ®�¯ ,

l_m
T Ù�ú_� �wò.ÏíÐ�^�` [·, ·] : T × T → T , � �.Ú��

α : T → T Á G Ù.�PÞ���b���]�ò�dFe�f ε : G × G → F\{0}, pFq
(1) [x, y] = −ε(x, y)[y, x], (ε- �v��]xÐ ),

(2) ε(z, x)[α(x), [y, z]] + ε(x, y)[α(y), [z, x]] + ε(y, z)[α(z), [x, y]] = 0. (Hom-Jacobi
Å��

)

������� x, y, z ∈ hg(T ).��

2.4[11] BiHom-

�
color «�¬���Þ��F� ¢F� (T, [·, ·], α, β, ε), ��� T = ⊕g∈GTg �

� F Ù��wÞF� G- ü�r�uVv ®.¯ , T ÙxúíÞF���ì�Wò�ÏnÐi^�` [·, ·] : T × T → T ( �����­�
g, h ∈ G, ú [Tg, Th] ⊂ Tg+h) Ø��F���	�WÚ�� α, β : T → T Á G Ù��áÞ��Fbx��]nò�d�e�f
ε : G × G → F\{0}, pFq

(1) α ◦ β = β ◦ α,

(2) [β(x), α(y)] = −ε(x, y)[β(y), α(x)], (ε- �v��]xÐ ),

(3) ε(z, x)[β2(x), [β(y), α(z)]] + ε(x, y)[β2(y), [β(z), α(x)]] + ε(y, z)[β2(z), [β(x), α(y)]] =

0. (BiHom-Jacobi
Å��

).

������� x, y, z ∈ hg(T ).��

2.5[7]

�
color

�n� Þ�� �x¢�� (T, [·, ·, ·], ε), �ì� T = ⊕g∈GTg �F� F Ù��áÞ��
G- ü�r�ucv ®n¯ ,

l�m
T Ùvú ��¢�� Ü [·, ·, ·] : T × T × T → T Á G Ù.�PÞ���b���]�ò�dFe

f ε : G × G → F\{0}, pFq
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(1) [x, y, z] = −ε(x, y)[y, x, z],

(2) ε(z, x)[x, y, z] + ε(x, y)[y, z, x] + ε(y, z)[z, x, y] = 0,

(3) [u, v, [x, y, z]] = [[u, v, x], y, z]+ε(u+v, x)[x, [u, v, y], z]+ε(u+v, x+y)[x, y, [u, v, z]].

������� x, y, z, u, v ∈ hg(T ).�
G = Z2 ½ ε(x, y) = (−1)|x||y| � ,

�
color

�x��� a ��Íx�n� ;
�

ε(x, y) ≡ 1 � ,
�

color
�x��� a ���x� .

h } ,
�

color
�x� �xÞ�~F�F� �x�n� Á ��Ín�n� �w��Â����N«n¬�©

¾ . ��

2.6 Hom-

�
color

��� ��Þ���� ¢F� (T, [·, ·, ·], α, ε), ��� T = ⊕g∈GTg ��� F Ù
�PÞ�� G- ü�r�ucv ®n¯ ,

l�m
T Ùvú ��¢�� Ü [·, ·, ·] : T × T × T → T , ���NÚc� α : T → T

Á G Ù.�PÞ���b���]�ò�dFe�f ε : G × G → F\{0}, pFq
(1) [x, y, z] = −ε(x, y)[y, x, z],

(2) ε(z, x)[x, y, z] + ε(x, y)[y, z, x] + ε(y, z)[z, x, y] = 0,

(3) [α(u), α(v), [x, y, z]] = [[u, v, x], α(y), α(z)] + ε(u + v, x)[α(x), [u, v, y], α(z)] + ε(u +

v, x + y)[α(x), α(y), [u, v, z]].

������� x, y, z, u, v ∈ hg(T ). d�ø�± , ��²�pFq
α([x, y, z]) = [α(x), α(y), α(z)].

ñ�] T �����­� Hom-
�

color
���

.��

2.7 BiHom-

�
color

��� ��Þ��F� ¢F� (T, [·, ·, ·], α, β, ε), ��� T = ⊕g∈GTg ���
F Ù��áÞ�� G- ü�r�u�v ®í¯ , � T ³�ú �x¢�� Ü [·, ·, ·] : T × T × T → T , Ø��F���	�WÚ��
α, β : T → T Á G Ù.�PÞ���b���]�ò�dFe�f ε : G × G → F\{0}, pFq

(1) α ◦ β = β ◦ α,

(2) [x, y, z] = −ε(x, y)[y, x, z],

(3) ε(z, x)[x, y, z] + ε(x, y)[y, z, x] + ε(y, z)[z, x, y] = 0,

(4) [β2(u), β2(v), [β(x), β(y), α(z)]] = [[β(u), β(v), α(x)], β2(y), β2(z)]

+ε(u+v, x)[β2(x), [β(u), β(v), α(y)], β2(z)]+ε(u+v, x+y)[β2(x), β2(y), [β(u), β(v), α(z)]].

