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,
� Å ¬ � ù ¡4¢ihkj¤£�¡F­ ¬� ­ c�e £JÖ � . l�m�nJo�ö!÷ £J×#Ø , f Ø D �

∗ pkq�rtsJu 2022-10-01 v p�rts : 2023-03-31wkxky8z u|{~}J�[��� / l��U��� (11801065).�������
: �k�k� (1996–), � , AFB�� , 576Y?k� , ���.AFBD�d� : �0����� .�5� ���
: � ��� (1979–), � , �k��� , �0+��d  , ���.AFBD�d� : �0����� .



460 ¡ ¢ £ ¤ Vol. 43

Å `Ja � ù ¡4¢¤£�¡4­ κ(s) ¬� ­ τ(s)
c�e

τ(s) = aκλ(s)(a 6= 0, λ ∈ R)

ù , λ ¥ § øW¦³ù ¡F¢¹£è¡F­�# c&e £
+�§�¯�°�0�4 , C�D λ = 0, ¨ � Å `�a � ù ¡F¢�©�µH  ­ ù , b ¡4­ c�eRª Q Painlevé
0J4

.

2 «­¬¯®2°
O�± .�¸³²5´ Ó#Ô Å�Æ =�T Minkowski

Å�Æ ´!¡4¢¤£Fï O�ã Ø .

2.1 µ­¶¸·º¹¯»2¼³½¿¾�ÀiÁ­ÂiÃ
Ä

A
n+1 Ò n + 1

S Ó#Ô Å�Æ , b2ÅUÆ!â »� 

(x, y)δ =

n+1
∑

i=1

δixiyi,

é�Ç
x = (x1, x2, · · · , xn, xn+1), y = (y1, y2, · · · , yn, yn+1) ∈ A

n+1, δi = ±1.
+�È�É

, D δi = 1

ù , A
n+1 ¨   n+1

S Ã¹Ä;Å�Æ
; D δi

´Fµ!êR* ¥J¦   −1 ù , A
n+1 ¨   n+1

S
MinkowskiÅ�Æ

.Ä
x(t) Ò A

n+1
´#£ËÊèº#êR9Û¡4¢

,
Ù

ds =

∣

∣

∣

∣

∣

[

x′(s), x′′(s), . . . , x(n)(s), x(n+1)(s)
]

[

x′(s), x′′(s), . . . , x(n)(s), x(s)
]

∣

∣

∣

∣

∣

1
n+1

dt

Ò x(t)
£JêR*>´d� Ó#Ô §�¨�© , b ´ [, ..., ] Ì�Í A

n+1
´#£W^�Î�Ê�Ï�Ð

, t
 �ê8I Ç�È . nJoÑ>´d� Ó#Ô §#¨�© ,

µ C ç�Ò ãÓËÔ
2.1 [4]

Ä
x(s) Ò Q�S Ó#Ô Å�Æ A

2
´5Êèº#êR9�\#Ù�¡4¢

.
�

[x′(s),x′′(s)]

[x′(s), x(s)]
= ε0 = ±1,

ÙRÕ
s
 

x(s)
£�´d� Ó#Ô!ª#«�Ç�È ,

Ñ ù ¡4¢ x(s)
c�e C ç Frenet Ö Ð

{

x′(s) = e1(s),

x′′(s) = κ1(s)e1(s) + ε0x(s),

é�Ç
κ1(s)

Õ! 
x(s)

£�´d� Ó#Ô ¡4­ , × <�= Ì�Í  

κ1(s) =
[x′′(s), x(s)]

[x′(s), x(s)]
.

