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1 ÑÓÒÔQÕ.ÖÁ×ÁØ3ÙÁÚÁÛ3ÜÞÝàß3á)Øãâ'ä)å3æ)çÁèÁéÁêãë3ì)íQîrïÁðãñ)ò3ó3ô)õãö0Ü)÷Áø)ùÝ5ì)í3úüû
. ýIþ ÔQÕ.ß3á)ØÓÝ5ÛÁÿ��������ãÛ)ÿ [1]

î
Hirota � ×ÁØ3ÛÁÿ [2−5]

î
Riemann-

Hilbert
Û0ÿ

[6]
î

Bäcklund �	� ÿ [7−9]
ó

Darboux �	� ÿ [10]
÷

. 
	�	��
���� 1971 ���

 ìÁíÁò�� Hirota ��� Ý � ×3Ø0Û3ÿ��0ÔüÕ Û0Ü Ý5ß0áÁØ . � Û3ÿÓÝ����� �!	"�#	$ÁÖ3×Ø.Ù0Ú0Û.ÜÓÝ � ×0Ø	%�& , ' Bell (*) &.í	+	,�- ��.0/�1�2 ��3QÝ54�6 [11−14]. Bell (*)&QÝ87	9�"

1934 �;:5<�=�> ò�� Bell ?�@���� Ý ,
!	A�"�B	C)ò�DQÝFE0GIH�J� �!

.
A�K

1996 � , Lambert
î

Gilson
ó

Nimmo
÷�L

[15] M�N / Bell (O) & ó Hirota � ×.Ø�P�Q	 SRÝ�T�U
,
,0Ö0×0Ø.Ù0Ú0Û.Ü Ý8V	W	X î � ×0Ø Bäckulund �	� î Lax Y ó	Z�[�\O]�^0÷Áß0áØ	_ÓÝpÔüÕ �	.`/�a	2 ÝpÛ3ÿ [16−23]. b�� � , Bell (�) &.Û3ÿ	c�d�e�f�g � Ö3×3Ø0Ù3Ú3ÛÜ Ýkß'á0Ø'Ô)Õ�h

.


������ Bell (O) & Ô)Õ*!*i � U > d�j�k�l�m.Û.Ü
m1uxt +m2uyt +m3uxy +m4uxxxy +m5(uxyux + uxxuy) +m6uxz = 0, (1.1)

-nh
mi = mi(t)(i = 1, · · · , 6)

,*o�p�q�r > .s
m1 = 0,m2 = 1,m3 = 0,m4 = 1,m5 = −3,m6 = −1 t ,

Û'Ü
(1.1)

Ú 1 ,
uyt + uxxxy − 3uxuxy − 3uxxuy − uxz = 0, (1.2)
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� Û0Ü�" Kadomtsev ­ Petviashvili(KP) ® h0Ý�¯�°	±3Û0Ü [24]. KP ® "3ß0á3Û0Ü ® ÝO!±	²�³
, ´�µ Z·¶�±0ß'á0Ö.×.Ø�¸	¹'Û'Ü , º ß'á	U	»'í�+�hI¼�½	¾ 
�¿ g . �	À [25]-[28]

¹
Á�Â + / Û0Ü (1.2)

Ý (OÃ Q	XÓîÄi Ã Q	X îÄ�Áí	X , Å Ý8i Ã Q	X , Grammian
ó

PfaffianX`Æ�Ç	V�W�È�É�m�X
.s

m1 = 0,m2 = 2,m3 = 0,m4 = 1,m5 = 3,m6 = −3 t ,
Û'Ü

(1.1)
Ú 1 ,

2uyt + uxxxy + 3uxuxy + 3uxxuy − 3uxz = 0, (1.3)

� Û.Ü�"	²�ÊüÝ (3+1) Ë Jimbo ­ Miwa(JM)
Û.Ü

[29], º ì3ính5g��.è0é�Ì���Í	Î��ÓÝ�Ï
Ë Ö0×0Ø�m Ý5Ð�Ñ .

ÔãÕ
(3+1) Ë JM

Û.Ü Y���Ò�Ó	Ô	Õ i�ÊüÝOÖ	Î�� Ã QÁÖ�×	¾ 
 . ��À
[30]-[32]

¹ Á�Â + / Û'Ü (1.3)
Ý5V�W�XÓîÙØ�m�XÓî Ã Q�¹�Q0ó	Ú�Û ¿ g�X , �	À [33]

Â + /Û'Ü
(1.3)

Ý
Bäcklund ��� î Lax

U	»üîzZ�[	\F]	^.ó (8Ã Q�X .