������� x, y, z, u, v ∈ hg(T ). d�ø�± , ��²�pFq
α([x, y, z]) = [α(x), α(y), α(z)], β([x, y, z]) = [β(x), β(y), β(z)],

ñ�] T �����­� BiHom-
�

color
���

.´�µ
2.8 �F� ¢�� (T, [·, ·, ·], α, β, ε) ���F��� BiHom-

�
color

�x�
, α, β � T Ù­���

Ú�� , End(T ) x�y T ���.ú­Ï.ÐíÒ ¤ ¾ � ��Ï.Ð ®�¯ . ¶ f := {D ∈ End(T ) | Dα =

αD, Dβ = βD}. ñ�� ¢F� (f, [·, ·], α̃, β̃, ε) � BiHom-
�

color «�¬ , ��� � color ¹��Fa
[Dθ, Dµ] = DθDµ − ε(θ, µ)DµDθ.

½�Úc� α̃, β̃ : End(T ) → End(T ) ���­� , pFq α̃(D) = αD, β̃(D) = βD.· ������� Dθ, Dµ, Dη ∈ hg(End(T )),
è å

α̃β̃(Dθ) = α̃(βDθ) = αβDθ = βαDθ = βα̃(Dθ) = β̃(α̃(Dθ)) = β̃α̃(Dθ).
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�xÊ ,

[β̃(Dµ), α̃(Dη)] =[βDµ, αDη]

=(βDµ)(αDη) − ε(µ, η)(αDη)(βDµ)

=αβDµDη − ε(µ, η)αβDηDµ

= − ε(µ, η)[βDη , αDµ]

= − ε(µ, η)[β̃(Dη), α̃(Dµ)].

¸�¹ ¡ � color º�� � Ü , ������� Dθ, Dµ, Dη ∈ hg(End(T )), ú
ε(η, θ)[β̃2(Dθ), [β̃(Dµ), α̃(Dη)]] = ε(η, θ)[β̃(Dθβ), [β̃(Dµ), α̃(Dη)]]

= ε(η, θ)[β2Dθ, βDµαDη − ε(µ, η)αDηβDµ]

= ε(η, θ)[β2Dθ, βDµαDη] − ε(η, θ)ε(µ, η)[β2Dθ, αDηβDµ]

= ε(η, θ)(β2DθβDµαDη − ε(θ, µ + η)βDµαDηβ
2Dθ)

−ε(η, θ)ε(µ, η)(β2DθαDηβDµ − ε(θ, η + µ)αDηβDµβ2Dθ)

= ε(η, θ)β2DθβDµαDη − ε(θ, µ)βDµαDηβ
2Dθ

−ε(η, θ)ε(µ, η)β2DθαDηβDµ + ε(µ, η)ε(θ, µ)αDηβDµβ2Dθ.

~�»F± , ú
ε(θ, µ)[β̃2(Dµ), [β̃(Dη), α̃(Dθ)]] = ε(θ, µ)[β̃(Dµβ), [β̃(Dη), α̃(Dθ)]]

= ε(θ, µ)[β2Dµ, βDηαDθ − ε(η, θ)αDθβDη]

= ε(θ, µ)[β2Dµ, βDηαDθ] − ε(θ, µ)ε(η, θ)[β2Dµ, αDθβDη]

= ε(θ, µ)(β2DµβDηαDθ − ε(µ, η + θ)βDηαDθβ
2Dµ)

−ε(θ, µ)ε(η, θ)(β2DµαDθβDη − ε(µ, θ + η)αDθβDηβ
2Dµ)

= ε(θ, µ)β2DµβDηαDθ − ε(µ, η)βDηαDθβ
2Dµ

−ε(θ, µ)ε(η, θ)β2DµαDθβDη + ε(η, θ)ε(µ, η)αDθβDηβ
2Dµ,

Á
ε(µ, η)[β̃2(Dη), [β̃(Dθ), α̃(Dµ)]] = ε(µ, η)[β̃(Dηβ), [β̃(Dθ), α̃(Dµ)]]

= ε(µ, η)[β2Dη, βDθαDµ − ε(θ, µ)αDµβDθ]

= ε(µ, η)[β2Dη, βDθαDµ] − ε(µ, η)ε(θ, µ)[β2Dη, αDµβDθ]

= ε(µ, η)(β2DηβDθαDµ − ε(η, θ + µ)βDθαDµβ2Dη)

−ε(µ, η)ε(θ, µ)(β2DηαDµβDθ − ε(η, µ + θ)αDµβDθβ
2Dη)

= ε(µ, η)β2DηβDθαDµ − ε(η, θ)βDθαDµβ2Dη

−ε(µ, η)ε(θ, µ)β2DηαDµβDθ + ε(η, θ)ε(θ, µ)αDµβDθβ
2Dη.

¼ ×$Ù ��� ö�½ ,
è å ε(η, θ)[β̃2(Dθ), [β̃(Dµ), α̃(Dη)]] + ε(θ, µ)[β̃2(Dµ), [β̃(Dη), α̃(Dθ)]]

+ ε(µ, η)[β̃2(Dη), [β̃(Dθ), α̃(Dµ)]] = 0.