ÓËÔ
2.2[4]

Ä
x(s) Ò V�S Ó#Ô Å�Æ A

3
´5Êèº#êR9�\#Ù�¡4¢

.
�

[x′(s), x′′(s),x′′′(s)]

[x′(s), x′′(s), x(s)]
= ε0 = ±1,
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ÙRÕ
s
 

x(s)
£�´d� Ó#Ô!ª#«�Ç�È ,

Ñ ù ¡4¢ x(s)
c�e C ç Frenet Ö Ð











x′(s) = e1(s),

x′′(s) = e2(s),

x′′′(s) = κ1(s)e1(s) + κ2(s)e2(s) + ε0x(s),

é�Ç
κ1(s)

Õ! 
x(s)

£�´d� Ó#Ô ¡4­ , κ2(s)
Õ! 

x(s)
£�´d� Ó#Ô� ­ , ×#À <�=4°JÈ Ì�Í 

κ1(s) =
[x′′′(s), x′′(s), x(s)]

[x′(s),x′′(s), x(s)]
, κ2(s) =

[x′(s), x′′′(s), x(s)]

[x′(s), x′′(s), x(s)]
.

2.2 Minkowski ·º¹¯»�ï2·­ðºï­ñò¼³½¿¾�ÀiÁ­ÂiÃ
Ä

E
n+1
1 Ò n + 1

S
Minkowski

Å�Æ
, b2ÅUÆ!â »� 

〈·, ·〉 = dx2
1 + dx2

2 + · · · + dx2
n − dx2

n+1.

Á Â E
n+1
1

´�£�F�G21N©
v, C � 〈v,v〉> 0,

Õ
v
 �� Å 1N©

; C � 〈v,v〉 = 0,
Õ

v
 ��

ó 1F©
; C � 〈v,v〉 < 0,

Õ
v
 J� ù 1F© .

+�È�É
, ô!â Gõ1F©� J� Å 1F© .ÓJÔ

2.3 [6]
Ä

x(s) Ò Q³S Minkowski
ÅÛÆ

E
2
1

´�=
s
  ª¤«¹Ç¹È £�\¤Ù ¡S¢ , ¨

|〈x′(s), x′(s)〉| = 1,
ÙRö�®&\�]R^�_

{α (s), β (s)}
c�e C çè£ Frenet Ö Ð















x′(s) = α (s),

α′(s) = κ (s) β (s),

β′ (s) = κ (s) α (s),

é­Ç
α(s) ¬ β(s)

°2È Ì­Í x(s)
£�N¿1�© ¬ /¿1�© , κ(s)

Õ  
x(s)

£ ¡!­
, ÷¯D

〈α(s), α(s)〉=1 ù , x(s) Ò � Å ¡4¢ ; D 〈α(s), α(s)〉 = −1 ù , x(s) Ò � ù ¡4¢ .ÓËÔ
2.4 [6]

Ä
x(s) Ò V�S Minkowski

Å�Æ
E

3
1

´�=
s
  ª#«�Ç�È £W� Å (

� ù )
¡4¢

,

¨ |〈x′(s), x′(s)〉| = 1,
ÙRö�®&\�]R^�_

{α (s), β (s), γ(s)}
c�e C çè£ Frenet Ö Ð



























x′s = αs,

α′s = κ (s) β (s),

β′ (s) = −εε̃κ (s)α (s) + τ (s) γ (s),

γ′ (s) = ετ (s) β (s),

é�Ç
α(s), β(s), γ(s)

°&È Ò x(s)
£8N­1�©

,
.�/­1�© ¬ 7�/­1�© , κ(s), τ(s)

°&È&Õ¤ 
x(s)

£¤¡N­ ¬& ­ . 〈α(s), α(s)〉 = ε = ±1, 〈β(s), β(s)〉 = ε̃ = ±1, 〈γ(s), γ(s)〉 = −εε̃.

÷³D ε = ε̃ = 1 ù , x(s) Ò ª ê���� Å ¡;¢ ; D ε = 1, ε̃ = −1 ù , x(s) Ò ª Q���� Å ¡;¢ ;

D ε = −1, ε̃ = 1 ù , x(s) Ò � ù ¡4¢ .ø
2.5 E

2
1

´�£
� ó ¡F¢�ù�ú! �û�¢
. E

3
1

´�£ ª V���� Å ¡F¢2=UT�� ó ¡F¢
,
? Â ×�À£
N�1;© `�a /�1;©

(
7J/�1;©

)
´Wü�µ�� ó 1;©

, b�ý�þ ^�_! Jÿ��&\�]J^�_ , O�P��R÷ §
Á�×#À É!Ê#Õ�Ö f Ø .
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ø
2.6 O�P�� Ä ª êJ� (

ª Q��
)
� Å ¡F¢2=UT�� ù ¡F¢¹£!´�� Ó�Ô ¡F­ (

¡F­
),
´��

Ó#Ô� ­ (  ­ ) � §� JG .
é�Ç ′ Ì�Í�Ó#Ô Å�Æ (Minkowski

Å�Æ
)
´#£;¨�©�Ö Â ´d� Ó#Ô!ª

«�Ç�È ( ª#«�Ç�È )
£;¯�°

.

