Vol 43 (2023) J. of Math. (PRC)

THE NEUMANN PROBLEM FOR A SPECIAL
LAGRANGIAN TYPE EQUATION WITH
SUPERCRITICAL PHASE

JIA Hao-hao, XU Wen-zhao
(School of Mathematics and Statistics, Ningbo University, Ningbo 315211, China)

Abstract: In this paper, we explore the Neumann problem for special lagrangian type equa-
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1 Introduction and main results

We consider the Neumann problem of a special Lagrangian equation
arctan{Aul,, — D*u} = ©(z), in Q C R", (1.1)
where
arctan{Aul,, — D*u} =: arctann, + arctann, + - - - + arctan,,.

Denote 1 := (91,72, - ,7,) which are the eigenvalues of the matrix Aul,, — D?u in [1] with

;i = Z)\k7VZ:1,2, ,n,
kAi
where A = (A1, A9, -+, \,) are the eigenvalues of the Hessian matrix D?u. Here O(z) is
usually studied under three different types of two boundary value conditions: the phase,
the critical phase, supercritical phase. More precisely, ©(z) € (=%, %F), © = (71772)777
@ < O(z) < 5. In this paper, we consider the special Lagrangian equation (1.1) with

nmw nm

supercritical phase, that is the third type.

The first boundary value problem (Dirichlet problem) for elliptic partial differential
equations has been intensively studied many years. For the Laplace equation, results can
be found in Gilbarg-Trudinger [2]. The Dirichlet problem for Monge-Ampere equations
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was investigated in Caffarelli-Nirenberg-Spruck [3] and Krylov [4]. They showed the global
regularity of solutions. Caffarelli-Nirenberg-Spruck [5] studied the existence of admissible
solutions and the global regularity of k-Hessian equations. The Hessian quotient equations
which have different structure conditions were studied in Trudinger [6]. To the best of my

knowledge, the special Lagrangian equation

Zarctan Ai=0(z), z€QCR",

was introduced in Harvey-Lawson [7] firstly and © is a constant called the phase angle.
In their study, the graph x — (z, Du(z)) defines a calibrated, minimal submanifold of R?".
Collins-Picard-Wu [8] considered the Dirichlet problem to Lagrangian phase operator in both
the real and complex setting. They solved the concavity of Lagrangian phase operator, the
essential condition, to obtain the existence theorem by using the classical methods. Recently,
Zhu [1] established the global C? estimates and showed the existence theorem of the Dirichlet
problem to (1.1).

For the Neumann and oblique derivative problem of elliptic equations, there are many
research results. A priori estimates and the existence theorem of the Laplace equation can
be found in [2]. And, we can see more results about the Neumann and the oblique derivative
problems of linear and quasilinear elliptic equations in Lieberman [9]. The Neumann problem
of Monge-Ampere equations was solved in Lions-Trudinger-Urbas [10]. Ma-Qiu [11] studied
the Neumann problem of k-Hessian equations in uniformly convex domain. And, Chen-
Zhang [12] solved the Neumann problem of Hessian quotient equations, the general forms
of k-Hessian equations. For the special Lagrangian equation with supercritical phase in
strictly convex domain, Chen-Ma-Wei established the global C? estimates and obtained the
existence theorem by the method of continuity in [13] recently.

It is worth mentioning that the key to solving of the existence and uniqueness of classical
solutions for elliptic partial differential equations is to establish the global a priori estimates
and the method of continuity in above works. To our best knowledge, the existence theorem
of the classical Neumann problem to (1.1) with supercritical phase has not been studied
before. In this paper, we apply the method used in [9, 10] and show the existence theorem
of the Neumann problem of special Lagrangian equation following the classical idea (see for
example [14] or [15]). More precisely, we get our theorem.