No.6 �¡ 6¢¤£ : ¥¡¦ BiHom- § color ¨ª©.«­¬¡®ª¯¡° 505

¾ Ù , � ¢F� (f, [·, ·], α̃, β̃, ε) � BiHom-
�

color «�¬ .

��¿ θ ∈ G, ������� µ ∈ G, ¶ Endθ(T ) = {Dθ ∈ End(T ) | D(Tµ) ⊆ Tθ+µ}.��

2.9 �F� ¢�� (T, [·, ·, ·], α, β, ε) ���F��� BiHom-

�
color

�x�
. D ∈ Endθ(T ), �

� θ ∈ G,

• ������� x, y, z ∈ hg(T ), pFq
[D, α] = 0, [D, β] = 0,

D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] + ε(θ, x)[αkβl(x),D(y), αkβl(z)]

+ ε(θ, x + y)[αkβl(x), αkβl(y), D(z)].

ñ�] D a T � θ Ê αkβl- Ä ¥ .

• ������� x, y, z ∈ hg(T ),
l�m�n � D

′

, D
′′

, D
′′′

∈ Endθ(T ), pFq
[D, α] = [D

′

, α] = [D
′′

, α] = [D
′′′

, α] = 0, [D, β] = [D
′

, β] = [D
′′

, β] = [D
′′′

, β] = 0,

D
′′′

([x, y, z]) = [D(x), αkβl(y), αkβl(z)] + ε(θ, x)[αkβl(x), D
′

(y), αkβl(z)]

+ ε(θ, x + y)[αkβl(x), αkβl(y), D
′′

(z)].

ñ�] D a T � θ Ê αkβl- ÂxÃ�Ä ¥ .

• ������� x, y, z ∈ hg(T ),
l�m�n � D

′

∈ Endθ(T ), pFq
[D, α] = [D

′

, α] = 0, [D, β] = [D
′

, β] = 0,

D
′

([x, y, z]) = [D(x), αkβl(y), αkβl(z)] + ε(θ, x)[αkβl(x), D(y), αkβl(z)]

+ ε(θ, x + y)[αkβl(x), αkβl(y), D(z)].

ñ�] D a T � θ Ê αkβl- çxÄ ¥ .

• ������� x, y, z ∈ hg(T ), ��pFq
[D, α] = 0, [D, β] = 0,

D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] = ε(θ, x)[αkβl(x), D(y), αkβl(z)]

= ε(θ, x + y)[αkβl(x), αkβl(y), D(z)].

ñ�] D a T � θ Ê αkβl- ÀFÁ .

• ������� x, y, z ∈ hg(T ), ��pFq
[D, α] = 0, [D, β] = 0,

[D(x), αkβl(y), αkβl(z)] = ε(θ, x)[αkβl(x), D(y), αkβl(z)]

= ε(θ, x + y)[αkβl(x), αkβl(y), D(z)].

ñ�] D a T � θ Ê αkβl- ç�ÀFÁ .

• ������� x, y, z ∈ hg(T ), ��pFq
[D, α] = 0, [D, β] = 0,
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D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] = 0.

ñ�] D a T � θ Ê αkβl- �VÁvÄ ¥ .

¡ Derθ
αkβl(T ), GDerθ

αkβl(T ), QDerθ
αkβl(T ), Cθ

αkβl(T ), QCθ
αkβl(T ), ZDerθ

αkβl(T ) î�øFx
y�� ¢�� (T, [·, ·, ·], α, β, ε) � θ Ê αkβl- Ä ¥ , θ Ê αkβl- Â�ÃnÄ ¥ , θ Ê αkβl- ç�Ä ¥ , θ Ê
αkβl- ÀFÁ , θ Ê αkβl- ç�ÀFÁ , θ Ê αkβl- �VÁvÄ ¥ ¾ � �ÃÂ�Ä . ¶

Der(T ) = ⊕k≥0,l≥0Derαkβl(T ), GDer(T ) = ⊕k≥0,l≥0GDerαkβl(T ),

QDer(T ) = ⊕k≥0,l≥0QDerαkβl(T ), C(T ) = ⊕k≥0,l≥0Cαkβl(T ),

QC(T ) = ⊕k≥0,l≥0QCαkβl(T ), ZDer(T ) = ⊕k≥0,l≥0ZDerαkβl(T ).

] Der(T ) = ⊕k≥0,l≥0Derαkβl(T ) a T �PÄ ¥ , ��� Derαkβl(T ) � G- ü�r­� , �
Derαkβl(T ) = ⊕θ∈GDerθ

αkβl(T ).

] GDer(T ) = ⊕k≥0,l≥0GDerαkβl(T ) a T �3ÂxÃ�Ä ¥ , ��� GDerαkβl(T ) � G- ü�r­� , �
GDerαkβl(T ) = ⊕θ∈GGDerθ

αkβl(T ).

] QDer(T ) = ⊕k≥0,l≥0QDerαkβl(T ) a T �QçxÄ ¥ , ��� QDerαkβl(T ) � G- ü�r­� , �
QDerαkβl(T ) = ⊕θ∈GQDerθ

αkβl(T ).