3 �	� Minkowski ·º¹¯»2¼³½¿¾�µ­¶�

�
� Ô

3.1
Ä

x(s) Ò A
2
´&=

s
 >´�� Ó�Ô�ª�« £è¡F¢ . C � x(s) ø_ù �!  E

2
1

´�£
�
Å�� � ù�� ¡4¢ , ÷ = s

  ª#«�Ç�È ,
Ù�¡4¢

x(s)
£�´d� Ó#Ô ¡4­ κ1(s) ¬ E

2
1

´#£�¡4­
κ(s)

! Æ
c�e
κ1(s) = (log |κ(s)|)′.

� ?8Ò ã 2.1 ¬ Ò ã 2.3,
¡4¢

x(s)
£�´d� Ó#Ô ¡4­ κ1(s)

 

κ1(s) =
[x′′(s), x(s)]

[x′(s), x(s)]
=

κ(s) [β(s), x(s)]

[α(s), x(s)]
, (3.1)

÷>ø�ù µ
ε0 =

[x′(s), x′′(s)]

[x′(s), x(s)]
=

κ(s) [α(s), β(s)]

[α(s), x(s)]
= ±1. (3.2)

?
(3.1)

Ð ¬ (3.2)
Ð

, �Rl µ�ç��¹£ í Ð

κ(s) [β(s), x(s)] = κ1(s)[α(s), x(s)] (3.3)

¬
κ(s) [α(s), β(s)] = ε0[α(s), x(s)]. (3.4)

®
(3.4)

ÐJ)���Ö Â
s ��� ,

< ö
κ′(s) [α(s), β(s)]+κ(s) [α′(s), β(s)]+κ(s) [α(s), β′(s)]=ε0{[α′(s), x(s)]+[α(s), x′(s)]}.

(3.5)� á Ò ã 2.3, (3.5)
ÐJ<�=Uú��� 

κ′(s) [α(s), β(s)] = ε0κ(s)[β(s), x(s)], (3.6)

É�ê��JÉ
, nJo (3.3) ¬ (3.4)

Ð
, �#À µ

κ′(s) [α(s), β(s)] = κ1(s)κ(s)[α(s), β(s)], (3.7)

Â Ò ,
´d� Ó#Ô ¡4­ κ1(s) ¬ ¡4­ κ(s)

c�e

κ1(s) =
κ′(s)

κ(s)
= (log |κ(s)|)′. (3.8)

� Ô
3.2

Ä
x(s) Ò A

2
´&=

s
 >´�� Ó�Ô�ª�« £è¡F¢ . C � x(s) ø_ù �!  E

2
1

´�£
�
Å�� � ù�� ¡4¢ , ÷ = s

  ª#«�Ç�È ,
Ù�¡4¢

x(s)
®

E
2
1

´#£�¡4­
κ(s)

c�e

κ(s) = C2e
∫

√
κ2(s)−2ε0 log |κ(s)|+C1ds, (ε0 = ±1, C1, 0 6= C2 ∈ R).
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� nJo�â#ã 3.1
£! #"

,
®

(3.6)
ÐJ)���Ö Â

s ��� ,
µ

κ′′(s) [α(s), β(s)] + κ′(s) [α′(s), β(s)] + κ′(s) [α(s), β′(s)] (3.9)

= ε0κ
′(s)[β(s), x(s)] + ε0κ(s)[β′(s),x(s)] + ε0κ(s)[β(s), x′(s)].

