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Abstract: In this paper, we explore the Neumann problem for special lagrangian type equa-
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1 Introduction and main results

We consider the Neumann problem of a special Lagrangian equation

arctan{∆uIn − D2u} = Θ(x), in Ω ⊂ R
n, (1.1)

where

arctan{∆uIn − D2u} =: arctan η1 + arctan η2 + · · · + arctan ηn.

Denote η := (η1, η2, · · · , ηn) which are the eigenvalues of the matrix ∆uIn −D2u in [1] with

ηi =
∑
k 6=i

λk, ∀i = 1, 2, · · · , n,

where λ = (λ1, λ2, · · · , λn) are the eigenvalues of the Hessian matrix D2u. Here Θ(x) is

usually studied under three different types of two boundary value conditions: the phase,

the critical phase, supercritical phase. More precisely, Θ(x) ∈ (− nπ
2

, nπ
2

), Θ = (n−2)π
2

,
(n−2)π

2
< Θ(x) < nπ

2
. In this paper, we consider the special Lagrangian equation (1.1) with

supercritical phase, that is the third type.

The first boundary value problem (Dirichlet problem) for elliptic partial differential

equations has been intensively studied many years. For the Laplace equation, results can

be found in Gilbarg-Trudinger [2]. The Dirichlet problem for Monge-Ampère equations
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was investigated in Caffarelli-Nirenberg-Spruck [3] and Krylov [4]. They showed the global

regularity of solutions. Caffarelli-Nirenberg-Spruck [5] studied the existence of admissible

solutions and the global regularity of k-Hessian equations. The Hessian quotient equations

which have different structure conditions were studied in Trudinger [6]. To the best of my

knowledge, the special Lagrangian equation

∑

i

arctanλi = Θ(x), x ∈ Ω ⊂ R
n,

was introduced in Harvey-Lawson [7] firstly and Θ is a constant called the phase angle.

In their study, the graph x 7→ (x, Du(x)) defines a calibrated, minimal submanifold of R
2n.

Collins-Picard-Wu [8] considered the Dirichlet problem to Lagrangian phase operator in both

the real and complex setting. They solved the concavity of Lagrangian phase operator, the

essential condition, to obtain the existence theorem by using the classical methods. Recently,

Zhu [1] established the global C2 estimates and showed the existence theorem of the Dirichlet

problem to (1.1).

For the Neumann and oblique derivative problem of elliptic equations, there are many

research results. A priori estimates and the existence theorem of the Laplace equation can

be found in [2]. And, we can see more results about the Neumann and the oblique derivative

problems of linear and quasilinear elliptic equations in Lieberman [9]. The Neumann problem

of Monge-Ampère equations was solved in Lions-Trudinger-Urbas [10]. Ma-Qiu [11] studied

the Neumann problem of k-Hessian equations in uniformly convex domain. And, Chen-

Zhang [12] solved the Neumann problem of Hessian quotient equations, the general forms

of k-Hessian equations. For the special Lagrangian equation with supercritical phase in

strictly convex domain, Chen-Ma-Wei established the global C2 estimates and obtained the

existence theorem by the method of continuity in [13] recently.

It is worth mentioning that the key to solving of the existence and uniqueness of classical

solutions for elliptic partial differential equations is to establish the global a priori estimates

and the method of continuity in above works. To our best knowledge, the existence theorem

of the classical Neumann problem to (1.1) with supercritical phase has not been studied

before. In this paper, we apply the method used in [9, 10] and show the existence theorem

of the Neumann problem of special Lagrangian equation following the classical idea (see for

example [14] or [15]). More precisely, we get our theorem.

Theorem 1.1 Suppose Ω ⊂ R
n is a C4 strictly convex domain and ν is outer unit

normal vector of ∂Ω. Let ϕ ∈ C3(∂Ω) and Θ(x) ∈ C2(Ω) with (n−2)π
2

< Θ(x) < nπ
2

in Ω.

Then there exists a unique constant β such that the Neumann problem of special Lagrangian

equation

{
arctan{∆uIn − D2u} = Θ(x), in Ω,

uν = β + ϕ(x), on ∂Ω,
(1.2)

has admissible solutions u ∈ C3,α(Ω), which are unique up to a constant.
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Remark 1 Because a solution plus any constant is still a solution for the classical

Neumann problem of special Lagrangian equation (1.2), we can’t get a uniform bound of

the solutions to (1.2), and we can’t apply the continuity method to get the existence of the

solution. Thanks to the perturbation arguments in [10, 15], we consider the solution uε of

the equation

{
arctan{∆uεIn − D2uε} = Θ(x), in Ω ⊂ R

n,

uε
ν = −εuε + ϕ(x), on ∂Ω,

(1.3)

for any small ε > 0. We need to establish a priori estimate of uε which is independent of

ε, and the strict convexity of Ω plays an important role. By taking the limit on ε and the

perturbation argument, we can obtain the existence of a solution of (1.2).