] C(T ) = ⊕k≥0,l≥0Cαkβl(T ) a T �VÀFÁ , ��� Cαkβl(T ) � G- ü�r­� , �
Cαkβl(T ) = ⊕θ∈GCθ

αkβl(T ).

] QC(T ) = ⊕k≥0,l≥0QCαkβl(T ) a T �Qç�ÀFÁ , ��� QCαkβl(T ) � G- ü�r­� , �
QCαkβl(T ) = ⊕θ∈GQCθ

αkβl(T ).

] ZDer(T ) = ⊕k≥0,l≥0ZDerαkβl(T ) a T ���VÁvÄ ¥ , ��� ZDerαkβl(T ) � G- ü�r­� , �
ZDerαkβl(T ) = ⊕θ∈GZDerθ

αkβl(T ).

Å�Æ ×$Ù�ÎvÃ , jNå
ZDer(T ) ⊆ Der(T ) ⊆ QDer(T ) ⊆ GDer(T ) ⊆ End(T ),

C(T ) ⊆ QC(T ).
��


2.10 ��� ¢�� (T, [·, ·, ·], α, β, ε) �i����� BiHom-
�

color
���

.
l�m �������

y, z ∈ T , pFq
Z(T ) = {x ∈ hg(T )|[x, y, z] = 0}.

Ç�È
Z(T ) a T ���VÁ .

¦�É�þ­Ì BiHom-
�

color «�¬­� ¥ «�¬�Ê BiHom-
¥ «�¬�ÊÌË�Í�×�Ø BiHom- Ë�Í.�PÎ

Ã .
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��

2.11 �F� ¢�� (T, [·, ·], α, β, ε) � BiHom-

�
color «x¬ , M Á I � T � G- ü�r ¥®n¯

,
l�m

[M, M ] ⊆ M , ñ�] M � T � ¥ «�¬ ;
l�m

[T, I] ⊆ I, ñ�] I � T ��Ë�Í .�_

2.12 ��� ¢�� (T, [·, ·], α, β, ε) � BiHom-

�
color «�¬ , � M � T � ¥ «�¬ , ²

p�q α(M) ⊆ M , β(M) ⊆ M , ñ�] M � T � BiHom-
¥ «n¬ ; � I � T �wË�Í , ²�p�q

α(I) ⊆ I, β(I) ⊆ I, ñ�] I � T � BiHom- Ë�Í .

3 Î�Ï�Ð	Ñ
´�µ

3.1 �F� ¢F� (T, [·, ·, ·], α, β, ε) ��Þ������­� BiHom-
�

color
���

, ñx¦�� ��� :

(1) GDer(T ), QDer(T ) Á C(T ) � f � BiHom-
¥ «�¬ ,

(2) ZDer(T ) � Der(T ) � BiHom- Ë�Í .·
(1) ÒF� D1 ∈ GDerθ

αkβl(T ), D2 ∈ GDerη

αsβt(T ). ������� x, y, z ∈ hg(T ). ú
[(α̃(D1)(x)), αk+1βl(y), αk+1βl(z)]

= [D1 ◦ α(x), αk+1βl(y), αk+1βl(z)]

= α([D1(x), αkβl(y), αkβl(z)])

= α([D
′′′

1 ([x, y, z]) − ε(θ, x)[αkβl(x), D
′

1(y), αkβl(z)]

− ε(θ, x + y)[αkβl(x), αkβl(y), D
′′

1 (z)])

= α̃(D
′′′

1 [x, y, z]) − ε(θ, x)[αk+1βl(x), α̃(D
′

1)(y), αk+1βl(z)]

− ε(θ, x + y)[αk+1βl(x), αk+1βl(y), α̃(D
′′

1 )(z)].

h a α̃(D
′′′

1 ), α̃(D
′′

1 ) Á α̃(D
′

1) Â_Ó�Ô
�

End(T ),
h } α̃(D1) ∈ GDerθ

αk+1βl(T ). ~�» è å
β̃(D1) ∈ GDerθ

αkβl+1(T ). Õ�ú
[D1D2(x), αk+sβl+t(y), αk+sβl+t(z)]

= D
′′′

1 ([D2(x), αsβt(y), αsβt(z)])

− ε(θ, η + x)[αkβl(D2(x)), D
′

1(α
sβt(y)), αk+sβl+t(z)]

− ε(θ, η + x + y)[αkβl(D2(x)), αk+sβl+t(y), D
′′

1 (αsβt(z))]

= D
′′′

1 (D
′′′

2 ([x, y, z]) − ε(η, x)[αsβt(x), D
′

2(y), αsβt(z)]

− ε(η, x + y)[αsβt(x), αsβt(y), D
′′

2 (z)])

− ε(θ, η + x)[αkβl(D2(x)), D
′

1(α
sβt(y)), αk+sβl+t(z)]

− ε(θ, η + x + y)[αkβl(D2(x)), αk+sβl+t(y), D
′′

1 (αsβt(z))]