º�Ü�( ø3ù , � U > Ö3×3Ø0Ù3Ú3Û0Ü;Ý8×	U > Ö3×3Ø0Ù3Ú3Û0Üüâ ä �	.�ÞS( Ý8ßSà , Þ��3 ç.è.é�q�ákúÁû
. 
������ Û'Ü (1.2)

ó
(1.3)

Ô)Õ Þ !Oâ Ý � U > Û'Ü (1.1), ã #�ä�å :¯�°	æ	¹ ��� Bell (*) &�ç�è0Û.Ü (1.1)
Ý � ×0Ø	%�&'ó Ã Q�X , é ¹�ê Ã Q�XÓÝ5Ð�Ñ�ë'ÙÚ

;
¯�Ï�æ	¹ º	ì�Õ�í�î å , ï g Bell (*) &�#�$0Û.Ü (1.1)

Ý � ×0Ø Bäcklund �	� ó Lax

Y ;
¯�ð5æ�¹ ï g	ñ >	ò�ó	ô·� Û.Ü (1.1)

Ý5Z�[	\F]	^
; õ�ö�÷��5
�� Ý ã + .

2 ø0ùûúûüþý;ÿ������

2.1 ���
	��


�

2.1.1
[34] (OË Bell (O) &���� Y - (O) & , � j�, Yn1x1,··· ,nlxl

(f) ≡ Yn1,··· ,nl
(fr1x1,··· ,rlxl

)

= e−f∂n1

x1
· · · ∂nl

xl
ef ,
-�h

, f = f(x1, · · · , xn)
"	Ì��

n
±�� N ��� Ý�r > , l

"�oSpãÝpÖ����
> . fr1x1,··· ,rlxl

= ∂r1

x1
· · · ∂rl

xl
f(r1 = 0, · · · , n1; · · · ; rl = 0, · · · , nl).

s
f = f(x, y) t , Y f Ý

Y - (O) &�,
Yx(f) = fx, Y2x(f) = f2x + f2

x ,

Yx,y(f) = fx,y + fxfy, Y3x(f) = f3x + 3f2xfx + f3
x ,

· · ·



�
2.1.2

[34] (OË�� Bell (O) &���� Y- (O) & , � j�,

Yn1x1,...,nlxl
(v, w) = Yn1x1,...,nlxl

(f)

∣

∣

∣

∣

∣

∣

∣

∣

∣

fr1x1,...,rlxl
=











vr1x1,...,rlxl
, r1 + · · · + rl

,�� > ,
wr1x1,...,rlxl

, r1 + · · · + rl

,�� > ,
-�h

, v = v(x1, · · · , xn)
ó
w = w(x1, · · · , xn)

"	Ì��
n
±�� N ��� Ý�r > .

s
v = v(x, y),

w = w(x, y) t , Y fQÝ Y- (O) &�,

Yx(v, w) = vx, Y2x(v, w) = w2x + v2
x,

Yx,y(v, w) = wx,y + vxvy, Y3x(v, w) = v3x + 3vxw2x + v3
x,

· · ·

(2.1)
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?�@
2.1.1

[14] Y- (O) & ó Hirota � ×.Ø D-
P�QQÝBA�U�,

Yn1x1,···nlxl
(v = ln f/g, w = ln fg) = (fg)−1Dn1

x1
· · ·Dnl

xl
f · g, (2.2)

-nh
n1 + n2 + · · · + nl ≥ 1, Hirota � ×.Ø D-

P�Q � j�,

Dn1

x1
· · ·Dnl

xl
f · g ≡ (∂x1

− ∂x′
1
)n1 · · · (∂xl

− ∂x′
l
)nlf(x1, · · · , xl)g(x

′

1, · · · , x
′

l)
∣

∣

x′
1
=x1,··· ,x′

l
=xl

.

C Á ç
,
s
f = g t ,

&
(2.2)

c0Ú	,
f−2Dn1

x1
· · ·Dnl

xl
f · f = Yn1x1,···nlxl

(0, w = 2 ln f)

=

{

0, n1 + · · · + nl

,�� > ,
Pn1x1,··· ,nlxl

(w), n1 + · · · + nl

,�� > ,
-nh

Pn1x1,··· ,nlxl
(w) = Yn1x1,···nlxl

(0, w = 2 ln f)
��,

P - (O) & . D ä w = w(x, y, t) t , P -

(O) &�,

Pt,x(w) = wt,x, P2x(w) = w2x, P3x,y(w) = w3x,y + 3w2xwx,y,

· · ·
(2.3)