2 Preliminaries

In this section, we show some properties of the special Lagrangian equation with super-

critical phase.

Property 2.1 Let Ω ⊂ R
n be a domain and Θ(x) ∈ C0(Ω) with (n−2)π

2
< Θ(x) < nπ

2

in Ω. Suppose u ∈ C2(Ω) is a solution of special Lagrangian equation (1.1) and λ =

(λ1, λ2, · · · , λn) are the eigenvalues of the Hessian matrix D2u with

λ1 ≥ λ2 · · · ≥ λn, (2.1)

then we have some properties:

η1 ≤ · · · ≤ ηn, (2.2)

η1 + η2 + · · · + ηn > 0, (2.3)

|ηn−1| ≤ ηn, (2.4)

|η1| ≤ C0, (2.5)

where C0 = max{tan{ (n−1)π
2

− min
Ω

Θ}, tan
(max

Ω
Θ

n

)
}.

The proofs are analogous to Property 2.1 and Lemma 2.1 in [1, 13, 16, 17] and are omit-

ted. The following property is Property 2.2 in [1] and we give the proof here for convenience.

Property 2.2 [1] Suppose Ω ⊂ R
n is a domain and Θ(x) ∈ C2(Ω) with (n−2)π

2
<

Θ(x) < nπ
2

in Ω. Let u ∈ C4(Ω) be a solution of (1.1). Then for any ξ ∈ S
n−1, we have

n∑

ij=1

F ijuijξξ ≥ Θξξ − AΘξ
2, in Ω, (2.6)

where F ij = ∂ arctan η

∂uij
and A = 2

tan

(
min
Ω

Θ− (n−2)π
2

) .
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Proof By rotating the coordinates, for any x ∈ Ω, we assume D2u is diagonal with

λi = uii(i = 1, 2, · · · , n). By calculation, we have

F ij =:
∂ arctan η

∂uij

=





∑
p6=i

1
1+η2

p

, if i = j,

0, if i 6= j,

and

F ij,kl =:
∂2 arctan η

∂uij∂ukl

=





∑
p6=i,k

−2ηp

(1+η2
p)2

, if i = j, k = l,

−
ηi+ηj

(1+η2
i
)(1+η2

j
)
, if i = l, j = k, i 6= j,

0, otherwise .

From the equation (1.1), we have
∑n

ij=1 F ijuijξ = Θξ, and

n∑

ij=1

F ijuijξξ =Θξξ −

n∑

ijkl=1

F ij,kluijξuklξ = Θξξ −

n∑

i,k=1

F ii,kkuiiξukkξ −
∑

i6=j

F ij,jiu2
ijξ

≥Θξξ −

n∑

i,k=1

F ii,kkuiiξukkξ. (2.7)

From the concavity lemma (Lemma 2.2 in [8]), we know

−

n∑

i=1

F ii,kkuiiξukkξ = −
∂2 arctan η

∂ηp∂ηq

∂ηp

∂λi

∂ηq

∂λk

uiiξukkξ

≥−
2

tan
(
min

Ω
Θ − (n−2)π

2

)
( n∑

p=1

∂ arctan η

∂ηp

∂ηp

∂λi

uiiξ

)2

= −
2

tan
(
min

Ω
Θ − (n−2)π

2

)Θξ
2. (2.8)

The proof is completed.

3 A priori estimates

3.1 C0 estimate

The C0 estimate is easy to prove following the idea of Trudinger [18].

Theorem 3.2 Let Ω ⊂ Rn be a C1 bounded domain and ϕ ∈ C0(∂Ω). Suppose

u ∈ C2(Ω) ∩ C1(Ω) is the solution of special Lagrangian equation (1.3) for any small ε > 0

and Θ(x) ∈ C0(Ω) with (n−2)π
2

< Θ(x) < nπ
2

in Ω, then we have

sup
Ω

|εu| ≤ M0, (3.1)

where M0 depends only on n, diam(Ω), max
∂Ω

|ϕ| and max
Ω

Θ.
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Proof By(2.3), we have ∆u > 0. So u attains its maximum at some boundary point

x0 ∈ ∂Ω. Then we have

0 ≤ uν(x0) = −εu(x0) + ϕ(x0), (3.2)

and

εu ≤ εu(x0) ≤ ϕ(x0) ≤ max
∂Ω

|ϕ|. (3.3)