?8Ò ã 2.3, (3.9)
ÐJ<�=Uú��� 

κ′′(s) [α(s), β(s)] = ε0κ
′(s)[β(s), x(s)] + ε0κ

2(s)[α(s), x(s)] + ε0κ(s)[β(s), α(s)], (3.10)

Ñ�$
, nJo (3.3)

Ð ¬ (3.4)
Ð

, �#À µ

κ′′(s) [α(s), β(s)] =
(κ′(s))2 [α(s), β(s)]

κ(s)
+ κ3(s) [α(s), β(s)]− ε0κ(s)[α(s), β(s)], (3.11)

?
(3.11)

Ð
,
¡4­

κ(s)
c�e

κ′′(s) =
(κ′(s))

2

κ(s)
+ κ3(s) − ε0κ(s),

¨
(log |κ(s)|)′′ = (

κ′(s)

κ(s)
)′ = κ2(s) − ε0,

% ñ��¹£'&)()��0J4
, ö

κ(s) = C2e
∫

√
κ2(s)−2ε0 log |κ(s)|+C1ds, (C1, 0 6= C2 ∈ R).

*�+
3.3

Ä
x(s) Ò A

2
´�=

s
 ¹´d� Ó#Ô!ª#« £�¡4¢ . C � x(s) ø�ù ��  E

2
1

´#£W�
Å,� � ù�� ¡4¢ , ÷ = s

  ª#«�Ç�È ,
Ù�¡4¢

x(s)
£�´d� Ó#Ô ^�_ ¬ Minkowski

Å�Æ ´#£d\
]R^�_ ! Æ
c�e

(

e1(s)

x(s)

)

=

(

1 0

−ε0(log |κ(s)|)′ ε0κ(s)

)(

α(s)

β(s)

)

.

� Y�Z ,
?)-5%J9Jg

, �Rl e1(s) = α(s). b�. ,
?8Ò ã 2.1, �#À %0/

ε0x(s) = x′′(s) − κ1(s)e1(s),

? â#ã 3.1,
%

κ1(s) = (log |κ(s)|)′.
Â Ò , �#À µ

ε0x(s) = κ(s)β(s) − (log |κ(s)|)′α(s),

¨Nö ¡4¢ x(s)
£�´d� Ó#Ô ^�_ ¬ Minkowski

Å�Æ ´#£d\�]R^�_ ! Æ £NÖ � .

4 12� Minkowski ·º¹¯»�ï2·­ðºï­ñò¼³½¿¾�µ­¶�

�
� Ô

4.1
Ä

x(s) Ò A
3
´&=

s
 >´�� Ó�Ô�ª�« £è¡F¢ . C � x(s) ø_ù �!  E

3
1

´�£ ª
êJ�

(
ª Q��

)
� Å ` � ù ¡F¢ , ÷ = s

  ª�«�Ç�È ,
ÙÛ¡F¢

x(s)
£!´�� Ó�Ô ¡F­ κ1(s) ý ´� Ó#Ô� ­ κ2(s) ¬ E

3
1

´#£�¡4­
κ(s) ýt ­ τ(s) ! Æ
c�e
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1. κ1(s) = (log |κ(s)τ(s)|)′(log | τ(s)
(κ(s)τ(s))′

|)′ − εε̃κ2(s) + ετ 2(s);

2. κ2(s) = (log |κ2(s)τ(s)|)′,
é�Ç

, D x(s) Ò ª êR��� Å ¡4¢ ù , ε = ε̃ = 1; D x(s) Ò ª QJ��� Å ¡4¢ ù , ε = 1, ε̃ = −1;

D x(s) Ò � ù ¡4¢ ù , ε = −1, ε̃ = 1.? Â V�S
Minkowski

Å�Æ ´ ª êR��� Å ¡4¢ ý ª QJ��� Å ¡F¢ ¬ � ù ¡F¢¤£ Ó#Ô LJX) "
��4�3�°�Õ�4
,
ç���5i= ª ê���� Å ¡;¢>£ Ó�Ô L�X� �6� 	" , 7 $�)�8 ¡;¢>£ Ó�Ô L�X§�9 7 ��:;" .� Y�Z ,