2.2 E�F ?�G�H

�I

2.2.1 J���� u = 3m4

m5

(2 ln f)x − φ(y, z)(m5 6= 0), K Û'Ü (1.1)
Ý � ×.Ø�%	&�,

[

m1DxDt +m2DyDt +m3DxDy +m4D
3
xDt − φy(y, z)m5D

2
x +m6DxDz

]

f · f = 0, (2.4)

-nh
f
"�A � x, y, z

ó
t
Ý*r > , φ(y, z)

"�A � y
ó
z
Ý*r > .LNMPO
Q�R ��� q

ó
φ(y, z),

-nh
q
"�A � x, y, z

ó
t
Ý8q�r > , φ(y, z)

"�A � y
ó
zÝ*r > , é�S�T

u = cqx − φ(y, z), (2.5)

-nh
c
"�U�W � Ý8× > . V Û'Ü (2.5) W O Û'Ü (1.1), é�S ÷�&�X�Y Y x

á	¹	! @ è
E(q) ≡ m1qx,t +m2qy,t +m3qx,y +m4q3x,y + cm5q2xqx,y −φy(y, z)m5q2x +m6qx,z = 0. (2.6)

Z
c = 3m4

m5

(m5 6= 0), [ & Ú	,
E(q) ≡ m1qx,t +m2qy,t +m3qx,y +m4(q3x,y + 3q2xqx,y)− φy(y, z)m5q2x +m6qx,z = 0. (2.7)

é�\�] & (2.3), K Û'Ü (2.7)
ß�^.Ú	,�ä�å

P - (O) &�%	&

m1Px,t(q) +m2Py,t(q) +m3Px,y(q) +m4P3x,y(q) − φy(y, z)m5P2x(q) +m6Px,z(q) = 0.

(2.8)

¿��������
q = 2 ln f, (2.9)
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S0: Ø�_ (2.1.1),
ß�è.Û'Ü

(1.1)
Ý � ×.Ø�%	&

[

m1DxDt +m2DyDt +m3DxDy +m4D
3
xDt − φy(y, z)m5D

2
x +m6DxDz

]

f · f = 0.

_�`
.

2.3 a�b�c

�I

2.3.1
Û'Ü

(1.1)
�

N- Ã Q�X

u =
6m4

m5

[

ln

(

∑

µ=0,1

e

n
∑

j=1

µiξi+
∑

1≤j<s

µjµsAjs

)]

x

− φ(y, z), (2.10)

-nh Y µ
Ý ô ó�f Z µj = 0, 1(j = 1, 2, · · · ) d �0ß3â)Ý�B�C ,

ξj = wjt+ kjx+ pjy + ljz + ξj
(0),

eAjs = −
m1(wj − ws)(kj − ks) +m2(wj − ws)(pj − ps) +m3(kj − ks)(pj − ps)

symbjs

−
m4(kj − ks)

3(pj − ps) − φy(y, z)m5(kj − ks)
2 +m6(kj − ks)(lj − ls)

symbjs

,

symbjs =m1(wj + ws)(kj + ks) +m2(wj + ws)(pj + ps) +m3(kj + ks)(pj + ps)

+m4(kj + ks)
3(pj + ps) − φy(y, z)m5(kj + ks)

2 +m6(kj + ks)(lj + ls),e�f
wj = −

m3kjpj +m4kj
3pj − φy(y, z)m5kj

2 +m6kjlj
m1kj +m2pj

,

m1kj +m2pj 6= 0, S kj g pj g lj g ξj (0)(j = 1, 2, · · · , n)
"*o�p�× > .L V & (2.4)

h'Ý
f h�i�>	ò�ó�j ñ >
f = 1 + f (1)ε+ f (2)ε2 + · · · + f (j)εj + · · · , (2.11)

V�ò�ó & (2.11) W O � ×.Ø'Û'Ü (2.4),
Ýlk

ε
Ý�m @�n U > �

m1f
(1)
tx +m2f

(1)
ty +m3f

(1)
xy +m4f

(1)
xxxy − φy(y, z)m5f

(1)
xx +m6f

(1)
xz = 0, (2.12)

2[m1f
(2)
tx +m2f

(2)
ty +m3f

(2)
xy +m4f

(2)
xxxy − φy(y, z)m5f

(2)
xx +m6f

(2)
xz ]

= −
[

m1DxDt +m2DyDt +m3DxDy +m4D
3
xDt − φy(y, z)m5D

2
x +m6DxDz

]

f (1) · f (1),

(2.13)

2[m1f
(3)
tx +m2f

(3)
ty +m3f

(3)
xy +m4f

(3)
xxxy − φy(y, z)m5f

(3)
xx +m6f

(3)
xz ]

= −
[

m1DxDt +m2DyDt +m3DxDy +m4D
3
xDt − φy(y, z)m5D

2
x +m6DxDz

]

f (1) · f (2),

(2.14)
...