= D
′′′

1 (D
′′′

2 ([x, y, z]) − ε(η, x)D
′′′

1 ([αsβt(x), D
′

2(y), αsβt(z)])

− ε(η, x + y)D
′′′

1 ([αsβt(x), αsβt(y), D
′′

2 (z)])

− ε(θ, η + x)[αkβl(D2(x)), D
′

1(α
sβt(y)), αk+sβl+t(z)]

− ε(θ, η + x + y)[αkβl(D2(x)), αk+sβl+t(y), D
′′

1 (αsβt(z))]
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= D
′′′

1 (D
′′′

2 ([x, y, z])) − ε(η, x)[D1(α
sβt(x)), αkβl(D

′

2(y)), αk+sβt+l(z)]

− ε(η, x)ε(θ, x)[αk+sβt+l(x), D
′

1D
′

2(y), αk+sβt+l(z)]

− ε(η, x)ε(θ, x + y + η)[αk+sβt+l(x), αkβl(D
′

2(y)), D
′′

1 (αsβt(z))]

− ε(η, x + y)[D1(α
sβt(x)), αk+sβl+t(y), αkβl(D

′′

2 (z))]

− ε(η, x + y)ε(θ, x)[αk+sβt+l(x), D
′

1(α
sβt(y)), αkβl(D

′′

2 (z))]

− ε(η, x + y)ε(θ, x + y)[αk+sβt+l(x), αk+sβt+l(y), D
′′

1 D
′′

2 (z)]

− ε(θ, η + x)[αkβl(D2(x)), D
′

1(α
sβt(y)), αk+sβl+t(z)]

− ε(θ, η + x + y)[αkβl(D2(x)), αk+sβl+t(y), D
′′

1 (αsβt(z))],

Á
[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)]

= D
′′′

2 ([D1(x), αkβl(y), αkβl(z)])

− ε(η, θ + x)[αsβt(D1(x)), D
′

2(α
kβl(y)), αk+sβl+t(z)]

− ε(η, θ + x + y)[αsβt(D1(x)), αk+sβl+t(y), D
′′

2 (αkβl(z))]

= D
′′′

2

(
D

′′′

1 ([x, y, z]) − ε(θ, x)[αkβl(x), D
′

1(y), αkβl(z)]

− ε(θ, x + y)[αkβl(x), αkβl(y), D
′′

1 (z)]
)

− ε(η, θ + x)[αsβt(D1(x)), D
′

2(α
kβl(y)), αk+sβl+t(z)]

− ε(η, θ + x + y)[αsβt(D1(x)), αk+sβl+t(y), D
′′

2 (αkβl(z))]

= D
′′′

2 D
′′′

1 ([x, y, z]) − ε(θ, x)D
′′′

2 ([αkβl(x), D
′

1(y), αkβl(z)])

− ε(θ, x + y)D
′′′

2 ([αkβl(x), αkβl(y), D
′′

1 (z)])

− ε(η, θ + x)[αsβt(D1(x)), D
′

2(α
kβl(y)), αk+sβl+t(z)]

− ε(η, θ + x + y)[αsβt(D1(x)), αk+sβl+t(y), D
′′

2 (αkβl(z))]

= D
′′′

2 D
′′′

1 ([x, y, z]) − ε(θ, x)[D2(α
kβl(x)), αsβt(D

′

1(y)), αk+sβt+l(z)]

− ε(θ, x)ε(η, x)[αk+sβl+t(x), D
′

2(D
′

1(y), αk+sβl+t(z)]

− ε(θ, x)ε(η, x + y + θ)[αk+sβl+t(x), αsβt(D
′

1(y)), D
′′

2 (αkβl(z))]

− ε(θ, x + y)[D2(α
kβl(x)), αk+sβl+t(y), αsβt(D

′′

1 (z))]

− ε(θ, x + y)ε(η, x)[αk+sβl+t(x), D
′

2(α
kβl(y)), αsβt(D

′′

1 (z))]

− ε(θ, x + y)ε(η, x + y)[αk+sβl+t(x), αk+sβl+t(y), D
′′

2 D
′′

1 (z)]

− ε(η, θ + x)[αsβt(D1(x)), D
′

2(α
kβl(y)), αk+sβl+t(z)]

− ε(η, θ + x + y)[αsβt(D1(x)), αk+sβl+t(y), D
′′

2 (αkβl(z))].

Ö ÿv� � ����� x, y, z ∈ hg(T ), ú
[[D1, D2](x), αk+sβl+t(y), αk+sβl+t(z)] =[D

′′′

1 , D
′′′

2 ]([x, y, z])

− ε(θ + η, x)[αk+sβl+t(x), [D
′

1, D
′

2](y), αk+sβl+t(z)]

− ε(θ + η, x + y)[αk+sβl+t(x), αk+sβl+t(y), [D
′′

1 , D
′′

2 ](z)].
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×�Ø
[D

′

1, D
′

2], [D
′′

1 , D
′′

2 ] Á [D
′′′

1 , D
′′′

2 ] ��Ô � End(T ), �ì× [D1, D2] ∈ GDerθ+η

αk+sβl+t(T ), ���
��� x, y, z ∈ T , �ì× GDer(T ) � f � BiHom-

¥ «�¬ .