?8Ò ã 2.2 ¬ Ò ã 2.4,
¡4¢

x(s)
£�´d� Ó#Ô ¡4­ κ1(s) ¬ ´d� Ó#Ô� ­ κ2(s) 

κ1(s) =
[x′′′(s), x′′(s), x(s)]

[x′(s), x′′(s), x(s)]
= −κ2(s) +

κ(s)τ(s) [γ(s), β(s), x(s)]

[α(s), β(s), x(s)]
(4.1)

¬
κ2(s) =

[x′(s), x′′′(s), x(s)]

[x′(s), x′′(s), x(s)]
=

κ′(s)

κ(s)
+

τ(s) [α(s), γ(s), x(s)]

[α(s),β(s), x(s)]
, (4.2)

÷>ø�ù µ

ε0 =
[x′(s), x′′(s), x′′′(s)]

[x′(s), x′′(s), x(s)]
=

κ(s)τ(s) [α(s), β(s), γ(s)]

[α(s), β(s), x(s)]
= ±1. (4.3)

?
(4.3)

Ð
, �Rl µ�ç��¹£ í Ð

κ(s)τ(s)[α(s), β(s), γ(s)] = ε0[α(s), β(s), x(s)], (4.4)

®
(4.4)

ÐJ)���Ö Â
s � ) .)� ,

µ

(κ(s)τ(s))′[α(s), β(s), γ(s)]+κ(s)τ(s)([α′(s),β(s),γ(s)]+[α(s),β′(s),γ(s)]+[α(s),β(s),γ ′(s)])

= ε0([α
′(s), β(s), x(s)] + [α(s), β′(s), x(s)] + [α(s), β(s), x′(s)])

(4.5)

¬
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¬
(κ(s)τ(s))′′[α(s), β(s), γ(s)]

= ε0τ
′(s)[α(s), γ(s), x(s)] + ε0κ(s)τ(s)[β(s), γ(s), x(s)] + ε0τ
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(4.8)
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εε̃κ2(s)(log |κ(s)τ(s)|)′ + [(log |κ(s)τ(s)|)′(log | (κ(s)τ(s))′

τ(s)
|)′]′ − ε(τ 2(s))′ = ε0, (ε0 = ±1)

é�Ç
, D x(s) Ò ª êR��� Å ¡4¢ ù , ε = ε̃ = 1; D x(s) Ò ª QJ��� Å ¡4¢ ù , ε = 1, ε̃ = −1;

D x(s) Ò � ù ¡4¢ ù , ε = −1, ε̃ = 1.� ? â#ã 4.1
£! #"

,
®
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é&Ç
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(
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)
� Å ` � ù ¡4¢¤£�¡4­ κ(s)
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¡4­
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c�e

κ′′(s) +
εε̃
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λ + 1
κ2λ+1(s) − ε0

λ + 1
sκ(s) = 0.

2. D λ = −1 ù ,
¡4­
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c�e

κ2(s) =
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s
.

b ´ , D x(s) Ò ª êR��� Å ¡4¢ ù , ε = ε̃ = 1; D x(s) Ò ª QJ��� Å ¡4¢ ù , ε = 1, ε̃ =

−1; D x(s) Ò � ù ¡4¢ ù , ε = −1, ε̃ = 1, ε0 = ±1.� ? â#ã 4.2
%0/

, D x(s)
�� 

E
3
1

´#£ ª êR�
(
ª QJ�

)
� Å ` � ù ¡4¢ , ÷ = s

 
ª#«�Ç�Èèù ,

¡4¢
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£�¡4­
κ(s) ¬� ­ τ(s)

c�e

εε̃κ2(s)(log |κ(s)τ(s)|)′ +
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(log |κ(s)τ(s)|)′(log | (κ(s)τ(s))′

τ(s)
|)′
]′

− ε(τ 2(s))′ = ε0, (4.15)

b ´ , D x(s) Ò ª êR��� Å ¡4¢ ù , ε = ε̃ = 1; D x(s) Ò ª QJ��� Å ¡4¢ ù , ε = 1, ε̃ = −1;