We can assume 0 ∈ Ω, and denote B = 1
2(n−1)

tan
(max

Ω
Θ

n

)
< +∞. Then we have

arctan η(λ(D2u)) = Θ ≤ max
Ω

Θ = arctan(D2(B|x|2)). (3.4)

Using the comparison principle, we get u−B|x|2 to attain its minimum at a boundary point

y0 ∈ ∂Ω. Therefore,

0 ≥ (u − B|x|
2
)ν(y0) = uν(y0) − 2By0 · ν

≥ −εu(y0) − ϕ(y0) − 2Bdiam(Ω). (3.5)

Then, we have

εu ≥ ε(u − B|x|
2
)

≥ ε(u(y0) − B|x|
2
)

≥ −2Bdiam(Ω) − max
∂Ω

ϕ − Bdiam(Ω)2. (3.6)

3.2 Global C1 estimate

In this subsection, we prove the C1 estimate of solutions for the special Lagrangian

equation (1.3) with supercritical phase. We show the following theorem.

Theorem 3.3 Suppose Ω ⊂ Rn is a C3 uniformly convex domain and ϕ ∈ C2(∂Ω).

Let Θ(x) ∈ C1(Ω) with (n−2)π
2

< Θ(x) < nπ
2

in Ω and u ∈ C3(Ω) ∩ C2(Ω) be a solution of

special Lagrangian equation (1.3) for any small ε > 0, then we have

sup
Ω

|Du| ≤ M1, (3.7)

where M1 depends only on n, Ω, max
Ω

Θ, min
Ω

Θ, M0, |Θ|C1 and |ϕ|C2 .

Proof We just have to prove

Dξu(x) ≤ M1, ∀(x, ξ) ∈ Ω̄ × S
n−1, (3.8)

where ξ = (ξ1, · · · , ξn), |ξ| = 1. Choose

w(x, ξ) = Dξu(x) − 〈ν, ξ〉 (−εu + ϕ) + ε2u2 + K|x|
2
, (3.9)
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where ν is a C2(Ω) extension of the outer unit normal vector field on ∂Ω, ε is a small positive

constant in (1.3) and K is a large positive constant. Note that here ϕ ∈ C2(Ω) is an extension

with universal C2 norm. Suppose w(x, ξ) attains its maximum at (x0, ξ0) ∈ Ω̄ × Sn−1. In

the following, we divide (3.8) into two steps.

1. We claim that x0 ∈ ∂Ω. Assume x0 ∈ Ω, and we will prove F ii∂iiw(x, ξ0)|x=x0
> 0

to establish a contradiction. For x0 ∈ Ω, we can assume D2u(x0) is diagonal with λi = uii

and λ1 ≥ λ2 ≥ · · · ≥ λn by rotating the coordinate (e1, · · · , en), then F ij(x0) is diagonal.

Then we have

F ij =:
∂ arctan η

∂uij

=





∑
p6=i

1
1+η2

p

, if i = j,

0, if i 6= j.

(3.10)

Hence we can get from Property 2.1,

F 11 ≤ F 22 ≤ · · · ≤ F nn; (3.11)

Fnn =
∑

p6=n

1

1 + η2
p

≥ c0 > 0; (3.12)

F iiuii =

n∑

p=1

ηp

1 + η2
p

∈ (−
1

2
,
n

2
); (3.13)

where c0 = 1

1+ max{tan
(

(n−1)π
2 −min

Ω
Θ

)
,tan

(max
Ω

Θ

n

)
}2

.

We suppose the maximum of w fixed in some direction ξ0, all the calculations are at x0

in the following. We get

0 ≥
∑

i

F
ii
∂iiw(x, ξ0)|x=x0

=
∑

i

F
ii[uiiξ0 − 〈ν, ξ0〉ii(−εu + ϕ) − 2〈ν, ξ0〉i(−εui + ϕi) − 〈ν, ξ0〉(−εuii + ϕii) + 2ε

2(u2

i + uuii) + 2K]

=
∑

i

F
ii
uiiξ0 +

∑

i

F
ii[〈ν, ξ0〉εuii + 2ε

2
uuii] +

∑

i

F
ii[2ε

2
u

2

i + 2〈ν, ξ0〉iεui]

+
∑

i

F
ii[2K − 〈ν, ξ0〉ii(−εu + ϕ) − 2〈ν, ξ0〉iϕi − 〈ν, ξ0〉ϕii]

≥Θξ0 +
∑

i

F
ii[〈ν, ξ0〉εuii + 2ε

2
uuii] +

∑

i

F
ii(εui + 〈ν, ξ0〉i)

2

+
∑

i

F
ii[2K − 〈ν, ξ0〉ii(−εu + ϕ) − 2〈ν, ξ0〉iϕi − 〈ν, ξ0〉ϕii − 〈ν, ξ0〉

2

i
]

≥− |∇Θ| − |
∑

p

ηp

1 + η2
p

| +
∑

i

F
ii[2K − C1 − |D〈ν, ξ0〉|

2]

≥− |∇Θ| −
n

2
+

1

1 + C2

0

(2K − C2),

where C0 is defined in (2.5), C1 is a positive constant depending only on n, M0, |ν|C2 , |ϕ|C2 .