Theorem 1.1  Suppose 2 C R" is a C* strictly convex domain and v is outer unit
normal vector of 9. Let ¢ € C3(99) and O(z) € C?(Q) with @ < O(z) < & in Q.
Then there exists a unique constant § such that the Neumann problem of special Lagrangian

equation

j— 2 = i
{arctan{AuIn D*u} =06(z), in (1.2)

u, = B+ ¢(x), on Of),

has admissible solutions u € C%(£2), which are unique up to a constant.
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Remark 1 Because a solution plus any constant is still a solution for the classical
Neumann problem of special Lagrangian equation (1.2), we can’t get a uniform bound of
the solutions to (1.2), and we can’t apply the continuity method to get the existence of the
solution. Thanks to the perturbation arguments in [10, 15], we consider the solution u® of

the equation

{ arctan{Au°l,, — D*v®} = O(z), in QCR", (1.3)

us, = —euf + o(x), on 09,

for any small £ > 0. We need to establish a priori estimate of u° which is independent of
g, and the strict convexity of 2 plays an important role. By taking the limit on £ and the
perturbation argument, we can obtain the existence of a solution of (1.2).

2 Preliminaries

In this section, we show some properties of the special Lagrangian equation with super-
critical phase.

Property 2.1 Let Q C R" be a domain and O(z) € C°(Q) with @ <O(x) <5
in Q. Suppose u € C?(f) is a solution of special Lagrangian equation (1.1) and A\ =
(A1, A2, -+, \,) are the eigenvalues of the Hessian matrix D?u with

then we have some properties:

m < < My, (2.2)

mA+n+-4n >0, (2.3)

Mn—1| < s (2.4)

Im| < Co, (2.5)
max ©

where Cj = 1rn3@<{taun{(n*Tl)7T — min 6}, tan (-2—)}.
Q

The proofs are analogous to Property 2.1 and Lemma 2.1 in [1, 13, 16, 17] and are omit-
ted. The following property is Property 2.2 in [1] and we give the proof here for convenience.

Property 2.2 [1] Suppose  C R" is a domain and O(z) € C*(Q) with @ <
O(z) < 2% in Q. Let u € C*(Q2) be a solution of (1.1). Then for any £ € S"™*, we have

Z Fijuijgg 2 @55 - A@gQ, n Q, (26)

ij=1

where Fij — Zarctany ag:ta“" and A = 2 )
U O (n—2)m
J tan (rrgn O*T)
Q
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Proof By rotating the coordinates, for any = € Q, we assume D?u is diagonal with

Ai = ugi(i=1,2,--- ,n). By calculation, we have

1 . . -
Odarctanm gﬁ:i T+n2° if i =7,

Fo = ——— 1 —
O 0, if i £
and
—2np Y _
Zkﬁ, ifi=j,k=1,

ikl _, 9% arctann P#L, . . _ o
T Quduy | T TR ifi=1j="ki#j

0, otherwise .

From the equation (1.1), we have > .'_| Fu;;e = O¢, and

i7=1
n n n
Z Fuijee =Og¢ — Z F9 5 upe = Oge — Z F e — ZF”” Uije
ij=1 ijkl=1 ik=1 i#]
n
Z@gg — Z Fii’kkuiigukkg. (27)
ik=1

From the concavity lemma (Lemma 2.2 in [8]), we know

ZF”’ . 8 0% arctann On, Gnqu "
ii& Ukke = 877pa77q 8)\ a)\k 1§ WkkE

2 Jarctann 8np 2
> — (7
~ tan (mﬁin 0 - —(";2)“) (pz_:l on, O\ i)
2
= . n—2)mw 652' (28)
tan (mln O — %)

Q

The proof is completed.

3 A priori estimates

3.1 C° estimate

The CY estimate is easy to prove following the idea of Trudinger [18].

Theorem 3.2 Let @ C R” be a C' bounded domain and ¢ € C°(99Q). Suppose
u € C%(Q) N CY(Q) is the solution of special Lagrangian equation (1.3) for any small € > 0
and O(z) € C°(Q) with @ < O(z) < % in Q, then we have

sup |eu| < Mo, (3.1)
Q

where M, depends only on n, diam(2), max lo| and max ©.
Q
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Proof By(2.3), we have Au > 0. So w attains its maximum at some boundary point
xo € 0. Then we have

0 < uy(xg) = —eu(xo) + ©(x0), (3.2)
and
eu < eul(zg) < p(xg) < max lo]. (3.3)

max ©

(nl,l) tan( - ) < +00. Then we have

We can assume 0 € €2, and denote B = 5

arctann(A\(D*u)) = © < max © = arctan(D*(B|z|?)). (3.4)
0

Using the comparison principle, we get u — B|z|? to attain its minimum at a boundary point
Yo € 0. Therefore,

0> (u— Blz*),(y0) = uy(yo) — 2Byo - v
> —eu(yo) — ¢(yo) — 2Bdiam(92). (3.5)

Then, we have

eu > e(u — Blz|?)
> e(u(yo) — Bla[*)
> —2Bdiam(2) — max ¢ — Bdiam(2). (3.6)

3.2 Global C' estimate

In this subsection, we prove the C! estimate of solutions for the special Lagrangian
equation (1.3) with supercritical phase. We show the following theorem.