(i) o*Ã Q�X
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Û'Ü
(2.12)

"�A � f (1)
Ý8!*±0×.Ø�¸	¹'Û'Ü

, prq è�K�s > %	&OX

f (1) = eξ1 , ξ1 = w1t+ k1x+ p1y + l1z + ξ
(0)
1 , (2.15)

-nh
w1 = −

m3k1p1 +m4k1
3p1 − φy(y, z)m5k1

2 +m6k1l1
m1k1 +m2p1

,

e�f
m1k1 +m2p1 6= 0, S k1 g p1 g l1 g ξ(0)1

"*o�p�× > .Z
f (j) = 0(j = 2, 3, · · · ), K�� ×.Ø'Û'Ü (2.4)

��X

f = 1 + eξ1 , (2.16)

t p e�f�u�v i�> ε
ß*cxw�y�KOo�p�× > ξ

(0)
1

h
. z	' Û'Ü (1.1)

Ý o*Ã Q�X�,
u =

6m4

m5

[

ln(1 + eξ1)
]

x
− φ(y, z). (2.17)

(ii) ��Ã Q�X
:�� (2.12)

"�A � f (1)
Ýk×.Ø�¸	¹'Û'Ü

, d Æ f (1)
��{�|�X

f (1) = eξ1 + eξ2 , ξj = wjt+ kjx+ pjy + ljz + ξ
(0)
j (j = 1, 2), (2.18)

-nh
wj = −

m3kjpj +m4kj
3pj − φy(y, z)m5kj

2 +m6kjlj
m1kj +m2pj

(j = 1, 2).

V (2.18) } O (2.13)
è

m1f
(2)
tx +m2f

(2)
ty +m3f

(2)
xy +m4f

(2)
xxxy − φy(y, z)m5f

(2)
xx +m6f

(2)
xz

= − [m1(w1 − w2)(k1 − k2) +m2(w1 − w2)(p1 − p2) +m3(k1 − k2)(p1 − p2)

+m4(k1 − k2)
3(p1 − p2) − φy(y, z)m5(k1 − k2)

2 +m6(k1 − k2)(l1 − l2)
]

eξ1+ξ2 .

(2.19)

X	è
f (2) = eξ1+ξ2+A12 , (2.20)

-nh

eA12 = −
m1(w1 − w2)(k1 − k2) +m2(w1 − w2)(p1 − p2) +m3(k1 − k2)(p1 − p2)

symb12

−
m4(k1 − k2)

3(p1 − p2) − φy(y, z)m5(k1 − k2)
2 +m6(k1 − k2)(l1 − l2)

symb12
,

symb12 =m1(w1 + w2)(k1 + k2) +m2(w1 + w2)(p1 + p2) +m3(k1 + k2)(p1 + p2)

+m4(k1 + k2)
3(p1 + p2) − φy(y, z)m5(k1 + k2)

2 +m6(k1 + k2)(l1 + l2).

Z
f (3) = f (4) = f (5) = · · · = 0, � ×.Ø'Û'Ü (2.4)

��X

f = 1 + eξ1 + eξ2 + eξ1+ξ2+A12 , (2.21)
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~ ' Û'Ü (1.1)
Ý ��Ã Q�X�,

u =
6m4

m5

[

ln(1 + eξ1 + eξ2 + eξ1+ξ2+A12)
]

x
− φ(y, z). (2.22)

(iii)
Ï Ã Q�Xi��0ç0ß�è.Û'Ü

(1.1)
Ý5Ï Ã Q�X�,

u =
6m4

m5

[

ln(1 + eξ1 + eξ2 + eξ3 + eξ1+ξ2+A12 + eξ1+ξ3+A13 + eξ2+ξ3+A23 + eξ1+ξ2+ξ3A12+A13+A23)
]

x

−φ(y, z), (2.23)

-nh

eAjs = −
m1(wj − ws)(kj − ks) +m2(wj − ws)(pj − ps) +m3(kj − ks)(pj − ps)

symbjs

−
m4(kj − ks)

3(pj − ps) − φy(y, z)m5(kj − ks)
2 +m6(kj − ks)(lj − ls)

symbjs

,

symbjs =m1(wj + ws)(kj + ks) +m2(wj + ws)(pj + ps) +m3(kj + ks)(pj + ps)

+m4(kj + ks)
3(pj + ps) − φy(y, z)m5(kj + ks)

2 +m6(kj + ks)(lj + ls),

(j < s, j, s = 1, 2, 3).

