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M ª>��Ó ; σ(M) s�t�}-~ M ª u�v���� k6ª>y
z . ��� T0 > 0, 0 < τ < T0, Ò A ∈ R
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B ∈ R
n×m (

 î n, m ∈ N
+). \
]�×�½ÐÂ T0 ��f
g6ª�FBd�?�C�e D
E Í´Î´Æ È :



















dy(t)

dt
= Ay(t), t ∈ [0, +∞]\{τ + kT0}k∈N,

y(τ + kT0) = y−(τ + kT0) + Buk, k ∈ N,

y(0) = y0.

(1.1)

í�¾�Æ È î , y0 ∈ R
n ¾´Æ È ª>¿�À�Á�Â , u = (uk)k∈N ∈ l2(N; Rm) �´Æ È ªHÍ�Î , Í�ÎÃÂ DE ª�Ã�H#íÊÿJÄ τ + kT0 (k ∈ N) Å
UÇÜ�Æ È î . í���ÆÃÂ Ø \�]§î , ¿�À�Y y−(t) s�t�Ç �

y(·) í t ÿ)Ä6ª>È�É ' , Ê�Æ È (1.1) ª;Ý�Ë�� y(·; u).Ì
Í
, ¿�À�Î�Ï�\
] . ×�½«ª>ÐÇÿ��HË�Ì´Í�Î«Ï;Ñ . Ò z ∈ R

n. Ñ�� T > T0, Ë
NT := max{k ∈ N : τ + kT0 ≤ T}

Ø
ΛT := {0, 1, ..., NT }.

ð�²BÑ�ÒÇª u = (uk)k∈ΛT
∈ l2(ΛT ; Rm), ¿�À�Ê�C�e (1.1)

' Î#í [0, T ] bÊª;Ý�Ó
Ë�� y(·; u).

ÒÕÔ×Ö
X Ç JT (·) : l2(ΛT ; Rm) → R Ø�Ù�ë�ûJC�H
��Ú :

JT (u) :=

∫ T

0

‖y(t;u) − z‖2
Rndt +

NT
∑

k=0

‖uk‖
2
Rm , ∀ u = (uk)k∈ΛT

∈ l2(ΛT ; Rm).

ÐÇÿ��HË�Ì´Í´Î«Ï1Ñ (PT ): ÛBÜ�Ë�Ì´Í´Î uT ∈ l2(ΛT ; Rm), Ý�Û JT (uT ) = infu∈l2(ΛT ;Rm) JT (u).

Ô�Õ
Þ , ¿�À�� y(·; uT ) ¾«Ï1Ñ (PT ) ªøË�Ì�Á
Â , ¹�Ë�� yT (·). �ß
, ¿�À�Î�Ï [0, T0] bÊª>f
g�Ë�Ì´Í´Î«Ï1Ñ . ×�½�Æ È :



















dx(t)

dt
= Ax(t), t ∈ [0, T0]\{τ},

x(τ) = x−(τ) + Bu,

x(0) = x(T0),

(1.2)

 î u ∈ R
m ¾´Æ È ªHÍ�Î . í�\�]§î , ¿�À´÷�Ò´Æ È (1.2) à�&�á
0ÊªøÝ , Ë�� x(·; u)( â�ã

1.2). ÒÕÔ×Ö
X Ç J0(·) : R
m → R Ø�Ù�ë�ûJC�H
��Ú :

J0(u) :=

∫ T0

0

‖x(t;u) − z‖2
Rndt + ‖u‖2

Rm , ∀ u ∈ R
m.

f�g�Ë´Ì�Í�ÎÃÏøÑ (P0): Û
Ü�Ë´Ì�Í�Î u0 ∈ R
m Ý�Û J0(u0) = infu∈Rm J0(u). Ô�Õ�Þ ,

¿�À�� x(·; u0) ¾«Ï1Ñ (P0) ªøË�Ì�Á
Â , ¹�Ë�� x0(·).