Theorem 3.3 Suppose Q C R" is a C? uniformly convex domain and ¢ € C?(99).
Let O(x) € CY(Q) with @ < O(z) < % in Q and u € C*(2) N C*(Q) be a solution of

special Lagrangian equation (1.3) for any small ¢ > 0, then we have

sup |Du| < M, (3.7)
Q

where M; depends only on n, , max©, min ©, My, |0|c and |p|c2.
Q Q

Proof We just have to prove
Deu(z) < My, V(z,€) € Q x S™1, (3.8)
where £ = (&1, ,&,), |§] = 1. Choose

w(z,€) = Deu(z) — (1,€) (—eu+ ) + &% + K|z, (3.9)
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where v is a C?(2) extension of the outer unit normal vector field on 952, ¢ is a small positive
constant in (1.3) and K is a large positive constant. Note that here ¢ € C?(Q) is an extension
with universal C? norm. Suppose w(x,§) attains its maximum at (zo,&) € Q x S*~1. In
the following, we divide (3.8) into two steps.

1. We claim that zo € Q. Assume z( € 2, and we will prove F*“d;;w(z,&)|smz, > 0
to establish a contradiction. For xy € €, we can assume D?u(xg) is diagonal with \; = uy;
and \; > Ay > --- > )\, by rotating the coordinate (ey,--- ,e,), then F'¥(x,) is diagonal.

Then we have

1 . . .
8arctan17 § T4n2> ifti =7,
- pF£i

Fii = (3.10)
Ouij 0, if i  j.
Hence we can get from Property 2.1,

FU<F2<...< P (3.11)

F :§:1+n22%>0’ (3.12)

p#ﬂ P
n
i1 _7 =) 3.13
Y 4 ) 619

where ¢y = e
1+ max{tan (wfmiin (—)) ,tan (
Q

)
We suppose the maximum of w fixed in some direction &, all the calculations are at xg
in the following. We get

0> 3" F0uu(r, )=
B Z Ffusigy — (v, €o)is(—eu+9) = 2w €oli(—eus + 1) = (v, €o)(—ewii + ) + 26 (uf + i) +2K]
- Xl: Flusig, + > F (v, €o)ewii + 26%uuu] + Y F*[2e%uf + 2(v, &) 2ui
+ Z FY2K — (v,&0),;(—eu+ @) — 2(v, &), 01 — (v, Eo) i
>0, Z+ Z F[(v, €0)eusi + 2€%uus) + Z F(eui + (v,&0):)?

+ Z Fii 2K — (v,60);;(—eu+ ) — 2(v, &), 05 — (v, &) i — (V) éo)ﬁ]

|V9|—|Z1+ 711 2 FRK — Gy = 1D &l ]

1
1+ C¢

fwmf§+ 2K — C»),

where C is defined in (2.5), C is a positive constant depending only on n, My, |v|cz2, |¢|c2.
(5 is positive constant depending only on C; and |v|c1.

Choose K > HQ—CS(W@\ + 2) + £, we have F"d;w(x,&)|s=z, > 0. This is a contra-
diction. Thus zy € 09).
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2. We now consider the direction &y with the following three cases.
Case a: & is normal to 02 at xg, then we have
w(zo, &) = e2u () + K|zo|* < O, or
w(xo, &) = 2(—eu+ ) + e2u?(zo) + K|wo|* < Ci.

And,
Deu(z) = w(z,€) + (1,€) (—eu + @) — e*u® — K\x0|2 (3.14)
< w(wg, &) +Cs
< Cs.