(iv) N- Ã Q�X��� ß�è.Û'Ü
(1.1)

Ý
N- Ã Q�X�,

u =
6m4

m5

[

ln

(

∑

µ=0,1

e

n
∑

j=1

µiξi+
∑

1≤j<s

µjµsAjs

)]

x

− φ(y, z),

-nh Y µ
Ý ô ó�f Z µj = 0, 1(j = 1, 2, · · · ) d �0ß3â)Ý�B�C ,

ξj = wjt+ kjx+ pjy + ljz + ξj
(0),

eAjs = −
m1(wj − ws)(kj − ks) +m2(wj − ws)(pj − ps) +m3(kj − ks)(pj − ps)

symbjs

−
m4(kj − ks)

3(pj − ps) − φy(y, z)m5(kj − ks)
2 +m6(kj − ks)(lj − ls)

symbjs

,

symbjs =m1(wj + ws)(kj + ks) +m2(wj + ws)(pj + ps) +m3(kj + ks)(pj + ps)

+m4(kj + ks)
3(pj + ps) − φy(y, z)m5(kj + ks)

2 +m6(kj + ks)(lj + ls),e�f
wj = −

m3kjpj +m4kj
3pj − φy(y, z)m5kj

2 +m6kjlj
m1kj +m2pj

,

m1kj +m2pj 6= 0, S kj g pj g lj g ξj (0)(j = 1, 2, · · · , n)
"*o�p�× > .� å*��Æ

φy(y, z) = 2
, D ,

Â + Ã Q�X ÝIÐ	Ñ.ó�Ú	Û ¿ g .
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(a) (b) (c)�
1: ��� (1.1) ��������� (2.17), ����� mi = 1(i = 1, 2, 3, 4, 6), m5 = 2, k1 = 1, p1 = 1, l1 = 1

(a) (b) (c)�
2: ��� (1.1) ��������� (2.17), �����

mi = 1(i = 1, 2, 3, 6), m4 = t, m5 = 2t, k1 = 1, p1 = 1, l1 = 1

(a) (b) (c)�
3 ����� (1.1) ��������� (2.22) �������

mi = 1(i = 1, 2, 3, 4, 6), m5 = 2, k1 = 2, p1 = 1, l1 = 2, k2 = −1, p2 = 3, l2 = 4

(a) (b) (c)�
4: ��� (1.1) ��������� (2.22), �����

mi = 1(i = 1, 2, 3, 6), m4 = t, m5 = 2t, k1 = 2, p1 = 1, l1 = 2, k2 = −1, p2 = 3, l2 = 4
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(a) (b) (c)�
5: ��� (1.1) ��������� (2.23), ����� mi = 1(i = 1, 2, 3, 4, 6),m5 = 2, k1 = 1, p1 = 3, l1 =

2, k2 = −1, p2 = 2, l2 = −3, k3 = 2, p3 = 3, l3 = −4

(a) (b) (c)�
6: ��� (1.1) ��������� (2.23), ����� mi = 1(i = 1, 2, 3, 6), m4 = t, m5 = 2t, k1 = 1, p1 =

3, l1 = 2, k2 = −1, p2 = 2, l2 = −3, k3 = 2, p3 = 3, l3 = −4

�
1–
�

6 ÷�������� m4 ��  � (m4 = 1) ¡ t ¢B£�¤x¥�� (m4 = t) ¦ , §�¨�©�ª¬«®­
¨
©�ª
¡�¯�¨
©�ª�° x − t « y − t ¡ z − t ±�²
³�¢�´
µ . ¶ ��·B¸º¹l» � , §�¨
©�ª�¼�½�¨
©�ª , ¾�°�´�µ�¿�À ·lÁxÂ�Ã
Ä�Å�Æ ; ­�¨�©�ª�¡�¯�¨�©�ª · , ¨�¾�Ç�È�É�Ê�Ë�Ì�Í�Î
Ï�Ð�ÑÒ�Ó ¢BÔ�Õ ,

Ã�Ä�ÁxÂ�Å�Æ
. Ö�¦ , ×���� m4 ��  �x¦ , ¾�¢P´�µ�ØÚÙ Å
Û�Æ ; ×���� m4 �

t ¢B£�¤x¥��x¦ , ¾�¢P´�µ�ØÚÙ�Ç�È Û�Æ .

