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%} FE % Kadomtsev - Petviashvili(KP) #EH IS AN FE P, KP & vl B5 FE i i) —
ANSE, BLE TR PR ARV DT, FE TR R G e e R, SR [25)-[28] 7
AR TR (1.2) MZ I RI0T il A B, B RI07 %, Grammian I Pfaffian
A UL BORS 19 J HIR A.

Mmy=0,my=2,m3=0,my=1,ms =3,mg =—3 I, T (1.1) tLFE N

2yt + Uggay + 3Uzlsy + 3Uzply — Uy, = 0, (1.3)

ZOT R M (3+1) 4 Jimbo - Miwa(JM) J5 8% 290, 7EH 3 b F KAt R 2 AT 55 (i =
YEARLR IR AL R, WEIT (3+1) 4k IM i FExs T WL & PSR iy BN 7 E 2. Sk
[30]-[32] Z3Alitit T 7R (1.3) WOASHAME . AT O 20 FOAE LA F AR, STk (33] 10 T
J5FE (1.3) ) Backlund 48#t . Lax R4t T35 FAERM LI TR

TETE 24, A8 REARLR YA TR L R A R R E 2 ER, &
RO SIFRII R, A SCHE T AR (1.2) B (1.3) HFCE — 02 ZEOT R (1.1), Z5bat -
BT Bell ZHAIRE HE (1.1) BIXUE MR RMINTMR, FF 0090 L 3% 5 i
b 56 = E R LR, FIH Bell 2 0aMiE 52 (1.1) I Biacklund 28 Al Lax
o 5 DU A M BURTT SR 52 (1.1) G55 sHEM; ffads A SO iZie.

2 MR T

2.1 FREHEIR

ENX 2.1.184 L4k Bell ZIAWIR Y- 2T, & XN Yirwr o w (F) = Yooy oo i (Frizn o i)
=efomomel, Hrh, f = flag, -, x,) RAE 0 ML EF KB | RATEKIE
Bl frizrme = Ot 00 f(ry = 0,0+ ynas 5 =0, yny). 3 f = f(z,y) B, RRLH
Y- Z20AH
Yo(f) = for Youlf) = fou + f2,
Yﬂﬂ;ll(f) = fz7y + facfya YVBJE(f) = f31 + 3f2zfm + fmga

EN 2.1.2 B ZYEN Bell ZHIBFK V- ZIA, & XN

Viras,... VW) =Y 4. N
nixri, ,'Illml( J ) Ni1T1,...,NT] (f) ’U,,«lzl ..... lel’rl + .. + le\jﬁﬁ7
wrlzl ..... ’I"l:E“,rl +"'+le\j1l%ﬁ7
a

Ho v =v(xy, - ,2,) Mw=w(xy, 2, EH
w=w(x,y) B, SRH V- ZIAN
yz(vaw) = Vg, y2w<va ’LU) = Wo; + ’Uia

Vo y(V,0) = Wy y + 0,0y, Vi (v, W) = V34 + 3V,Way + vg, (2.1)



No.6 PEMES: HT Bell ZUII—3K (341) YR AKY ™ SGR/KPT TR ATRIERT 489

MR 2.1.1 M Y- 2R Hirota Wk D- HFHIKRN
Vrar,oma (V=1 f/g,w=1nfg) = (fg)" "D} ---DIf g, (2.2)
Hrf g+ ny+ -+ +ny > 1, Hirota XA D- B N
Dt DY g = By = Oug)™ - Oy — Bg)" far, - s 20)g(@hs - ) |aymar oy -
R, 24 f =g i, 2(2.2) BAbHy

[ DR f - f = Vg omyz, (0w = 21 f)
0, ny+ -+ n AL
Pnlfbl,"' yMIT] (w)a ny+---+ nly‘jfl%ﬁ7

:/H;‘EP Pn111,---,nlwl (w) = ynlwl,»»»nlwl«)aw =2In f) *ky‘j P- %Iﬁﬁ 'ﬁljﬁu w = w(xayat) Hj‘a P-
W]

Pt,:c(w) = Wiz, PQm(w) = Wag, PBm,y(w) = W3z,y + 3w2zwm,y7

(2.3)

2.2 WK
IR 2.2.1 MARH u = 214210 f), — @(y, 2)(ms # 0), WITRE (1.1) BIEAEE AN
[mlDth + m2DyDt + m3DwDy + m4DiDt - ¢y<y7 z)m5Dg2c + mGDmDZ] f ' f = 07 (24)