Case b: & is non-tangential but not normal to 02 at xo. We can find a tangential
vector 7 € S ! such that & = ar+ v, witha =& -7 #0, =& v #0, o>+ 3% =1 and
7-v = 0. Without loss of generality, we take 0 < aw < 1. Then we have

w(@o, &) = Deyu(wo) — (v, &) (—eu + @) + £2u? (o) + K]o|”
= aD,u(xg) + BD,u(zo) — B(—eu+ @) + e”u?(29) + K|y |*
= aD.u(zg) + 2 (z0) + K| zo|”
= ow(zo,7) + o (v, 7) (—eu+ @) + (1 = a) (% (x0) + Klo[)
< aw(xo, &) + (1 — a)(e2u? (o) + K|zo|?).

Then we get
w(zo, &) < e2u?(x0) + Klaol” < Cr.
Hence,
Deu = w(x, &) + (1,€) (—eu + ) — e2u? — K|z (3.15)
< w(zg,&o) + Cs
< Cy.

Case c: & is tangential to 0f) at xg, then we have &, - v = 0. Without loss of generality,
we may assume & = e;. Then,
0 < Dyw(zo, &)
= D, Dyu(z0) + 2e*u(xo) D, u(zo) + KD1,|:150|2
< D, Dyu(xg) + Cho
= D1 (DUU) - DUD11/ + 010.
On the one hand, Dy(D,u) = Di(—cu + ¢) < D1p < |Dyp|. For DuD;v, since § is a C?
convex domain, we have distance function d(x) = dist(x, Q) € C? such that
d=0ondQ, d>0inQ;
|Vd| =1 on 092.
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And, the matrix {d;; }1<i j<n—1 ~ —Kmin, Where K, is the smallest principal curvature of

the boundary. Because w(xg, &) attains its maximum at direction £ = &y, it is easy to get
ur(xo) >0, ua(zo) =+ = Up—1(x0) = 0, un(zo) = —uy (o) = cu(zo) — ©(x0).
On the other hand, from v, = —d,
DuDyv = Dy (v)Dyu

n n—1
= - Z dipuy = — Z dipuy — dipty
=1 =1
n—1
> — Z digur — C'|Dyu(zo)|
=1

> —dyuy — Ciy

Hence, —DUD11/ S dllul + 011 S —Hmin’LU(.Io,g()) + 011. Then, we have

< [Del+Cio+Cn

Kmin

w(zo, &o)
Similar to the (3.14) and (3.15), we have
Deu(z) = w(x, &) — e*u® — Kz < w(wo, &) + Crz < Chs.
The proof is complete.

3.3 Global second derivatives estimate

We consider now to the global second derivatives and we can get the following theorem

Theorem 3.4 Suppose  C R" is a C* strictly convex domain and ¢ € C3(99).
Let O(z) € C*(Q) with “227 < O(2) < 2% in Q and u € C*(Q) N C3(Q) be a solution of
special Lagrangian equation (1.3) for any small € > 0, then we have

sup |D%u| < My, (3.16)
Q

where M depends only on n, , max ©, min ©, My, M, |0|c2 and |p|cs.
Q Q

We firstly reduce global second derivatives to double normal second derivatives on
boundary and then we show the estimate of double normal second derivatives on bound-
ary following the standard method in Lions-Trudinger-Urbas [10] and Ma-Qiu [11].

Lemma 3.5 Suppose Q C R" is a C* convex domain and ¢ € C3(99). Let O(x) €

C?(Q) with @ < O(z) < & in Qand v € C*Q) N C3(Q) be a solution of special

Lagrangian equation (1.3) for any small € > 0, then we have

sup |D%u| < Cra(1 + sup |u,. ), (3.17)
9] 89

where C14 depends only on n, Q, max©, min O, My, M, |O|c2 and |p|cs.
Q )
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Proof There exists a small constant x> 0 such that d(z) € C*(Q,) and v = —Dd on
0% because (2 is a C* domain. Define d € C*(Q) such that d = d in Q,, and denote

V= —DdN7 in Q.