1.2 äBå
æ�ç
¿�À�ÊÃÏ1Ñ (P0) ªøË�Ì�Á
Â x0(·) Â T0 ��f
g
è�é
ê [0, +∞) b , Ó
Ë�� x0(·), ë�ì /

ü�C�e :


















dx0(t)

dt
= Ax0(t), t ∈ [0, T ]\{τ + kT0}k∈N,

x0(τ + kT0) = x0−(τ + kT0) + Bu0, k ∈ N,

x0(kT0) = x0((k + 1)T0), k ∈ N.

(1.3)

\
]6ª>í .�î�ï ��ûJð6ª���P 1.1.ñ
ò
1.1 ÷´Ò
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(i) Ñ�� u ∈ R
m, Æ È (1.2) ��&�á�0®ª;Ý ,

(ii) ��í N0 ∈ N, Ý�Û rank{e−AτB, e−A(τ+T0)B, · · · , e−A(τ+N0T0)B} = n,

���

lim
T→∞

1

T

∫ T

0

‖yT (t) − x0(t)‖2
Rndt = 0,

���
lim

T→∞

1

NT + 1

NT
∑

k=0

‖uT
k − u0‖2

Rm = 0.

�
1.1

[4] � T → ∞ ÿ , � 1
T

∫ T

0

‖yT (t) − x0(t)‖2
Rndt → 0, ¿´À�½�� ÏøÑ (PT ) V�&�A

C turnpike ¨�© .�
1.2 ����b , ¿�À´Á§Â�� ó 0�â�ù�ú , Ý�Û�Ñ�� u ∈ R

m, Æ È (1.2) A
&�á�0®ª;Ý . ê
ë , ÷´ÒBÑ�Ò λ ∈ σ(A), A / ü Reλ < 0, ��� T0 � ?�þ . �Çÿ , ¿�À�×�½�C�e :



















dz(t)

dt
= Az(t), t ∈ [0, T0]\{τ},

z(τ) = z−(τ) + Bu,

z(0) = d0,

(1.4)

Ñ�� d0 ∈ R
n Â Ø u ∈ R

m, C�e (1.4) A
&�á�0®ª;Ý , Ë�� z(·; u, d0).

Ò Su(·) : R
n → R

n Ø�Ù�ë�ûJC�H
��Ú :

Su(d0) := z(T0;u, d0), ∀ u ∈ R
m.

Ñ�� d1, d2 ∈ R
n,  h(t) = z(t;u, d1) − z(t;u, d2), ∀ t ∈ [0, T0], ! h(·)

/ ü






dh(t)

dt
= Ah(t), t ∈ [0, T0],

h(0) = d1 − d2.

���
h(t) = eAt(d1 − d2), ∀ t ∈ [0, T0]. Ò λ1 = max{λ : λ ∈ σ(A)}. "A÷´Ò�Á$# , λ1 < 0,

�
� ��í C > 0, Ý�Û

‖eAtd‖Rn ≤ Ce
λ1
2

t‖d‖Rn, ∀ d ∈ R
n.

% � , & . T0 > max{0,− 2lnC
λ1

}, ½
&
‖Su(d1) − Su(d2)‖Rn = ‖h(T0)‖Rn ≤ δ‖d1 − d2‖Rn,

 î δ = Ce
λ1
2

T0 < 1. Ä�Å�')(+*-,�l
P�Á�# , �´í-á
0Êª d0 ∈ R
n, Ý´Û x(T0;u, d0) = d0.. Æ È (1.2) í [0, T0] b�&�á�0õÝ .�

1.3 ù�ú (ii): �´í N0 ∈ N, Ý´Û rank{e−AτB, e−A(τ+T0)B, · · · , e−A(τ+N0T0)B} = n.

00/
����ôõÍ´¨�ù�ú , 1�I´Á�Ö�â [13].
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1.3 24365-7
\�])8)9�+�?):$;�ë�û : < 2 =
Î�Ï�i
j´Ë�Ì�Í�Î§Ï;Ñ«ª!Ë�þ�k�l�P , < 3 =�� ó �
P

1.1 ª#: ; .