Hep f R T oy, 2 Mt KREL oy, 2) ZRT y Al 2 KL
IE SIANHBNAER g M o(y, 2), Kt q KT x,y, 2 At BISKREL, o(y, 2) KTy M2
ek, JFH A
U= Cqy — ¢(y7 Z), (25)
Ho e R EL HTRE (2.5) AR (1.1), I HELPLRT = R —k G

E(q) = miqes +maqy t +M3Gey +Maqsey + CM5q22Gz y — Oy (Y, 2)MsG2z + MG, . = 0. (2.6)
e = 2m1(ms #0), B

E(q) = migee +magyi +M3Gey + Ma(Gsey + 302200 ) — &y (Y, 2)Msq2e + Mg, . = 0. (2.7)
TR (2.3), WITHE (2.7) WA RITF P- 2008

m Py 1(q) + maPyi(q) + maPyy(q) + maPss y(q) — y(y, 2)ms Pax(q) + me Pr 2 (q) = 0.
(2.8)
VRS T A i
g=2Inf, (2.9)
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HEPER (2.1.1), A5 (1.1) BIXUERTER R

[m1D, Dy + maDy Dy + m3D, Dy + maD3Dy — ¢, (y, 2)ms D2 + meD, D, f - f = 0.

iESE,
2.3 IMFiE
EIE 2.3.1 7 (1.1) B N- IUFiE
6my i wibit X piksAjs
=—|l o sise - ¢(y,2), 2.10
L [“(Z ] 6y, 2) (2.10)

ot g BRABH gy = 0,1(5 = 1,2,---) BrA Al feiI4l e,
éj = ’U)jt + kj.fU +pr + ljZ + {j(o),

Ay ma(w; — ws)(kj — ks) + ma(w; — ws)(pj — ps) + ms(k; — ks)(p; — ps)
symb;
m4<kj - ks)3<Pj —Ps) — ¢y<ya z)m5(kj - k?s)z + mﬁ(kj - ks)(lj — 1)
symb;
symb;s =my(w; + ws)(kj + ks) + ma(w; + ws)(pj + ps) + ma(k; + ks)(p; + ps)
+ m4<kj + ks)3<pj + ps) - d)y(yv Z)m5<kj + ks)2 + mﬁ(kj + ks)(lg + ls),

)

XH , ,
_ mskyp; + mak;"pj — ¢y (y, 2)msk;” + mek;l;
mlkj + mgpj

mlkj +m2pj 7é Oa E kj’ Py lj’ €J(0)<j = 1a2a' t ,TL) %1£%P’%hﬁ
WE K (2.4) I f S BURIT B

’U)j:

Y

F=14fWet @2 4o g T 4o (2.11)
PRI (2.11) AT FE (2.4), IR e BIIRCR R B0
myfa) + met(yl) +msfl) +mafl, — oy (y, 2)ms f1) + me LY =0, (2.12)

2fma fiy +mafly +maf) +mafl, — 6y(y, 2)ms f2) +mef?)]
= — [m1Dy Dy + maDy Dy + mz D, Dy + myDED, — ¢, (y, 2)ms D2 +meD, D] fO - f,
(2.13)
2fmi £ +mafly +mafS) +maf3,, — oy (y, 2)ms £ +me fO)
= — [mD,D; + myDy Dy + m3D, Dy + myD3D, — ¢, (y, z)ms D2 +meD,D.] f - f*),
(2.14)

(i) BT iR
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IR (212) KT SO MR IR, B S RBUREOL R
fO =€ & =wit+ka+py+hz+£°, (2.15)

/\EP
_mBklpl + m4k13p1 — oy (v, z)m5k12 + mgkily

miki + mapr
EE mllﬁ + maop1 7'5 0, E_ k1y Pi1s ll’ §O) %{f%%’ﬁ
WD =0 =2,3,), ML (2.4) HiE

wyp, =

)

f=1+¢", (2.16)

VEREIX BIREN SR e ATRERIRENT A € L RO (1.1) (RRIE TR

6
w= mﬂ; [1n<1 n eEl)L — é(y, 2). (2.17)
(i) XAIT iR
BT (2.12) &%T fO MR B, Brbl fO H 3w

=€t e, G =wit+kp+py+Lz+&0 (G =1,2), (2.18)
/\q:l

 mak;p; + mak;’p; — ¢y (y, 2)msk;” + mek;l;
makj 4+ mop;

w; = (j =1, 2)'