ÚÃË è�Ù QDer(T ) � f � BiHom-
¥ «�¬ .

¦�É Ù � C(T ) � f � BiHom-
¥ «�¬ . ÒF� D1 ∈ Cθ

αkβl(T ), D2 ∈ Cη

αsβt(T ), �������
x, y, z ∈ hg(T ), Ú�z�ú

α̃(D1)([x, y, z]) = α ◦ D1([x, y, z])

= D1 ◦ α([x, y, z])

= D1[α(x), α(y), α(z)]

= [D1(α(x)), αk+1βl(y), αk+1βl(z)]

= ε(θ, x)[αk+1βl(x), D1(α(y)), αk+1βl(z)]

= ε(θ, x)[αk+1βl(x), α̃(D1(y)), αk+1βl(z)].

~�» è å β̃(D1)([x, y, z]) = ε(θ, x)[αkβl+1(x), β̃(D1(y)), αkβl+1(z)].

�ì× , α̃(D1) ∈ Cθ
αk+1βl(T ) Á β̃(D1) ∈ Cθ

αkβl+1(T ), Û��væ
[[D1, D2](x), αk+sβl+t(y), αk+sβl+t(z)]

= [D1D2(x), αk+sβl+t(y), αk+sβl+t(z)] − ε(θ, η)[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)]

= [D1(D2(x)), αkβl(αsβt(y)), αkβl(αsβt(z))]

− ε(θ, η)[D2(D1(x)), αsβt(αkβl(y)), αsβt(αkβl(z))]

= D1[D2(x), αsβt(y), αsβt(z)] − ε(θ, η)D2[D1(x), αkβl(y), αkβl(z)]

= D1D2([x, y, z]) − ε(θ, η)D2D1([x, y, z]) = [D1,D2]([x, y, z]).

ÚÃË è å
ε(θ + η, x)[αk+sβl+t(x), [D1, D2](y), αk+sβl+t(z)] = [D1, D2]([x, y, z]),

Á
ε(θ + η, x + y)[αk+sβl+t(x), αk+sβl+t(y), [D1, D2](z)] = [D1, D2]([x, y, z]).

h } [D1, D2] ∈ Cθ+η

αk+sβl+t(T ), � Ù C(T ) � f � BiHom-
¥ «�¬ .

(2) ÒF� D1 ∈ ZDerθ
αkβl(T ), D2 ∈ Derη

αsβt(T ). ������� x, y, z ∈ T , ñvú
[α̃(D1)(x), αk+1βl(y), αk+1βl(z)] = α([D1(x), αkβl(y), αkβl(z)])

= α ◦ D1([x, y, z])

= α̃(D1)([x, y, z]) = 0,

Á
[β̃(D1)(x), αkβl+1(y), αkβl+1(z)] = β([D1(x), αkβl(y), αkβl(z)])

= β ◦ D1([x, y, z])

= β̃(D1)([x, y, z]) = 0.
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h } α̃(D1) ∈ ZDerθ
αk+1βl(T ) Á β̃(D1) ∈ ZDerθ

αkβl+1(T ). Û��væ
[[D1, D2]([x, y, z])] = D1D2([x, y, z]) − ε(θ, η)D2D1([x, y, z])

= D1([D2(x), αsβt(y), αsβt(z)]) + ε(η, x)D1([α
sβt(x), D2(y), αsβt(z)])

+ ε(η, x + y)D1([α
sβt(x), αsβt(y), D2(z)]) − 0

= 0,

½
[[D1, D2](x), αk+sβl+t(y), αk+sβl+t(z)]

= [D1D2(x), αk+sβl+t(y), αk+sβl+t(z)]

− ε(θ, η)[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)]

= D1([D2(x), αsβt(y), αsβt(z)])

− ε(θ, η)D2([D1(x), αkβl(y), αkβl(z)]) + ε(η, θ + x)[αsβt(D1(x)), D2(α
kβl(y)), αk+sβl+t(z)]

+ ε(η, θ + x + y)[αsβt(D1(x)), αk+sβl+t(y), D2(α
kβl(z))]

= 0.

ñ [D1, D2] ∈ ZDerθ+η

αk+sβl+t(T ).
� � , ZDer(T) � Der(T ) � BiHom- Ë�Í .ÜcÝ

3.2 �F� ¢F� (T, [·, ·, ·], α, β, ε) ��dFe�Þ Å�� 3 �Ã� F Ù����­� BiHom-
�

color
�

�
. ñ

(1) [Der(T ), C(T )] ⊆ C(T ),

(2) [QDer(T ), QC(T )] ⊆ QC(T ),

(3) [QC(T ), QC(T )] ⊆ QDer(T ),

(4) C(T ) ⊆ QDer(T ).·
(1) ÒF� D1 ∈ Derθ

αkβl(T ), D2 ∈ Cη

αsβt(T ). ������� x, y, z ∈ hg(T ), ñvú
[D1, D2]([x, y, z])

= D1D2([x, y, z]) − ε(θ, η)D2D1([x, y, z])