C2 is positive constant depending only on C1 and |ν|C1 .

Choose K >
1+C2

0

2
(|∇Θ| + n

2
) + C2

2
, we have F ii∂iiw(x, ξ0)|x=x0

> 0. This is a contra-

diction. Thus x0 ∈ ∂Ω.
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2. We now consider the direction ξ0 with the following three cases.

Case a: ξ0 is normal to ∂Ω at x0, then we have

w(x0, ξ0) = ε2u2(x0) + K|x0|
2
≤ C3, or

w(x0, ξ0) = 2(−εu + ϕ) + ε2u2(x0) + K|x0|
2
≤ C4.

And,

Dξu(x) = w(x, ξ) + 〈ν, ξ〉 (−εu + ϕ) − ε2u2 − K|x0|
2

(3.14)

≤ w(x0, ξ0) + C5

≤ C6.

Case b: ξ0 is non-tangential but not normal to ∂Ω at x0. We can find a tangential

vector τ ∈ S
n−1 such that ξ0 = ατ + βν, with α = ξ0 · τ 6= 0, β = ξ0 · ν 6= 0, α2 + β2 = 1 and

τ · ν = 0. Without loss of generality, we take 0 < α < 1. Then we have

w(x0, ξ0) = Dξ0
u(x0) − 〈ν, ξ0〉 (−εu + ϕ) + ε2u2(x0) + K|x0|

2

= αDτu(x0) + βDνu(x0) − β(−εu + ϕ) + ε2u2(x0) + K|x0|
2

= αDτu(x0) + ε2u2(x0) + K|x0|
2

= αw(x0, τ) + α 〈ν, τ〉 (−εu + ϕ) + (1 − α)(ε2u2(x0) + K|x0|
2
)

≤ αw(x0, ξ0) + (1 − α)(ε2u2(x0) + K|x0|
2
).

Then we get

w(x0, ξ0) ≤ ε2u2(x0) + K|x0|
2
≤ C7.

Hence,

Dξu = w(x, ξ) + 〈ν, ξ〉 (−εu + ϕ) − ε2u2 − K|x|
2

(3.15)

≤ w(x0, ξ0) + C8

≤ C9.

Case c: ξ0 is tangential to ∂Ω at x0, then we have ξ0 · ν = 0. Without loss of generality,

we may assume ξ0 = e1. Then,

0 ≤ Dνw(x0, ξ0)

= DνD1u(x0) + 2ε2u(x0)Dνu(x0) + KDν |x0|
2

≤ DνD1u(x0) + C10

= D1(Dνu) − DuD1ν + C10.

On the one hand, D1(Dνu) = D1(−εu + ϕ) ≤ D1ϕ ≤ |Dϕ|. For DuD1ν, since Ω is a C2

convex domain, we have distance function d(x) = dist(x, ∂Ω) ∈ C2 such that

d = 0 on ∂Ω, d > 0 in Ω;

|∇d| = 1 on ∂Ω.
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And, the matrix {dij}1≤i,j≤n−1 ∼ −κmin, where κmin is the smallest principal curvature of

the boundary. Because w(x0, ξ) attains its maximum at direction ξ = ξ0, it is easy to get

u1(x0) ≥ 0, u2(x0) = · · · = un−1(x0) = 0, un(x0) = −uν(x0) = εu(x0) − ϕ(x0).

On the other hand, from νk = −dk,

DuD1ν = D1(νk)Dku

= −

n∑

k=1

∂2d

∂xk∂x1

Dku

= −

n∑

k=1

d1kuk = −

n−1∑

k=1

d1kuk − d1nun

≥ −

n−1∑

k=1

d1kuk − C |Dνu(x0)|

≥ −d11u1 − C11

Hence, −DuD1ν ≤ d11u1 + C11 ≤ −κminw(x0, ξ0) + C11. Then, we have

w(x0, ξ0) ≤
|Dϕ|+C10+C11

κmin
.