3 ÜºÝ�Þ Bäcklund ßáà�â Lax ã

3.1 ä�å�æ Bäcklund ç�è
é�ê

3.1.1 ë
ì f ¡ g ¼�­
£�¤�Ø�À (2.4) ¢�í�î�ª , ï�Ø�À (1.1) ¢B­
£�¤ BäcklundÆ�ð �
(DxDy − λDx)f · g = 0, (3.1a)
[

m1Dt +m3Dy −m5φy(y, z)Dx +m6Dz

]

f · g = 0, (3.1b)

(m2Dt +m4D
3
x)f · g = 0. (3.1c)

ñ ì q = 2 ln f ¡ q̃ = 2 ln g ò�¼�Ø�À (2.7) ¢Pª , óPô
í�î�õ�¢�ö�÷ Æ�ø

w =
q̃ + q

2
= ln(fg), v =

q̃ − q

2
= ln

f

g
, (3.2)
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ï
q = w − v, q̃ = w + v, (3.3)

��� �
(2.7) ! , q ¡ q̃ "$#&%('$)+*

E(q̃) − E(q) = E(w + v) −E(w − v)

= 2m1vxt + 2m2vyt + 2m3vxy +m4

[

2v3x,y + 3(2w2xvxy + 2wxyv2x)
]

− 2m5φy(y, z)v2x + 2m6vxz.

(3.4)

,+- �
(2.1), )+* (3.4)

¸¬¹/. õ1032
1

2

[

E(q̃) − E(q)
]

= ∂x
[

m1Yt(v, w) +m3Yy(v, w) −m5φy(y, z)Yx(v, w) +m6Yz(v, w)
]

+ ∂y
[

m2Yt(v, w) +m4Y3x(v, w)
]

+ 3m4R(v, w),
(3.5)

4 ·
R(v, w) = Wr

[

Yx,y(v, w),Yx(v, w)
]

. (3.6)

5$6
Wr 7&8 Wronski 9&: � , Wr

[

Yx,y(v, w),Yx(v, w)
]

= wxyv2x − w2x,yvx − v2
xvxy.

ó ;=<?>+)+*
Yx,y(v, w) − λYx(v, w) = 0, (3.7)

4 ·
λ ¼   � , ï R(v, w) = 0, ¶+@�Ø�À (1.1) A ¹CB Y- D3E �&F ¢ Bäcklund

Æ�ð

Yx,y(v, w) − λYx(v, w) = 0, (3.8a)

m1Yt(v, w) +m3Yy(v, w) −m5φy(y, z)Yx(v, w) +m6Yz(v, w) = 0, (3.8b)

m2Yt(v, w) +m4Y3x(v, w) = 0. (3.8c)

GIH
Y- D=E � ¡ Hirota ­á£º¤ D- J¬© ¢LKº� � (2.2),

¸NM ÑÚØ¬À (1.1) ¢�­á£º¤
Bäcklund

Æ�ð

(DxDy − λDx)f · g = 0, (3.9a)
[

m1Dt +m3Dy −m5φy(y, z)Dx +m6Dz

]

f · g = 0, (3.9b)

(m2Dt +m4D
3
x)f · g = 0. (3.9c)

O1P
.

3.2 Lax Q
é�ê

3.2.1 R�¿ Hopf-Cole
Æ�ð

, Ø�À (1.1) ¢ Lax S �
ψx,y − λψx +

m5

3m4

[

uy + φy(y, z)
]

ψ = 0, (3.10a)

(m1 +m2)ψt +m5

[

ux − φy(y, z)
]

ψx +m4ψ3x +m3ψy +m6ψz = 0, (3.10b)
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4 ·
λ ¼(WLX3Y�� .ñ[Z

Hopf-Cole
Æ�ð

v = lnψ,
G(H �

(2.1) ¡ (3.3)
¸+M

Yt(v, w) = Yt(v, v + q) = ψt/ψ, Yx(v, w) = Yx(v, v + q) = ψx/ψ,

Yy(v, w) = Yy(v, v + q) = ψy/ψ, Yz(v, w) = Yz(v, v + q) = ψz/ψ,

Yx,y(v, w) = Yx,y(v, v + q) = qx,y + ψx,y/ψ,

Y3x(v, w) = Y3x(v, v + q) = 3q2xψx/ψ + ψ3x/ψ.