2 >@? (PT ) AB>@? (P0) CEDGFIHBJLK
ñ ò

2.1 �_� T > T0. ÷ÐÒ Ï´Ñ (PT ) ª�Ë§Ì<Á Â , Ë§ÌÐÍÐÎ ?NM<� yT (·)
ì

uT = (uT
k )k∈ΛT

,
��� ��í)OQP)Á
Â pT (·) ∈ C1([0, T ]; Rn)

/ ü






dpT (t)

dt
= −A>pT (t) + yT (t) − z, t ∈ [0, T ],

pT (T ) = 0,

(2.1)

���
uT

k = B>pT (τ + kT0), ∀ k ∈ ΛT . (2.2)

R "1² uT ¾«Ï1Ñ (PT ) ªøË�Ì´Í´Î ,
% ��ð�²BÑ�ÒÇª u = (uk)k∈ΛT

∈ l2(ΛT ; Rm) ��&
JT (uT + λu) − JT (uT )

λ
≥ 0, ∀ λ > 0,

ë
1

λ

∫ T

0

(

‖y(t; uT + λu) − z‖2
Rn − ‖yT (t) − z‖2

Rn

)

dt

+
1

λ

NT
∑

k=0

(

‖uT
k + λuk‖

2
Rm − ‖uT

k ‖
2
Rm

)

≥ 0, ∀ λ > 0.

(2.3)

Ñ�ÒJ��� u = (uk)k∈ΛT
∈ l2(ΛT ; Rm),  

Y (t) =
y(t; uT + λu) − yT (t)

λ
, ∀ t ∈ [0, T ],

! Y (t)
/ ü



















dY (t)

dt
= AY (t), t ∈ [0, T ]\{τ + kT0}k∈ΛT

,

Y (τ + kT0) = Y −(τ + kT0) + Buk, k ∈ ΛT ,

Y (0) = 0.

(2.4)

Ê Y (t) S
U�Ü (2.3) îøÁ�Û
1

λ

∫ T

0

(

‖yT (t) + λY (t) − z‖2
Rn − ‖yT (t) − z‖2

Rn

)

dt +
1

λ

NT
∑

k=0

(

‖uT
k + λuk‖

2
Rm − ‖uT

k ‖
2
Rm

)

≥ 0,

∀ λ > 0.
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Ù�04TBn�U�Á�Û
∫ T

0

(

λ‖Y (t)‖2
Rn + 2

〈

Y (t), yT (t) − z
〉

Rn

)

dt +

NT
∑

k=0

(

λ‖uk‖
2
Rm + 2

〈

uk, u
T
k

〉

Rm

)

≥ 0,∀ λ > 0.

 λ → 0+, !
∫ T

0

〈

Y (t), yT (t) − z
〉

Rn
dt +

NT
∑

k=0

〈

uk, u
T
k

〉

Rm
≥ 0.

"�b�H Ø (2.1)
ì

(2.4) Á�Û
∫ T

0

〈

Y (t),
dpT (t)

dt
+ A>pT (t)

〉

Rn

dt +

NT
∑

k=0

〈

uk, u
T
k

〉

Rm

= −
〈

Y (0), pT (0)
〉

Rn
+

NT
∑

k=0

〈

Y −(τ + kT0) − Y (τ + kT0), p
T (τ + kT0)

〉

Rn

+
〈

Y (T ), pT (T )
〉

Rn
+

NT
∑

k=0

〈

uk, u
T
k

〉

Rm

=

NT
∑

k=0

〈

−Buk, p
T (τ + kT0)

〉

Rn
+

NT
∑

k=0

〈

uk, u
T
k

〉

Rm

=

NT
∑

k=0

〈

uk,−B>pT (τ + kT0) + uT
k

〉

Rm

≥ 0.

(2.5)

� v = (vk)k∈ΛT
= −u, ";² u ∈ l2(ΛT ; Rm) ¾�Ñ6�6ª ,

. í�b�H6î>Y v S+V u, W$X6Y�Ó)Z
$ , ë NT

∑

k=0

〈

vk,−B>pT (τ + kT0) + uT
k

〉

Rm
≥ 0, [�ë

NT
∑

k=0

〈

uk,−B>pT (τ + kT0) + uT
k

〉

Rm
≤ 0. (2.6)

" (2.5)
Ø

(2.6) Á�Û , ð�²BÑ�ÒÇª u = (uk)k∈ΛT
∈ l2(ΛT ; Rm) ��&

NT
∑

k=0

〈

uk,−B>pT (τ + kT0) + uT
k

〉

Rm
= 0,

.
uT

k = B>pT (τ + kT0), ∀ k ∈ ΛT .