# (2.18) R (2.13) 14
mifiy +mafyy +msfl) +mafl, — 6y, 2)msf2) + mef2
= — [ma (w1 — wa) (k1 — k2) + mo(w1 — wa)(p1 — p2) + ms(k1 — ka2)(p1 — p2) (2.19)
+ma(ks — k2)*(p1 — p2) — by (y, 2)ms (k1 — k2)* + me (k1 — k2)(ly — I)] €575

fiEts

f(2) _ 651+§2+A127 (2.20)
/\l:':l
ez — _ mi(wi — wa) (k1 — k2) + ma(wi — wa)(p1 — p2) + ma(k1 — k2)(p1 — p2)
symbio
 ma(ky — k2)*(p1 — p2) — By (y, 2)ms (k1 — k2)® + me(ky — ko) (L — 12)
symbia ’

symbia =my (w1 + wz) (k1 + k2) + ma(wr +wa)(p1 + p2) + ms(k1 + k2)(p1 + p2)
—+ m4(k1 + k2)3(p1 +p2) - ¢y(y, z)m5(k1 + k2)2 + mg(kl + kg)(ll + 12)

PO = (0 = f6) = =0, WM (2.4) HR

f=1+4e" 48 4 htetan (2.21)
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MIITRE (1.1) XA

" 6my [ln(l Left g ebe e£1+62+A12)] — b(y, 2). (2.22)
ms z

(ili) =IFfi#
FAUH TR (1.1) M=INF N

= 6my ln(l + 651 + 652 + 653 +e§1+f2+1412 + e§1+53+A13 + €E2+E3+A23 + 651+§2+§3A12+A13+A23)

ms T

oy, 2), (2.23)
/\E':l

s = (wj —ws)(kj — ky) +ma(w; — ws)(p; — ps) + malks — ks)(pj —ps)
symb;
B ma(k; — ko) (pj — ps) — 0y (y, 2)ms(k; — ke)? +me(ky — ko) (l; = 1)
symbjs ’

symb;s =my(w; + ws)(kj + ks) + ma(w; + ws)(pj + ps) + ma(k; + ks)(p; + ps)
+ m4<kj + ks)3<pj + ps) - d)y(yv Z)m5<kj + ks)2 + mﬁ(kj + ks)(lg + ls),

(] <S$,J,8= 17273)

(iv) N- ¥ fiE
HGN AT TRE (1.1) (9 N- 9T RN

Z N1£z+ Z /’LJN sAjs
In ( Z e’=t )] o(y, 2

pn=0,1

6m4

ms

Hoof o BRI gy = 0,1(j = ) BT ATREIN A,
& = wit+kjx +piy + 1Lz + &,

Ay ma(w; — ws)(kj — ks) + ma(w; — ws)(pj — ps) + ms(k; — ks)(p; — ps)
symb;
B my(k; — ks)3<Pj —ps) — ¢y (y, 2)ms(k; — ko)? + me(k; — ks)(l; — 1)
symb;
symb;s =my(w; + ws)(kj + ks) + ma(w; + ws)(pj + ps) + ma(k; + ks)(p; + ps)
+ m4<kj + ks)3<pj + ps) - d)y(yv Z)m5<kj + ks)2 + mﬁ(kj + ks)(lg + ls),

)

XH ,
mak;p; + mak;’p; — by (y, 2)msk;® + mek; l
mik; + map;

muk; +mop; £ 0, H kjs pyy Uy &0 =1,2,-+ ,n) RATEHEL
BERRLL ¢, (y, 2) = 2 S99, WHEIT AR AL 3B AIAR HLAE .

’U)j:*
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(c)
L R (L1) [SITR (2.17), Hh B m; = 1(=1,2,3,4,6), ms =2, k; =1, py =1,1; = 1

(a)

2: 7R (1.1) (BRI TR (2.17), JLrhig
m; = ].(’LZ 1,273,6),WL4 Zt, ms :2t7 kl = ].,pl = ].,ll =1

3: IR (1.1) BT fi# (2.22), JLrrEL
mizl(i:172,37476)»m5=2, k1 :27]91:1;11 =2, k2:_1up2:37 lo=14

(b)

4: JiFE (1.1) MRUIRTi (2.22), HeHEL
m; = 1(i=1,2,3,6),m4=t, ms =2t, kl =2,p1 = 1,11 22, kz =—1,p2=3, 12:4
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(a) (b) (c)
5: HFE (1.1) B=ICFR (2.23), HApEUm; = 1(i = 1,2,3,4,6),ms =2, k; = 1,p; =3, 1) =
2, ke =—1,p2=2,lp0=-3, kg =2,p3 =3,l3=—4

6: HFE (1.1) M=IFME (2.23), HAFE m; = 1(i=1,2,3,6),ma =t, ms =2t, ky =1, p1 =
3all =2, k2:_1ap2:2al2:_3u k3:27p3:3ul3:_4