D x(s) Ò � ù ¡4¢ ù , ε = −1, ε̃ = 1, ε0 = ±1.
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D τ(s) = aκλ(s) ù , (4.15)
ÐJ<�=0É�ê���B ã  

εε̃
λ + 1

2

(

κ2(s)
)′ − a2ε

(

κ2λ(s)
)′

+ (λ + 1)

(

κ′′(s)

κ(s)

)′

= ε0. (4.16)

®
(4.16)

ÐJ)���Ö Â ª#« s Æ ° ,
< ö

−a2εκ2λ(s) + (λ + 1)

{

εε̃
κ2(s)

2
+

κ′′(s)

κ(s)

}

= ε0s + c, (c ∈ R).

C �)D D £'E)F�¨�æ , ¨ ε0s + c → ε0s,
< ö�C çR)�8)@)A

1. D λ 6= −1 ù ,
¡4­
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c�e

κ′′(s) +
εε̃

2
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λ + 1
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sκ(s) = 0. (4.17)
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2. x(s)
£�´d� Ó#Ô ¡4­ κ1(s) ¬ ´d� Ó#Ô� ­ κ2(s)

°JÈ� 

κ1(s) =
−εε̃a2

s
+ εs, κ2(s) = − 1

2s
,

b ´ , D x(s) Ò ª êR��� Å ¡4¢ ù , ε = ε̃ = 1; D x(s) Ò ª QJ��� Å ¡4¢ ù , ε = 1, ε̃ = −1;

D x(s) Ò � ù ¡4¢ ù , ε = −1, ε̃ = 1.� Y�Z , D κ(s)τ(s) = a, (a 6= 0) ù ,
?

(4.18)
ÐJ%�¡4­

κ(s) ¬� ­ τ(s)
c�e

κ(s) = ±as−
1
2 , τ(s) = ±s

1
2 . (4.19)

Ñ ù , �Rl µ
τ(s)

κ(s)
= a−1s,

? Ç)G�P�H [7,8]
%�¡4¢

x(s) Ò MJNÛ¡4¢ .

b�. , � (4.18)
Ð�=�Ð ÷�â#ã 4.1

£ Ì)I Ð¤´ , �#À µ

κ1(s) = (log |κ(s)τ(s)|)′(log | τ(s)

(κ(s)τ(s))′
|)′ − εε̃κ2(s) + ετ 2(s) = −εε̃a2s−1 + εs (4.20)

¬
κ2(s) = (log |κ2(s)τ(s)|)′ = −1

2
s−1, (4.21)
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b ´ , D x(s) Ò ª êR��� Å ¡4¢ ù , ε = ε̃ = 1; D x(s) Ò ª QJ��� Å ¡4¢ ù , ε = 1, ε̃ = −1;
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� D κ(s)τ 2(s) = a2, (a 6= 0) ù , (4.17)
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κ3(s) − 2ε0sκ(s) − 2εa2 = 0. (4.22)
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ÐS� C ç_¨�æ
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)
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Á (4.23)
ÐS� C ç_¨�æ

κ(s) = 2εε̃y(t), t = ε0s − a2ε.
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AFFINE PROPERTIES OF SPACELIKE AND TIMELIKE CURVES

ZHAO Xin-ming, WANG Yi-meng, LIU Hui-li, QIAN Jin-hua

(College of Sciences, Northeastern University, Shenyang 110819, China)

Abstract: In this paper, we mainly study the problem of the centroaffine curvature, the

centroaffine torsion, the curvature and torsion of the curve and the relationship between the

orthogonal frame and affine frame of two classes of curves. Based on the fundamental curve

theories in affine space and Minkowski space, the affine properties of spacelike and timelike curves

are discussed when the arclength of spacelike and timelike curves are same as the affine arclength.

According to the obtained conclusions, the special differential equations which are satisfied by the

curvature of spacelike and timelike curves are discussed through variable substitution when the

curvature κ(s) and torsion τ (s) satisfying τ (s) = aκλ(s), (a 6= 0, λ ∈ R).

Keywords: affine space; Minkowski space; arclength; curvature; torsion
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