¶+@ Y- D3E �&F ¢ Bäcklund
Æ�ð

(3.8) \
£�¤+] �+^ A&Y�� λ ¢B£�¤��$_
ψx,y − λψx + qx,yψ = 0, (3.11a)

m1ψt +m3ψy −m5φy(y, z)ψx +m6ψz = 0, (3.11b)

m2ψt + 3m4q2xψx +m4ψ3x = 0. (3.11c)

¶+@
ψx,y − λψx + qx,yψ = 0, (3.12a)

(m1 +m2)ψt +
[

3m4q2x −m5φy(y, z)
]

ψx +m4ψ3x +m3ψy +m6ψz = 0. (3.12b)

R�¿ Æ�ð (2.5), ` M Ø�À (1.1) ¢ Lax S
ψx,y − λψx +

m5

3m4

[

uy + φy(y, z)
]

ψ = 0,

(m1 +m2)ψt +m5

[

ux − φy(y, z)
]

ψx +m4ψ3x +m3ψy +m6ψz = 0.acbCd O$e a ¤+)+* ψxyt = ψtxy

¸¬¹gf ��Ø�À (1.1),
O1P

.

4 hjilknmlo
é�ê

4.1 R�¿$p��$q+r , Ø�À (1.1) A ¹CB3sut$vxw$y
Jn,t + Fn,x +m4Gn,y +m6Hn,z = 0, n = 1, 2, 3, · · · , (4.1)4 ·?vxw$z+{

Jn ¢?| �&}&� �
Jn = m1(∂

−1
y In,x) +m2In, n = 1, 2, · · · . (4.2)

~1� î&�u�(� Fn ¢C� f }&� �
Fn = m3In +m4In,2x −m5φy(y, z)(∂

−1
y In,x), n = 1, 2, · · · . (4.3)~ %�î&�u�(� Gn ¢C� f }&� �

G1 =
m5

m4

ux(∂−1
y I1,x),

G2 =3(∂−1
y I1,2x)(∂

−1
y I1,x) +

m5

m4

ux(∂−1
y I2,x),

Gn =3

n−1
∑

k=1

(∂−1
y Ik,2x)(∂−1

y In−k,x) +
m5

m4

ux(∂−1
y In,x)

+
∑

i+j+k=n

(∂−1
y Ii,x)(∂

−1
y Ij,x)(∂

−1
y Ik,x), n = 3, 4, · · · .

(4.4)
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�&� �u�(� Hn ¢C� f }&� �
Hn = ∂−1

y In,x, n = 1, 2, · · · . (4.5)

5$6uvxw$z+{
In ¢C�1�(K��&� B

I1 = −q2y = −
m5

3m4

[

∂−1
x

(

u2y + φ2y(y, z)
)]

,

I2 = −I1,y + λI1 = q3y − λq2y

=
m5

3m4

[

∂−1
x

(

u3y + φ3y(y, z)
)]

−
λm5

3m4

[

∂−1
x

(

u2y + φ2y(y, z)
)]

,

In = −In−1,y + λIn−1 −

n−2
∑

k=1

∂−1
x ∂y(Ik∂

−1
y In−k−1,x), n = 3, 4, · · · .

(4.6)

ñ � K�� ∂xYt(v) = ∂tYx(v) = vx,t, ∂xYz(v) = ∂zYx(v) = vx,z, ï � (3.8)
¸¬¹ ] �

wxy + vxvy − λvx = 0, (4.7a)

∂t(m1vx +m2vy) + ∂x
[

m3vy +m4v2x,y −m5φy(y, z)vx

]

+m4∂y(3w2xvx + vx
3)

+m6∂z(vx) = 0. (4.7b)

óPô � î�õ�¢?��¥��
η =

q̃y − qy

2
, (4.8)

ï � K�� � (3.2)
¸+M

vy = η, wy = qy + η. (4.9)�
(4.9)

� 7&; (4.7)
�

,
M Ñ � î Riccati

F Ø�À
qxy + ηx + η(∂−1

y ηx) − λ(∂−1
y ηx) = 0, (4.10)

¡ � î$�(� F Ø�À
∂t[m1(∂

−1
y ηx) +m2η] + ∂x

[

m3η +m4η2x −m5φy(y, z)(∂
−1
y ηx)

]

+m4∂y
[

3(∂−1
y ηxx + q2x)(∂−1

y ηx) + (∂−1
y ηx)3

]

+m6∂z(∂
−1
y ηx) = 0.