1= &6 45t 7 RE my NHEEL (my = 1) Mt IERTEREL (my = t) I, BICTAE XL
T MEM=INT WAL © — tv y —t A1z — ¢ P H_ERERE. WERRTEUE 1, BT i S0
TR, AR ARG DR AN AL, XA = A7, IR A il Je o DO Pk 2 1)
JEORITEAR, DRFFIRIEAAE. [, 2923150 my W, BRGNS, R K my
t BOENE RN, BB Ty T R A AR

3 W& Backlund THEF0 Lax Xt

3.1 Mk * Bicklund ZTH

EIE 3.1.1 B f A g W TTRE (2.4) HIPIAME, WTRE (1.1) X Backlund
AN

(DoDy — AD,)f - g =0, (3.1a)
[mlDt + mzD, — ms¢y(y, 2) D, + m6D2]f -g =0, (3.1b)
(moDy +myD2)f - g=0. (3.1c)

ME B q=2Inf M §=2Ing BFEITHE (2.7) KIFE, SIEEMASHTRIRAAR &

R _d—q_, f
W= —ha(fg),v——2 —lng, (3.2)
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iy
g=w—v,§=w+v, (3.3)

HiaR (2.7) &0, ¢ f1 g 2 =35 %A%
E(q) — E(q) = E(w+v) — E(w —v)
= 2mq Uy + 2Mavys + 2M3Vsy + My | 2035 4 + 3(2WayVyy + 2w1yv2z)] (3.4)

— 2m5¢y(ya Z)U2I + QWGUM.

IR (2.1), 0 (3.4) ATLLE T 51

5 [B@ — B@)] = 0n [0, w) + mad,(0,0) — ms, (3, )V (w,0) + me- (0,0) s

+ 0y [mzyt(v, w) + myYVse (v, w)} + 3myR(v, w),
Hrp
R(v,w) = Wr [V, (v,w), Vu(v, w)]. (3.6)

X B Wr LR Wronski 17528, Wr D)m,y(v, w), Ve (v, w)] = Wy Vo — Wag 4V — V2Vygy.
5] NBR #2445
yw,y(va ’LU) - )\ym(’ua U/) = Oa (37)

Hrp N Z2HH W R(v,w) =0, AR (1.1) ALLF Y- 2B Backlund 28 #t

yxﬂ(”? w) - )‘yx(v7 w) =0, (3.8&)
mlyt<va ’UJ) + m3:yy<va U/) - m5¢y(ya Z)yw (Ua U/) + mﬁyz (U, U/) = 07 (38b)
mai (v, w) + maYse (v, w) = 0. (3.8¢)

i s Y- 20 Hirota W& D- HF Mk H (2.2), AT (1.1) 89L& %
Bicklund 254t

[mlDt + mBDy - m5¢y(y7 Z)D:c + mGDz]f g = 07 (39b)
(szt + m4D2)f g = 0. (390)
.
3.2 Lax Xt

EIE 3.2.1 j#id Hopf-Cole 484, J7#E (1.1) i) Lax XK

d)I,y — Aty + % [uu + ¢y<ya Z)]d) =0, (3.10&)

(ma + ma) by + ms [y — Gy (Y, 2)| Yo + Maths, + mst, +meth. =0, (3.10b)
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H X REESHL
IE 4 Hopf-Cole 28t v = In+p, £54 3K (2.1) F1(3.3) 775
YVi(v,w) =Vi(v,v+q) =/, Vu(v,w) = Ve(v,v+q) =1/,
Vy(v,w) =Yy (v,v+q) =Y, /v, V.(v,w)=V.(v,0+q) = 1./,
Vi (0, 0) = Voo (0,0 + @) = Quyy + Vay /0,
Vg (v, W) = V3o (v,0 + q) = 3220 /1) + P32 /1.
MG V- 2B Backlund 254 (3.8) MM SH S N &M R S
Yoy — My + Gz 0 = 0, (3.11a)
may + mathy — msgy (Y, 2)the + meth. =0, (3.11b)
Moy + 3MaqeePe + maths, = 0. (3.11c)
NI
Yy — M + Qo yth = 0, (3.12a)
(M1 + m2)¥y + [3mages — msdy(y, 2)|1he + mathss + matb, +metp, = 0. (3.12b)
WA (2.5), W%jiﬁ (1.1) ff) Lax X}
Vo = M + 505 2y + 6, (y, 2)] ¢ =
(m1 +ma)h + m5[ —oy(y, 2 )]¢x + mytPz, + maip, + meyp, = 0.
B WA BFNEZRN Yoy = ey FTUMEHTIRE (1.1), IEEE
THETFIER
EIR 4.1 A REJRIT, TR (L.1) A UR 55 s iEd
Tnt + Fae +maGpy+meH,. =0, n=1,2,3,---, (4.1)
HrepsHEE E 7, K2 A
Tn = m1(0, ' I 0) + moLyyn=1,2,- - (4.2)
H—ANEWI F, BEHEA N
Fo=msLy + muLy e — msdy(y,2) (0, ' Tp)n =1,2,- (4.3)
BANERR G, MIEHEA LN
g1 :Z_ium(ay_lz-l,m)u
Go =3(0, ' T122)(0, ' Tr.2) +  Pua(0, o),
(4.4)