Similar to the (3.14) and (3.15), we have

Dξu(x) = w(x, ξ) − ε2u2 − K|x|
2
≤ w(x0, ξ0) + C12 ≤ C13.

The proof is complete.

3.3 Global second derivatives estimate

We consider now to the global second derivatives and we can get the following theorem

Theorem 3.4 Suppose Ω ⊂ R
n is a C4 strictly convex domain and ϕ ∈ C3(∂Ω).

Let Θ(x) ∈ C2(Ω) with (n−2)π
2

< Θ(x) < nπ
2

in Ω and u ∈ C4(Ω) ∩ C3(Ω) be a solution of

special Lagrangian equation (1.3) for any small ε > 0, then we have

sup
Ω

|D2u| ≤ M2, (3.16)

where M2 depends only on n, Ω, max
Ω

Θ, min
Ω

Θ, M0, M1, |Θ|C2 and |ϕ|C3 .

We firstly reduce global second derivatives to double normal second derivatives on

boundary and then we show the estimate of double normal second derivatives on bound-

ary following the standard method in Lions-Trudinger-Urbas [10] and Ma-Qiu [11].

Lemma 3.5 Suppose Ω ⊂ R
n is a C4 convex domain and ϕ ∈ C3(∂Ω). Let Θ(x) ∈

C2(Ω) with (n−2)π
2

< Θ(x) < nπ
2

in Ω and u ∈ C4(Ω) ∩ C3(Ω) be a solution of special

Lagrangian equation (1.3) for any small ε > 0, then we have

sup
Ω

|D2u| ≤ C14(1 + sup
∂Ω

|uνν |), (3.17)

where C14 depends only on n, Ω, max
Ω

Θ, min
Ω

Θ, M0, M1, |Θ|C2 and |ϕ|C3 .
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Proof There exists a small constant µ > 0 such that d(x) ∈ C4(Ωµ) and ν = −Dd on

∂Ω because Ω is a C4 domain. Define d̃ ∈ C4(Ω) such that d̃ = d in Ωµ and denote

ν = −Dd̃, in Ω.

Note that ν is a C3(Ω) extension of the outer unit normal vector field on ∂Ω.

We assume 0 ∈ Ω and consider the auxiliary function

v(x, ξ) = uξξ − v′(x, ξ) + K1|x|
2, (3.18)

where v′(x, ξ) = 2(ξ · ν)ξ′ · (Dϕ − εDu − ulDνl) = alul + b, ξ′ = ξ − (ξ · ν)ν, al = −2(ξ ·

ν)(ξ′ · Dνl) − 2(ξ · ν)ε(ξ′)l, b = 2(ξ · ν)(ξ′ · Dϕ), and K1 > 0 is to be determined later. And

we know that here ϕ ∈ C3(Ω) is an extension with universal C3 norm. Recall

F ij =
∂ arctan η

∂uij

.

By rotating the coordinates, for any x ∈ Ω, we assume D2u is diagonal with λi = uii(i =

1, 2, · · · , n) and λ1 ≥ λ2 ≥ · · · ≥ λn. We know that (3.10)-(3.13) in the proof of Theorem

3.3 still hold. From Property 2.2, for any fixed ξ ∈ S
n−1, we have

n∑

ij=1

F ijvij =

n∑

ij=1

F ijuijξξ −

n∑

ij=1

F ij [aluijl + 2Dia
lujl + Dija

lul + bij ] + 2K1

n∑

i=1

F ii

≥Θξξ − AΘξ
2 − alΘl −

n∑

i=1

|Dia
i| −

n∑

i=1

F ii[Diia
lul + bii] + K1

n∑

i=1

F ii

>0

provided by

K1 =
1

c0

[
|D2Θ| + A|DΘ|2 + |al||DΘ| + |Dal|

]
+ |D2al||Du| + |D2b| + 1.

So max
Ω

v(x, ξ) attains its maximum on ∂Ω. Therefore, we can assume the max
Ω×Sn−1

v(x, ξ)

attains its maximum at some point x0 ∈ ∂Ω and some direction ξ0 ∈ S
n−1. We consider two

cases in the following and all the calculations are at the point x0 and ξ = ξ0.

Case a: ξ0 is tangential to ∂Ω at x0.