Note that v is a C3(Q) extension of the outer unit normal vector field on 9.
We assume 0 € Q) and consider the auxiliary function

’U(l‘,f):Ugg—l)/(l’,f)—i-Kll[E‘z, <318>

where v'(z,€) = 2(£ - v)¢' - (Dy — eDu — wDV') = a'u; + b, & =& — (£-v)v, ol = =2(¢ -
v)(& - DV —2(&-v)e(€), b=2(¢€-v)(¢ - Dy), and K; > 0 is to be determined later. And
we know that here ¢ € C3(Q) is an extension with universal C® norm. Recall

Fii _ 0 arctann

8uij
By rotating the coordinates, for any z € €, we assume D?u is diagonal with \; = (i =
1,2,---,n) and Ay > Ay > -+ > A,. We know that (3.10)-(3.13) in the proof of Theorem
3.3 still hold. From Property 2.2, for any fixed £ € S*~!, we have

n n

Z Fij’uij = Z Fijuijgg — Z Fij [aluiﬂ + 2Dialuﬂ + Dijalul + blj] + 2K1 Z Fii

ij=1 ij=1 ij=1 i=1

Z@gg — A@gQ — (ll@l — Z |Dzal| — Z F”[Dl-ialul + b”] + Kl Z Fii
i=1 i=1 i=1

>0

provided by
1
Ki=— [|D*©] + A|DO|? + |d'||DO| + |Dd'|] + |D?a||Du| + |D*b| + 1.
0

So maxwv(z,§) attains its maximum on 9. Therefore, we can assume the max v(z,¢)
Q QxSn—

attains its maximum at some point 2o € dQ and some direction & € S"~!. We consider two
cases in the following and all the calculations are at the point xg and & = &.

Case a: £ is tangential to 92 at x.

Naturally, & - v = 0, v'(x0, &) = 0, and ug,¢,(29) > 0. Recall the following formulas in
the book [9],

|Dv|<C, in €, (3.19)
Do vDp =0, 3D =0, =1 i Q. (3.20)
=1 =1

where C' is a constant depending only on n and . As in [9], we still define

=6, -1, in Q, (3.21)
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and for a vector ¢ € R", we denote (’ for the vector with i-th component Z?:l c¢7. Then
we have

(Dw)'[? =Y cPuu; and | Duf* = |(Du)[* + ul. (3.22)

ij=1
And,

uv! :[Cij + I/il/j]ylulj
=c[D; (V') — Djvtw] + viviviug;

=—ceu; + ¢ Djp — u DVt + vivivi,. (3.23)
The last equation used boundary conditions. Then,

! !
UV’ =[P + VP wygv
! ! !
=c"[D,(u;v") — w; D' + vP vl v
=c"1D,(—ceu; + Do — ¢y Dt + vivivig)

- cpquliDql/l + upyqululiq, (3.24)

hence we obtain
n
_ § : iep !
Ugoor = fofoulipy
ipl=1

n

_ i 0P ij ij ij Uy gl

= E 80P Dy (—ceu; + c? Dy — cw D' + v vty
ip=1

- cpquliunl + Vpl/qululiq]
n
_ i cq oy T i T id e N e T
= g &0 Dg(—c?euj + " Djp — c?wD;v' + v' v viw) — w; D'l
i=1

= — &&oelcujq — Docus] + §€5 Dy (e Djp)
— £6£0Dq(c7 Djv Yuy — E&8ug Djv' + &8 Do us, — §5€Gwg D!

< - Ugogy — 2§éul§0Diyl + 015 + 015|DU‘ + Cl5|uw|. (325)
Without loss of generality, we assume &, = e;, then we can get the bound for uy;(zq) for
i > 1 due to the maximum of v at the &, direction. Next, we can assume £(t) = %

By calculating,

do(an. (1)
a7
=2ui;(xo) dfdt(t) |i=0&” (0) — W

=2uy5(x0) — 20%(Dy1p — euy — wy DY), (3.26)

0:

|t=0
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then
luia(xo)| = [V?(Drp — euy — uyD/Y)| < Chg + Cig|Dul. (3.27)
Analogously, for all 4 > 1, we have
|U11‘(.’E0)| S 016 + 016|D’U/‘ (328)
From {D;'} > 0, we have
Ugoeor < — Ugoe, — D1V ugge, + Crr(1 + | |)
S - ufoﬁo + C117(1 + ‘uuu|>~ (329)
On the other hand, from the Hopf lemma and (3.23), we have
0 <w,(z0,%0)
=Ugoeor — aluy, — Dyalu, — b, + 2K, (x-v)
< = Ugogo + Crr(1+ |un|) + Cis. (3.30)
Hence,
Ugoeo (T0) < (Crr + Crs) (1 + |up, ). (3.31)
Since w is the subharmonic function and (3.31), we obtain
<(n-1
Juax Juee(z)] <(n —1) max uee(z)
<(n—1)[ max v(z,&) + Co]
QxSn—1
=(n —1)[v(wo, &) + Cio]
<(n = 1)[ugyg, (o) + 2C10]
<Coo(1 + |upw). (3.32)

Case b: & is non-tangential.