gn =3 Z 1Ik 2z 8 1In k,m) + %um<6;1In,w>

my

+ Z 0, ) (051 L5.) (0, Ty o) = 3,4, -
i+j+k=n
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TR, BB TN

Ho=0,"T0n=1,2---. (4.5)
KHEASPEEE Z, BAKRRWT
Ty = —qoy = —% (07 (u2y + d24(y, 2))],
Ty =11y + A1 = q3y — Aq2y
= [0 sy + by (:2))] — Gt [0 (g + 03, (:2))]. (4.5)
In=—Tn1y+p1— nzz 07 0y(Z10,  Tnp—1,0),m = 3,4, - .
k=1

W HKR 024 (v) = 0tV (v) = Vo, 02Y.(v) = 02V (v) = v, ., WL (3.8) ATLAME Ny

Way + VaUy — AUy = 0, (4.7a)
ot(myv, +movy) + Oz [mgvy + MyVag y — M5y (Y, z)vw] + M40y (3wapv, + v,°)

+ me0z(v,) = 0. (4.7b)

513 — AN A R EL
p=T " (4.8)

WX EAR (3.2) W
vy =1, wy = gy + 7. (4.9)

H(4.9) AN (4.7) 3, /53— Riccati B
Qoy + Nz + 77(8;,_17790) - )‘(ay_lnr) =0, (4.10)
F—N B 7y 2

OtIm (0, ' ne) + man) + 0z [man + manz. — msdy(y, 2) (9, 1)

+mdy [3(0, Naw + 42:) (8 ') + (9, '12)*] + med2(0, 1) = 0. (1D
YIS N
N=c+> T(q, @ Goar- e (4.12)
n=1
RATTHE (4.10) I 2 e BHBRAZBNE
€0, ) o 4 oy =0,
e T, + 0, T — N0, T ,) =0,
e Doy + 0, T30 + 11(0, ' T1 o) — MO, 'T20) = 0, (4.13)

673 . 1'3)1 + 6;11'4)1 + Il<6;1127z) + I2(8;1117z> — )\(8;11'3)1> = 0,
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R HEE FE RS RN (4.6). HRRITA (4.12) AAAK (411),

ZInza +m2€+m221 e~ +6x[m3€+m321 e ™"

n=1 n=1

+m4ZIn2z6 "—m5¢y y,Z) ZInza n

n=1

+ m40y|[3( ZI" 22 ") ZI" 2€°") + 3qaa( y_l iln,xe_") + (37;1 ifn,ze_")g‘]
n=1 n=1
+ m0z[0, " ZI’W&_"] =0,
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INTEGRABILITY OF A VARIABLE-COEFFICIENT
GENERALIZED (34+1)DIMENSIONAL SHALLOW WATER WAVE
EQUATION VIA BELL POLYNOMIALS

LI Chun-hui, WANG Dan, LIU Shu-li, LI Jin-hong, WANG Xiao-li

(School of Mathematics and Statistics, Qilu University of Technology (Shandong Academy of Sciences),
Shandong Jinan 250353)

Abstract: In this paper, we focus on a (3+1)dimensional variable-coefficient generalized
shallow water wave equation based on Bell polynomials. Firstly, the transformation of variables
is introduced, and the Hirota bilinear form of the equation is derived by the relation between
Bell polynomial and the Hirota bilinear operator. The N-soliton solution of the equation is
obtained, and the propagation of single soliton, double soliton and triple soliton in different
cases are simulated. Furthermore, the bilinear Backlund transformation is obtained based on the
bilinear equation and Bell polynomials. Then, through the Hopf-Cole transformation, the bilinear
Béacklund transformation is linearized, and the Lax pair of the equation is obtained. Finally, the
infinite conservation law of the equation is obtained by using the series expansion method. Thus,
the integrability of the equation is proved.

Keywords: generalized shallow water wave equation; Bell polynomials; Backlund transfor-
mation; Lax pair; infinite conservation law
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