��P 2.1 : ;]\�^ .ñ�ò
2.2 ÷�Ò
Ñ�� u ∈ R

m, Æ È (1.2) A�&-á�06ªHÝ . ÒÃÏøÑ (P0) ª!Ë´Ì�Á�Â , Ë´Ì
Í´Î
?4M�� x0(·)

ì
u0,
��� ��í)OQP)Á
Â p0(·) ∈ C1([0, T0]; R

n)
/ ü







dp0(t)

dt
= −A>p0(t) + x0(t) − z, t ∈ [0, T0],

p0(0) = p0(T0),
(2.7)
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��� u0 = B>p0(τ).R "1² u0 ¾«Ï1Ñ (P0) ªøË�Ì´Í´Î ,
% ��ð�²BÑ�ÒÇª u ∈ R

m ��&
J0(u0 + λu) − J0(u0)

λ
≥ 0, ∀ λ > 0. (2.8)

Ñ�ÒJ��� u ∈ R
m,  

X(t) =
x(t; u0 + λu) − x0(t)

λ
, ∀ t ∈ [0, T0],

! X(t)
/ ü



















dX(t)

dt
= AX(t), t ∈ [0, T0]\{τ},

X(τ) = X−(τ) + Bu,

X(0) = X(T0).

(2.9)

Ê X(t) S
U�Ü (2.8) î x P��� λ → 0+ Á�Û
∫ T0

0

〈

X(t), x0(t) − z
〉

Rn
dt +

〈

u, u0
〉

Rm
≥ 0,

_ " (2.7), (2.9)
Ø b�H�Á$#

∫ T0

0

〈

X(t),
dp0(t)

dt
+ A>p0(t)

〉

Rn

dt +
〈

u, u0
〉

Rm

= −
〈

X(0), p0(0)
〉

Rn
+
〈

X−(τ) − X(τ), p0(τ)
〉

Rn
+
〈

X(T0), p
0(T0)

〉

Rn
+
〈

u, u0
〉

Rm

=
〈

−Bu, p0(τ)
〉

Rn
+
〈

u, u0
〉

Rm

=
〈

u,−B>p0(τ) + u0
〉

Rm

≥ 0.

(2.10)

� v = −u, "1² u ∈ R
m ¾BÑ��Êª ,

. í�b�HÊî#Y v SQV u, W4X�YBÓ$Z
$ , ë 〈v,−B>p0(τ) + u0
〉

Rm

≥ 0, [�ë
〈

u,−B>p0(τ) + u0
〉

Rm
≤ 0. (2.11)

" (2.10)
Ø

(2.11) Á�Û , ð�²BÑ�ÒÇª u ∈ R
m ��& 〈u,−B>p0(τ) + u0

〉

Rm
= 0,

.

u0 = B>p0(τ).

��P 2.2 : ;]\�^ .

3 `BK 1.1 Cbadc
�6ç�: ;8��P 1.1, ¿�À Í : ;�Âøû0e
j@f8P .g ò

3.1 ÷´Ò���í N0 ∈ N, Ý�Û
rank{e−AτB, e−A(τ+T0)B, · · · , e−A(τ+N0T0)B} = n, (3.1)
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��� ��í�0Bj�F � C1 > 0, Ý�Û

‖p0‖
2
Rn ≤ C1

N0
∑

j=0

‖B>e−A>(τ+jT0)p0‖
2
Rm , ∀ p0 ∈ R

n. (3.2)

Rih : N . ÷´Ò#ð�²BÑ�ÒÇª k ∈ N
+, ��í pk ∈ R

n Ý�Û ‖pk‖
2
Rn ≥ k

N0
∑

j=0

‖B>e−A>(τ+jT0)pk‖
2
Rm .

 p̃k = pk

‖pk‖Rn
, "�b�á)W4X�H�Á�Û

1

k
‖p̃k‖

2
Rn ≥

N0
∑

j=0

‖B>e−A>(τ+jT0)p̃k‖
2
Rm . (3.3)