Naturally, ξ0 · ν = 0, v′(x0, ξ0) = 0, and uξ0ξ0
(x0) > 0. Recall the following formulas in

the book [9],

|Dν| ≤ C, in Ωµ, (3.19)
n∑

i=1

νiDjν
i = 0,

n∑

i=1

νiDiν
j = 0, |ν| = 1, in Ωµ, (3.20)

where C is a constant depending only on n and Ω. As in [9], we still define

cij = δij − νiνj, in Ωµ, (3.21)
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and for a vector ζ ∈ R
n, we denote ζ ′ for the vector with i-th component

∑n

j=1 cijζj . Then

we have

|(Du)′|2 =

n∑

i,j=1

cijuiuj and |Du|2 = |(Du)′|2 + u2
ν . (3.22)

And,

uliν
l =[cij + νiνj ]νlulj

=cij [Dj(ν
lul) − Djν

lul] + νiνjνlulj

= − cijεuj + cijDjϕ − cijulDjν
l + νiνjνlulj . (3.23)

The last equation used boundary conditions. Then,

ulipν
l =[cpq + νpνq]uliqν

l

=cpq[Dq(uliν
l) − uliDqν

l] + νpνquliqν
l

=cpqDq(−cijεuj + cijDjϕ − cijulDjν
l + νiνjνlulj)

− cpquliDqν
l + νpνqνluliq, (3.24)

hence we obtain

uξ0ξ0ν =

n∑

ipl=1

ξi
0ξ

p
0ulipν

l

=

n∑

ip=1

ξi
0ξ

p
0 [c

pqDq(−cijεuj + cijDjϕ − cijulDjν
l + νiνjνlulj)

− cpquliDqν
l + νpνqνluliq ]

=

n∑

i=1

ξi
0ξ

q
0 [Dq(−cijεuj + cijDjϕ − cijulDjν

l + νiνjνlulj) − uliDqν
l]

= − ξi
0ξ

q
0ε[c

ijujq − Dqc
ijuj ] + ξi

0ξ
q
0Dq(c

ijDjϕ)

− ξi
0ξ

q
0Dq(c

ijDjν
l)ul − ξ

j
0ξ

q
0ulqDjν

l + ξi
0ξ

q
0Dqν

iuνν − ξi
0ξ

q
0ulqDiν

l

≤− uξ0ξ0
− 2ξi

0ulξ0
Diν

l + C15 + C15|Du| + C15|uνν |. (3.25)

Without loss of generality, we assume ξ0 = e1, then we can get the bound for u1i(x0) for

i > 1 due to the maximum of v at the ξ0 direction. Next, we can assume ξ(t) = (1,t,0,··· ,0)√
1+t2

.

By calculating,

0 =
dv(x0, ξ(t))

dt
|t=0

=2uij(x0)
dξi(t)

dt
|t=0ξ

j(0) −
dv′(x0, ξ(t))

dt
|t=0

=2u12(x0) − 2ν2(D1ϕ − εu1 − ulD1ν
l), (3.26)
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then

|u12(x0)| = |ν2(D1ϕ − εu1 − ulD1ν
l)| ≤ C16 + C16|Du|. (3.27)

Analogously, for all i > 1, we have

|u1i(x0)| ≤ C16 + C16|Du|. (3.28)

From {Diν
l} ≥ 0, we have

uξ0ξ0ν ≤− uξ0ξ0
− D1ν

1uξ0ξ0
+ C17(1 + |uνν |)

≤− uξ0ξ0
+ C17(1 + |uνν |). (3.29)

On the other hand, from the Hopf lemma and (3.23), we have

0 ≤vν(x0, ξ0)

=uξ0ξ0ν − alulν − Dνalul − bν + 2K1(x · ν)

≤− uξ0ξ0
+ C17(1 + |uνν |) + C18. (3.30)

Hence,

uξ0ξ0
(x0) ≤ (C17 + C18)(1 + |uνν |). (3.31)

Since u is the subharmonic function and (3.31), we obtain

max
Ω×Sn−1

|uξξ(x)| ≤(n − 1) max
Ω×Sn−1

uξξ(x)

≤(n − 1)[ max
Ω×Sn−1

v(x, ξ) + C19]

=(n − 1)[v(x0, ξ0) + C19]

≤(n − 1)[uξ0ξ0
(x0) + 2C19]

≤C20(1 + |uνν |). (3.32)

Case b: ξ0 is non-tangential.

In this case, we have ξ0 · ν 6= 0. In fact, we can find a tangential vector τ ∈ S
n−1 such

that ξ0 = ατ + βν, with α = ξ0 · τ ≥ 0, β = ξ0 · ν 6= 0 and α2 + β2 = 1. Naturally, τ · ν = 0.