In this case, we have &, - v # 0. In fact, we can find a tangential vector 7 € S"~! such
that & = a7 + fr, witha =& -7>0, 8=¢& -v # 0 and o? + 42 = 1. Naturally, 7-v = 0.

So,

Ugogo (xO) :azuﬂ'(xo) + B2UW(5UO) + 204,3u7-,,($0)
= (o) + B2 (z0) + 2(& - v)[€0 — (& - v)V][Dy — eDu — uy DV,

then,

v(z0,&0) = o®v(o, 7) + BPv(w0,v) < Pv(20,&0) + B0(20, V).

(3.33)

(3.34)
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By the definition of v(zg, &), we know
v(xo,&0) < v(xg, V), (3.35)
and
Ugoe, (T0) < v(x0,&0) + Ca1 < v(xo,v) + Co1 < |uyy| + 2Cs;. (3.36)

Similarly to (3.32), we complete the proof of the lemma.

Lemma 3.6 Suppose Q C R" is a C? strictly convex domain and ¢ € C3(99Q). Let
O(z) € C%(Q) with @ < O(z) < %% in Q and u € C*(Q)NC?(Q) be a solution of special
Lagrangian equation (1.3) for any small £ > 0, then we have

. S .
minw,, > Coa, (3.37)

where Csy depends on n, 2, max 0, min ©, My, M, |O|c2 and |¢|cs.
Q Q

Proof Since Q is a C? strictly convex domain, we can find the defining function
p € C3(Q) for it such that

p=00n0Q, p<0in€; |Dp|=1ondQY;
DQPZ aOIn7

where ag is a positive constant depending only on €2, and I,, is the n X n identity matric.
And, v = (v}, 2, ,v") is a C%(Q) extension of the outer unit normal vector field on 99
as in Lemma 3.5.

By the classical barrier technique in [11], we consider the function

P(z) = u, +eu(x) — p(z) + Kap, (3.38)

where K, = max{ﬂlzis’ﬁ(|D@||vH\DV|+ 1), 2(|Du||D?*v|+|D?*¢|)} and Cy is the constant

n (2.5). Also note that here ¢ € C?(f) is an extension with universal C? norm. Recall

i _ O arctann

8uij
For any = € €, we can assume D?u is diagonal with \; = u;; and A\; > Xy > --- > )\,,. We
know that (3.10)-(3.13) in the proof of Theorem 3.3 still hold. Hence we can get

Z Fijpij = Z F“{ Z [Uliil/l + 2Uli(7/l)i + Ul(Vl)ii] + eui — 4,01'1'} + K> Z F'py
i—1 1

ij=1 i=1

n n

= Z o' +2 i Flus (') + i Fluy(V)ii+ ¢ i Flu — Z F'ii + Ko Z F'pi;
1 i=1 i=1 i=1 i=1 i=1

> —|DO||v| — |Dv| — |Dul|D>| S F — £ _ |D? F 4 Kaap Y F"
2 = DO~ 1Dv] ~ IDUID S P 5 = D%l 3P 4 Kaan 3

1 Kzao 1
> = |DOly| = |Dv| - 5+ =5 s

— |Du|| D] iFu — D%y ilFu i K;ao 7ZL1FM

i=1

>0. (3.39)
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Also, it is easy to know P = 0 on 0f). Hence P attains its maximum on any boundary
point. Then we can get for any x € 052,

0< P,(x) =[uy, — Zu‘jdj,, +eu, — @] + Kap,

J

<u,, + |Du||D*d| + |Du| + |De| + Ko, (3.40)

hence (3.37) holds.

In the following, we establish the upper estimate of double normal second derivatives
on boundary.