% � ‖p̃k‖Rn = 1, ∀ k ∈ N
+,
É Âj�´í {p̃k}k∈N+ ªlk$m6n ( Ó�Ë�� {p̃k}k∈N+) Â Ø p̃0 ∈ R

n

Ý�Û
lim

k→∞
p̃k = p̃0, (3.4)

� ‖p̃0‖Rn = 1. í (3.3) î] k → ∞, " (3.4) Á�Û
N0
∑

j=0

‖B>e−A>(τ+jT0)p̃0‖
2
Rm = 0,

!
p̃>
0 e−A(τ+jT0)B = 0, ∀ j ∈ {0, ..., N0}.

î z (3.1) Á$# p̃0 = 0, ��@ ‖p̃0‖Rn = 1 o$p .
% � (3.2) Z
$ .

f8P 3.1 : ;]\�^ .g ò
3.2 ÷�Ò$��í N0 ∈ N, Ý�Û rank{e−AτB, e−A(τ+T0)B, · · · , e−A(τ+N0T0)B} = n,

�
� ��í�0Bj�F � C2 > 0, Ý�Û�ð�²BÑ�ÒÇª f(·) ∈ L2(0, τ + N0T0; R

n)
Ø

p0 ∈ R
n, A
&

‖p0‖
2
Rn ≤ C2

(

N0
∑

j=0

‖B>p(τ + jT0)‖
2
Rm +

∫ τ+N0T0

0

‖f(t)‖2
Rndt

)

(3.5)

Z
$ ,
 î p(·) ∈ C1([0, τ + N0T0]; R

n) ¾�C�e






dp(t)

dt
= −A>p(t) + f(t), t ∈ [0, τ + N0T0],

p(0) = p0

(3.6)

ª;Ý .R Ñ�ÒJ��� f(·) ∈ L2(0, τ + N0T0; R
n)
Ø

p0 ∈ R
n, Ò p(·) ¾�C�e (3.6) ª;Ý .  p1(·)/ ü�C�e :







dp1(t)

dt
= −A>p1(t), t ∈ [0, τ + N0T0],

p1(0) = p0,

(3.7)
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p2(·)
/ ü�C�e :







dp2(t)

dt
= −A>p2(t) + f(t), t ∈ [0, τ + N0T0],

p2(0) = 0.

(3.8)

q { ,

p(t) = p1(t) + p2(t), ∀ t ∈ [0, τ + N0T0]. (3.9)

9�ûÇª#: ;>?
�4e)T .

<�04T . ¿�À�: ;r��í�0Bj$s
$´² p0 ª�F � C ′
1 > 0, Ý�Û

‖p0‖
2
Rn ≤ C ′

1

N0
∑

j=0

‖B>p1(τ + jT0)‖
2
Rm . (3.10)

" (3.7) Á)# p1(τ + jT0) = e−A>(τ+jT0)p0, ∀ j ∈ {0, 1, ..., N0},
. "1÷�Ò�ù�ú Ø f�P 3.1 Á

# (3.10) Z
$ .

<�t$T . ¿�À�: ;r��í�0Bj$s
$´² f(·) F � C ′
2 > 0, Ý�Û

‖p2(t)‖
2
Rn ≤ C ′

2

∫ τ+N0T0

0

‖f(t)‖2
Rndt, ∀ t ∈ [0, τ + N0T0]. (3.11)

¿�À�Ê (3.8) î�ª]<�0Bj�H�k6ª>È$u�i�vNwõÿ�@ p2(t) � � =´Á�Û
1

2

d

dt
‖p2(t)‖

2
Rn = −

〈

A>p2(t), p2(t)
〉

Rn
+ 〈p2(t), f(t)〉

Rn

≤ ‖A‖Rn×n‖p2(t)‖
2
Rn +

1

2
‖p2(t)‖

2
Rn +

1

2
‖f(t)‖2

Rn,

x Ú
d

dt
‖p2(t)‖

2
Rn ≤ (2‖A‖Rn×n + 1)‖p2(t)‖

2
Rn + ‖f(t)‖2

Rn .