So,

uξ0ξ0
(x0) =α2uττ(x0) + β2uνν(x0) + 2αβuτν(x0)

=α2uττ(x0) + β2uνν(x0) + 2(ξ0 · ν)[ξ0 − (ξ0 · ν)ν][Dϕ − εDu − ulDνl], (3.33)

then,

v(x0, ξ0) = α2v(x0, τ) + β2v(x0, ν) ≤ α2v(x0, ξ0) + β2v(x0, ν). (3.34)
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By the definition of v(x0, ξ0), we know

v(x0, ξ0) ≤ v(x0, ν), (3.35)

and

uξ0ξ0
(x0) ≤ v(x0, ξ0) + C21 ≤ v(x0, ν) + C21 ≤ |uνν | + 2C21. (3.36)

Similarly to (3.32), we complete the proof of the lemma.

Lemma 3.6 Suppose Ω ⊂ R
n is a C3 strictly convex domain and ϕ ∈ C3(∂Ω). Let

Θ(x) ∈ C2(Ω) with (n−2)π
2

< Θ(x) < nπ
2

in Ω and u ∈ C3(Ω)∩C2(Ω) be a solution of special

Lagrangian equation (1.3) for any small ε > 0, then we have

min
∂Ω

uνν ≥ −C22, (3.37)

where C22 depends on n, Ω, max
Ω

Θ, min
Ω

Θ, M0, M1, |Θ|C2 and |ϕ|C3 .

Proof Since Ω is a C3 strictly convex domain, we can find the defining function

ρ ∈ C3(Ω) for it such that

ρ = 0 on ∂Ω, ρ < 0 in Ω; |Dρ| = 1 on ∂Ω;

D2ρ ≥ a0In,

where a0 is a positive constant depending only on Ω, and In is the n × n identity matric.

And, ν = (ν1, ν2, · · · , νn) is a C2(Ω) extension of the outer unit normal vector field on ∂Ω

as in Lemma 3.5.

By the classical barrier technique in [11], we consider the function

P (x) = uν + εu(x) − ϕ(x) + K2ρ, (3.38)

where K2 = max{ 2(1+C0
2)

a0
(|DΘ||ν|+|Dν|+ 1

2
), 2

a0
(|Du||D2ν|+|D2ϕ|)} and C0 is the constant

in (2.5). Also note that here ϕ ∈ C2(Ω) is an extension with universal C2 norm. Recall

F ij =
∂ arctan η

∂uij

.

For any x ∈ Ω, we can assume D2u is diagonal with λi = uii and λ1 ≥ λ2 ≥ · · · ≥ λn. We
know that (3.10)-(3.13) in the proof of Theorem 3.3 still hold. Hence we can get

n∑

ij=1

F
ij

Pij =
n∑

i=1

F
ii
{ ∑

l

[uliiν
l + 2uli(ν

l)i + ul(ν
l)ii] + εuii − ϕii

}
+ K2

n∑

i=1

F
ii
ρii

=
∑

l

Θlν
l + 2

n∑

i=1

F
ii
uii(ν

i)i +

n∑

i=1

F
ii
ul(ν

l)ii + ε

n∑

i=1

F
ii
uii −

n∑

i=1

F
ii
ϕii + K2

n∑

i=1

F
ii
ρii

≥− |DΘ||ν| − |Dν| − |Du||D2
ν|

n∑

i=1

F
ii −

ε

2
− |D2

ϕ|

n∑

i=1

F
ii + K2a0

n∑

i=1

F
ii

≥− |DΘ||ν| − |Dν| −
1

2
+

K2a0

2

1

1 + C0
2

− |Du||D2
ν|

n∑

i=1

F
ii − |D2

ϕ|
n∑

i=1

F
ii +

K2a0

2

n∑

i=1

F
ii

≥0. (3.39)
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Also, it is easy to know P = 0 on ∂Ω. Hence P attains its maximum on any boundary

point. Then we can get for any x ∈ ∂Ω,

0 ≤ Pν(x) =[uνν −
∑

j

ujdjν + εuν − ϕν ] + K2ρν

≤uνν + |Du||D2d| + |Du| + |Dϕ| + K2, (3.40)

hence (3.37) holds.

In the following, we establish the upper estimate of double normal second derivatives

on boundary.

Lemma 3.7 Suppose Ω ⊂ R
n is a C3 strictly convex domain and ϕ ∈ C3(∂Ω). Let

Θ(x) ∈ C2(Ω) with (n−2)π
2

< Θ(x) < nπ
2

in Ω and u ∈ C3(Ω)∩C2(Ω) be a solution of special

Lagrangian equation (1.3) for any small ε > 0, then we have

max
∂Ω

uνν ≤ C23, (3.41)

where C23 depends on n, Ω, max
Ω

Θ, min
Ω

Θ, M0, M1, |Θ|C2 and |ϕ|C3 .