= D1([D2(x), αsβt(y), αsβt(z)])

−ε(θ, η)D2

(
[D1(x), αkβl(y), αkβl(z)]

+ε(θ, x)[αkβl(x), D1(y), αkβl(z)] + ε(θ, x + y)[αkβl(x), αkβl(y), D1(z)]
)

= [D1D2(x), αk+sβl+t(y), αk+sβl+t(z)]

+ε(θ, η + x)[αkβl(D2(x)), D1(α
sβt(y)), αk+sβl+t(z)]

+ε(θ, η + x + y)[αkβl(D2(x)), αk+sβl+t(y), D1(α
sβt(z))]

−ε(θ, η)[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)]

−ε(θ, η)ε(θ, x)[(αkβl(D2(x)), αsβt(D1(y)), αk+sβl+t(z)]

−ε(θ, η)ε(θ, x + y)[D2(α
kβl(x)), αk+sβl+t(y), αsβt(D1(z))]

= [D1D2(x), αk+sβl+t(y), αk+sβl+t(z)] − ε(θ, η)[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)]

= [[D1, D2](x), αk+sβl+t(y), αk+sβl+t(z)].
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ÚÃË è å
[D1, D2]([x, y, z]) = ε(θ + η, x)[αk+sβl+t(x), [D1, D2](y), αk+sβl+t(z)],

½
[D1,D2]([x, y, z]) = ε(θ + η, x + y)[αk+sβl+t(x), αk+sβl+t(y), [D1, D2](z)].

ñ [D1, D2]([x, y, z]) ∈ Cθ+η

αk+sβl+t(T ).
h } [Der(T ), C(T )] ⊆ C(T ).

(2) ~�» � (1) � Ù � .

(3) ÒF� D1 ∈ QCθ
αkβl(T ), D2 ∈ QCη

αsβt(T ). ������� x, y, z ∈ hg(T ), ñvú
[[D1, D2](x), αk+sβl+t(y), αk+sβl+t(z)]

+ε(θ + η, x)[αk+sβl+t(x), [D1, D2](y), αk+sβl+t(z)]

+ε(θ + η, x + y)[αk+sβl+t(x), αk+sβl+t(y), [D1, D2](z)]

= [D1D2(x), αk+sβl+t(y), αk+sβl+t(z)]

+ε(θ + η, x)[αk+sβl+t(x), D1D2(y), αk+sβl+t(z)]

+ε(θ + η, x + y)[αk+sβl+t(x), αk+sβl+t(y), D1D2(z)]

−ε(θ, η)[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)]

−ε(θ + η, x)ε(θ, η)[αk+sβl+t(x), D2D1(y), αk+sβl+t(z)]

−ε(θ + η, x + y)ε(θ, η)[αk+sβl+t(x), αk+sβl+t(y), D2D1(z)].
ß À_jÃà Ù

[D1D2(x), αk+sβl+t(y), αk+sβl+t(z)]

= [D1(D2(x)), αkβl(αsβt(y)), αkβl(αsβt(z))]

= ε(θ, η + x)[αkβl(D2(x)), D1(α
sβt(y)), αk+sβl+t(z)]

= ε(θ, η + x)ε(η, x)[αk+sβl+t(x), D2(D1(y)), αk+sβl+t(z)]

= ε(θ + η, x)ε(θ, η)[αk+sβl+t(x), D2D1(y), αk+sβl+t(z)],

½
ε(θ + η, x)[αk+sβl+t(x), D1D2(y), αk+sβl+t(z)]

= ε(θ + η, x)[αkβl(αsβt(x)), D1(D2(y)), αkβl(αsβt(z))]

= ε(θ + η, x)ε(θ, η + y)[αk+sβl+t(x), (αkβl(D2(y)), D1(α
sβt(z))]

= ε(θ + η, x)ε(θ, η + y)ε(η, y)[αk+sβl+t(x), αk+sβl+t(y), D2D1(z)]

= ε(θ + η, x + y)ε(θ, η)[αk+sβl+t(x), αk+sβl+t(y), D2D1(z)],

½
ε(θ + η, x + y)[αk+sβl+t(x), αk+sβl+t(y), D1D2(z)]

= ε(θ + η, x + y)ε(x + y, θ)[D1(α
sβt(x)), (αk+sβl+t(y)), αkβlD2(z)]

= ε(θ + η, x + y)ε(x + y, θ)ε(θ + x + y, η)[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)]

= ε(θ, η)[D2D1(x), αk+sβl+t(y), αk+sβl+t(z)].
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h } , [[D1, D2](x), αk+sβl+t(y), αk+sβl+t(z)]+ε(θ+η, x)[αk+sβl+t(x), [D1, D2](y), αk+sβl+t(z)]

+ε(θ+η, x+y)[αk+sβl+t(x), αk+sβl+t(y), [D1, D2](z)] = 0, �ì× [D1, D2] ∈ QDerθ+η

αk+sβl+t(T ).

� Ù [QC(T ), QC(T )] ⊆ QDer(T ).