(4.11)

� q+r �
η = ε+

∞
∑

n=1

In(q, qx, q2x, · · · )ε
−n, (4.12)

7&;�Ø�À (4.10) �(� ε �+�u����� �+�
ε0 : ∂−1

y I1,x + qx,y = 0,

ε−1 : I1,x + ∂−1
y I2,x − λ(∂−1

y I1,x) = 0,

ε−2 : I2,x + ∂−1
y I3,x + I1(∂

−1
y I1,x) − λ(∂−1

y I2,x) = 0,

ε−3 : I3,x + ∂−1
y I4,x + I1(∂

−1
y I2,x) + I2(∂

−1
y I1,x) − λ(∂−1

y I3,x) = 0,

...

(4.13)



498 � T U V Vol. 43

M Ñ vxw$z+{ ¢C� f K�� � (4.6). � � q+r � (4.12) 7&; � (4.11), A

∂t[m1(∂
−1
y

∞
∑

n=1

In,xε
−n) +m2ε+m2

∞
∑

n=1

Inε
−n] + ∂x[m3ε+m3

∞
∑

n=1

Inε
−n

+m4

∞
∑

n=1

In,2xε
−n −m5φy(y, z)(∂

−1
y

∞
∑

n=1

In,xε
−n)]

+m4∂y[3(∂−1
y

∞
∑

n=1

In,2xε
−n)(∂−1

y

∞
∑

n=1

In,xε
−n) + 3q2x(∂−1

y

∞
∑

n=1

In,xε
−n) + (∂−1

y

∞
∑

n=1

In,xε
−n)3]

+m6∂z[∂
−1
y

∞
∑

n=1

In,xε
−n] = 0,

�/�
ε ¢C�u����� ,

¸+M&sut$vxw$y

Jn,t + Fn,x +m4Gn,y +m6Hn,z = 0, n = 1, 2, 3, · · · .

° s1tuv3wuy (4.1)
·

,
v3wuz&{ ¢x| �$}$� Jn

�C�
(4.2) �Ú� ,

~L� �1�+� Fn « ~ %&�1�
� Gn ¡ �&� �u�(� Hn �+� � � (4.3) « (4.4) ¡ (4.5) ��� .

O1P
.

5 ���
�u�u��� � (3+1)   Æ ���$¡L¢u£u¤�¾
Ø�À (1.1) ¢ ¸$¥ ¤ , ¦1§ ���&G$¨ � B : ©Lª

Bell D3E � Ø&« , ¬ M �PØ�À (1.1) ¢�­�£�¤(8&­ � (2.4); ô$@ fu® ���PØ�À (1.1) ¢B§�¨�©
ª (2.17) «.­�¨
©�ª (2.22) «.¯�¨
©�ª (2.23)

¹g¯
N- ¨
©�ª (2.10), R�¿ �C° Ç&±�¨
¾�°
´

µ�¿�À ·lÁxÂ�Ã�Ä�Å�Æ ,
� ��� m4 ²L³ ¨�¾�¢P´�µ�ØÚÙ ; ´?µ$¶&· , ¸&¹ Bell D3E � Ø&«$º» ��Ø�À (1.1) ¢B­
£�¤ Bäcklund

Æ�ð
(3.1) « Lax S (3.10) ¡ s1tuv3wuy (4.1). ¼&½$¾u¿�&� ¢ÁÀ+Â1Ã3¹$ª �L� �uÄ «ÆÅ$Ç&È 4&É$Ê$Ë · ¢CÌ&Í�Î Ï .
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INTEGRABILITY OF A VARIABLE-COEFFICIENT

GENERALIZED (3+1)DIMENSIONAL SHALLOW WATER WAVE

EQUATION VIA BELL POLYNOMIALS

LI Chun-hui , WANG Dan , LIU Shu-li , LI Jin-hong , WANG Xiao-li

(School of Mathematics and Statistics, Qilu University of Technology (Shandong Academy of Sciences),

Shandong Jinan 250353)

Abstract: In this paper, we focus on a (3+1)dimensional variable-coefficient generalized

shallow water wave equation based on Bell polynomials. Firstly, the transformation of variables

is introduced, and the Hirota bilinear form of the equation is derived by the relation between

Bell polynomial and the Hirota bilinear operator. The N-soliton solution of the equation is

obtained, and the propagation of single soliton, double soliton and triple soliton in different

cases are simulated. Furthermore, the bilinear Bäcklund transformation is obtained based on the

bilinear equation and Bell polynomials. Then, through the Hopf-Cole transformation, the bilinear

Bäcklund transformation is linearized, and the Lax pair of the equation is obtained. Finally, the

infinite conservation law of the equation is obtained by using the series expansion method. Thus,

the integrability of the equation is proved.

Keywords: generalized shallow water wave equation; Bell polynomials; Bäcklund transfor-

mation; Lax pair; infinite conservation law
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