Proof Similar to the proof of Lemma 3.6, we now consider the test function

P̃ (x) = uν + εu(x) − ϕ(x) − K̃ρ, (3.42)

where K̃ = max{ 2(1+C0
2)

a0
(|DΘ||ν|+ |Dν|+ n

2
), 2

a0
(|Du||D2ν|+ |D2ϕ|)} and C0 is the constant

in (2.5). And, here ϕ ∈ C2(Ω) is an extension with universal C2 norm. Denote

F ij =
∂ arctan η

∂uij

.

For any x ∈ Ω, we can assume D2u is diagonal with λi = uii and λ1 ≥ λ2 ≥ · · · ≥ λn. We

know that (3.10)-(3.13) in the proof of Theorem 3.3 still hold. Hence we can get

n∑

ij=1

F ij P̃ij =

n∑

i=1

F ii
{∑

l

[uliiν
l + 2uli(ν

l)i + ul(ν
l)ii] + εuii − ϕii

}
− K̃

n∑

i=1

F iiρii

=
∑

l

Θlν
l + 2

n∑

i=1

F iiuii(ν
i)i +

n∑

i=1

F iiul(ν
l)ii + ε

n∑

i=1

F iiuii −

n∑

i=1

F iiϕii − K̃

n∑

i=1

F iiρii

≤|DΘ||ν| + |Dν| + |Du||D2ν|

n∑

i=1

F ii +
εn

2
+ |D2ϕ|

n∑

i=1

F ii − K̃a0

n∑

i=1

F ii

≤|DΘ||ν| + |Dν| +
n

2
−

K̃a0

2

1

1 + C0
2

+ |Du||D2ν|

n∑

i=1

F ii + |D2ϕ|

n∑

i=1

F ii −
K̃a0

2

n∑

i=1

F ii

≤0. (3.43)
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Similar to (3.40), for any x ∈ ∂Ω, we have

0 ≥ P̃ν(x) =[uνν −
∑

j

ujdjν + εuν − ϕν ] − K̃ρν

≥uνν − |Du||D2d| − |Du| − |Dϕ| − K̃, (3.44)

hence (3.41) holds.

4 Existence of the boundary problems

In this section we complete the proofs of the Theorem 1.1.

4.1 Existence of solutions for the problem (1.3)

In Section 3, we have established the a priori estimate for the Neumann problem of

special Lagrangian equation (1.3). We know that the special Lagrangian equation (1.3) is

uniformly elliptic in Ω by the global C2 priori estimate above. −e−A arctan η is concave with

respect to η thanks to the concavity lemma (Lemma 2.2 in [8]), where A is the constant in

(2.6). Following the discussions in [19], we can get the global Hölder estimate,

|u|C2,α(Ω) ≤ C, (4.1)

where C and α depend on n, Ω, |Θ|C0 , |Θ|C2 and |ϕ|C3 . Using the above estimate and

differentiating the equation (1.3), one also obtains C3,α(Ω) estimates and applies the classical

Schauder theory for linear uniformly elliptic equations.

Applying the method of continuity (see [9]), the existence of the classical solution holds.

Using the standard regularity theory of uniformly elliptic partial differential equations, we

can obtain the higher regularity.

4.2 Proof of Theorem 1.1

By a similar proof of existence of solutions for the problem (1.3), we know there exists

a unique solution uε ∈ C3,α(Ω) to (1.3) for any small ε > 0. Let vε = uε − 1
|Ω|

∫
Ω

uε, and it

is easy to know vε satisfies

{
arctan{∆vεIn − D2vε} = Θ(x), x ∈ Ω,

(vε)ν = −εvε − 1
|Ω|

∫
Ω

εuε + ϕ(x), x ∈ ∂Ω.
(4.2)

By the gradient estimate (3.7), we know ε sup
Ω

|Duε| → 0. Naturally, there is a constant β

and a function v ∈ C2(Ω), such that −εuε → β, −εvε → 0, − 1
|Ω|

∫
Ω

εuε → β and vε → v

uniformly in C2(Ω) as ε → 0. It is easy to verify that v is a solution of

{
arctan{∆vIn − D2v} = Θ(x), x ∈ Ω,

vν = β + ϕ(x), x ∈ ∂Ω.
(4.3)
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If there exists another function v1 ∈ C2(Ω) and another constant β1 satisfying

{
arctan{∆v1In − D2v1} = Θ(x), x ∈ Ω,

(v1)ν = β1 + ϕ(x), x ∈ ∂Ω,
(4.4)

and we can know β = β1 and v − v1 is the constant by applying the maximum principle and

Hopf Lemma. We obtain the higher regularity by using the standard regularity theory.
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