Lemma 3.7 Suppose Q C R" is a C? strictly convex domain and ¢ € C3(99). Let
O(z) € C*(Q) with @ < O(z) < % in Q and u € C*(Q)NC?(Q) be a solution of special
Lagrangian equation (1.3) for any small &€ > 0, then we have

< .
MAX 1y, < Cos, (3.41)

where Ca3 depends on n, 2, max 0, min ©, My, M;, |O|c2 and |p|cs.
Q Q

Proof Similar to the proof of Lemma 3.6, we now consider the test function

P(x) = u, + cu(z) — ¢(z) — Kp, (3.42)

where K = max{ﬂltif”z’)ﬂD@Hv\ +|Dv|+2), 2(|Dul|D?*v|+|D?p|)} and Cj is the constant

— 7 ag
n (2.5). And, here p € C%(Q) is an extension with universal C? norm. Denote

i _ 0 arctann
- Guij '

For any x € €, we can assume D?u is diagonal with \; = u;; and A\ > Ay > --- > )\,. We
know that (3.10)-(3.13) in the proof of Theorem 3.3 still hold. Hence we can get

Z Fijﬁ)ij = Z Fii{ Z [uliiyl + 2uli(Vl)i + Uz(l/l)n'] + euy — Soii} — KZ Fiiﬂn‘
i=1 1

i=1
l i=1 i=1 i=1 i=1 i=1

n .. EN n .. ~ n ..
<|DO|v| + |Dv| + | Du|[D*v| > " F + - 1Dl > F'-Kagy F"
=1 1=1

=1

ij=1

n Kao 1
<|DO|lv|+ |Dv| + = — —
<IDOlv| + 1D+ § = S0

+ |Du|| D*] Zn:F + D%y Zn: Fi - % S F
i=1

i=1 i=1

<0. (3.43)
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Similar to (3.40), for any x € 9, we have

0> Py(x) =[uy, — ZUjdjy +eu, — @, — f{pl,
J
>u,,, — |Dul|D*d| — |Du| — |Dy| — K, (3.44)

hence (3.41) holds.

4 Existence of the boundary problems
In this section we complete the proofs of the Theorem 1.1.
4.1 Existence of solutions for the problem (1.3)

In Section 3, we have established the a priori estimate for the Neumann problem of
special Lagrangian equation (1.3). We know that the special Lagrangian equation (1.3) is
uniformly elliptic in £ by the global C? priori estimate above. —e~42r°%n7 ig concave with
respect to n thanks to the concavity lemma (Lemma 2.2 in [8]), where A is the constant in
(2.6). Following the discussions in [19], we can get the global Holder estimate,

|U|c21a(§) <G, (4.1)

where C' and « depend on n, €, |0|co, |©|c2 and |p|cs. Using the above estimate and
differentiating the equation (1.3), one also obtains C*%(Q) estimates and applies the classical
Schauder theory for linear uniformly elliptic equations.

Applying the method of continuity (see [9]), the existence of the classical solution holds.
Using the standard regularity theory of uniformly elliptic partial differential equations, we

can obtain the higher regularity.
4.2 Proof of Theorem 1.1

By a similar proof of existence of solutions for the problem (1.3), we know there exists
a unique solution u® € C*%(Q) to (1.3) for any small € > 0. Let v° = u® — \ﬁll Jq uf, and it

is easy to know v° satisfies

{ arctan{Av°l, — D*v°} = O(x), z€Q, (4.2)

(v%), = —ev® — gy Joeu +o(x), =€ 0.

By the gradient estimate (3.7), we know esup |Du®| — 0. Naturally, there is a constant 3
Q

and a function v € C%(Q), such that —eu® — 3, —ev° — 0, _Iﬁ_ll\ fQ eu® — B and v° — v
uniformly in C%(Q) as ¢ — 0. It is easy to verify that v is a solution of

_ 2 P—
{ arctan{Avl, — D*v} = O(z), z €9, (4.3)

UV:/B+(,0<1'), x € 0N.
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If there exists another function v; € C?(Q) and another constant 3, satisfying

arctan{Auv;1,, — D*v,} = O(z), =x€Q,

(v1)y = B +¢(x), x €09, (4.4)

and we can know 3 = (3; and v — v; is the constant by applying the maximum principle and

Hopf Lemma. We obtain the higher regularity by using the standard regularity theory.
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