(4) ÒF� D ∈ Cθ
αkβl(T ). ñw������� x, y, z ∈ hg(T ), ú

D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] = ε(θ, x)[αkβl(x), D(y), αkβl(z)]

= ε(θ, x + y)[αkβl(x), αkβl(y), D(z)].

h }
3D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] + ε(θ, x)[αkβl(x), D(y), αkβl(z)]

+ε(θ, x + y)[αkβl(x), αkβl(y), D(z)].

á�â ��ã D
′

= 3D ∈ Cθ
αkβl(T ). ä C(T ) ⊆ QDer(T ).� Ý

3.3 ��� ¢F� (T, [·, ·, ·], α, β, ε) ��Þ������­� BiHom-
�

color
���

, α, β ��p�` ,

ñ [C(T ), QC(T )] ⊆ End(T, Z(T )). d�ø�± , � Z(T ) = {0}, ñ [C(T ), QC(T )] = {0}.· Ò�� D1 ∈ Cθ
αkβl(T ), D2 ∈ QCη

αsβt(T ). ���i�.� x ∈ hg(T ).
h a α Á β �FpF` ,

������� y, z ∈ hg(T ),
n � y

′

, z
′

∈ hg(T ), å�å y = αk+sβl+t(y
′

), z = αk+sβl+t(z
′

), ñ
[[D1,D2](x), y, z] = [[D1,D2](x), αk+sβl+t(y

′

), αk+sβl+t(z
′

)]

= [D1D2(x), αk+sβl+t(y
′

), αk+sβl+t(z
′

)]

−ε(θ, η)[D2D1(x), αk+sβl+t(y
′

), αk+sβl+t(z
′

)]

= D1([D2(x), αsβt(y
′

), αsβt(z
′

)])

−ε(θ, η)ε(η, θ + x)[αsβt(D1(x)), D2(α
kβl(y

′

)), αk+sβl+t(z
′

)]

= D1([D2(x), αsβt(y
′

), αsβt(z
′

)])

−ε(η, x)D1([α
sβt(x), D2(y

′

), αsβt(z
′

)])

= D1([D2(x), αsβt(y
′

), αsβt(z
′

)])

−D1([D2(x), αsβt(y
′

), αsβt(z
′

)])

= 0.

h } [D1, D2](x) ∈ Z(T ),
Ö ÿ [D1, D2] ∈ End(T, Z(T )). d�ø�± , � Z(T ) = {0},

×�Ø ú
[C(T ), QC(T )] = {0}.� Ý

3.4
l�m � ¢F� (T, [·, ·, ·], α, β, ε) �w�FdFe�Þ�a 2 �Ã� F Ù.�PÞ������­� BiHom-�

color
���

, ñvú
ZDer(T ) = C(T ) ∩ Der(T ).

· ÒF� D ∈ Cθ
αkβl(T ) ∩ Derθ

αkβl(T ). ������� x, y, z ∈ hg(T ), ñvú
D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] + ε(θ, x)[αkβl(x), D(y), αkβl(z)]

+ε(θ, x + y)[αkβl(x), αkβl(y), D(z)],
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Á
D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] = ε(θ, x)[αkβl(x), D(y), αkβl(z)]

= ε(θ, x + y)[αkβl(x), αkβl(y), D(z)].

ñ 2D([x, y, z]) = 0,
h a�¬�� F �_d�e�Þ Å � 2,

h } D([x, y, z]) = 0.
h } D ∈

ZDerθ
αkβl(T ),

Ö ÿ C(T ) ∩ Der(T ) ⊆ ZDer(T ).æ Þ�{�É , ÒF� D ∈ ZDerθ
αkβl(T ), ������� x, y, z ∈ hg(T ), Ú�z�ú

D([x, y, z]) = [D(x), αkβl(y), αkβl(z)] = 0.

ß À_jÃà Ù D ∈ Cθ
αkβl(T ) ∩ Derθ

αkβl(T ).
Ö ÿ ZDer(T ) ⊆ C(T ) ∩ Der(T ).¾ Ù ZDer(T ) = C(T ) ∩ Der(T ).
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GENERALIZED DERIVATIONS OF MULTIPLICATIVE

BIHOM-LIE COLOR TRIPLE SYSTEMS

SUN Ya-liang, CAO Yan

(School of science, Harbin University of Science and Technology, Harbin 150080, China)

Abstract: In this paper, we study the definition and important properties of the generalized

derivation algebra GDer(T ) of Multiplicative BiHom-Lie color triple systems T . Based on the

generalized derivations of BiHom-Lie triple systems, we construct the quasi derivation algebra

QDer(T ), the centroid C(T ) and the quasi centroid QC(T ) and the central derivation algebra

ZDer(T ) of multiplicative BiHom-Lie color triple systems T . We prove the central derivation algebra

ZDer(T ) is BiHom-ideals of Der(T ). Moreover, we also prove that [C(T ), QC(T )] ⊆ End(T, Z(T )).

In particular, if Z(T ) = {0}, then we have [C(T ), QC(T )] = {0}.

Keywords: BiHom-Lie color triple systems; generalized derivations; quasi derivations;

centroids
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