^y# p2(0) = 0, " Gronwall W)X�H´Á�# , ��í-0
j�@ f(·) Q�Z«ªJF � C ′
2 > 0, Ý�Û (3.11)

Z
$ .

<)e)T . ¿�À�: ; (3.5) Z
$ .

" (3.9), (3.10), (3.11) Á�Û

‖p0‖
2
Rn ≤ C ′

1

N0
∑

j=0

‖B>p1(τ + jT0)‖
2
Rm

≤ 2C ′
1

N0
∑

j=0

‖B>p(τ + jT0)‖
2
Rm + 2C ′

1

N0
∑

j=0

‖B>p2(τ + jT0)‖
2
Rm .

≤ 2C ′
1

N0
∑

j=0

‖B>p(τ + jT0)‖
2
Rm + 2C ′

1N0C
′
2‖B

>‖2
Rm×n

∫ τ+N0T0

0

‖f(t)‖2
Rndt.

� C2 = max{2C ′
1, 2C ′

1N0C
′
2‖B

>‖2
Rm×n}, ! (3.5) Z
$ .

f8P 3.2 : ;]\�^ .
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�
3.1 f8P 3.1

ì f8P 3.2 Á§Âjz
� D
E Í´Î�Æ È (1.1) ªdôdö�¨$W4X�H .g ò
3.3 �´í�F � C3 > 0, Ý´Û�ð�²�Ñ-Ò®ª T > T0

Ø
u = (uk)k∈ΛT

∈ l2(ΛT ; Rm), A
&

‖y(T ; u)‖2
Rn ≤ C3

(

∫ T

0

‖y(t; u)‖2
Rndt +

NT
∑

k=0

‖uk‖
2
Rm

)

(3.12)

Z
$ .R { � T > T0

Ø
u = (uk)k∈ΛT

∈ l2(ΛT ; Rm), Ê�Æ È (1.1)
' Î�í [0, T ] b6ªøÝ�¹
Ë

� y(·). ã�Ò�Ü , y(·) í [T − T0, T ] b / ü�C�e :







dy(t)

dt
= Ay(t), t ∈ [T − T0, T ]\{τ + NT T0},

y(τ + NT T0) = y−(τ + NT T0) + BuNT
.

��� � t ∈ [τ + NT T0, T ] ÿ , y(t) = eA(t−T )y(T ),
x Ú

y(T ) = eA(T−t)y(t). (3.13)

Ú-� t ∈ [T − T0, τ + NT T0) ÿ , y(t) = eA(t−T )y(T ) − eA(t−τ−NT T0)BuNT
,
x Ú

y(T ) = eA(T−t)y(t) + eA(T−τ−NT T0)BuNT
. (3.14)

" (3.13) Á�Û
∫ T

τ+NT T0

‖y(T )‖2
Rndt =

∫ T

τ+NT T0

‖eA(T−t)y(t)‖2
Rndt.

" (3.14) Á�Û
∫ τ+NT T0

T−T0

‖y(T )‖2
Rndt ≤ 2

∫ τ+NT T0

T−T0

‖eA(T−t)y(t)‖2
Rndt

+ 2

∫ τ+NT T0

T−T0

‖eA(T−τ−NT T0)BuNT
‖2

Rndt.

Ê�b�á�i�H#Ô
Å´Á�Û
T0‖y(T )‖2

Rn ≤ 2

∫ T

T−T0

‖eA(T−t)y(t)‖2
Rndt + 2

∫ τ+NT T0

T−T0

‖eA(T−τ−NT T0)BuNT
‖2

Rndt.

� M = maxt∈[0,T0]{‖e
At‖Rn×n}, !

‖y(T )‖2
Rn ≤ 2

M 2

T0

∫ T

T−T0

‖y(t)‖2
Rndt + 2M 2‖B‖2

Rn×m‖uNT
‖2

Rm

≤ 2
M 2

T0

∫ T

T−T0

‖y(t)‖2
Rndt + 2M 2‖B‖2

Rn×m

NT
∑

k=0

‖uk‖
2
Rm .

� C3 = max{2M2

T0
, 2M 2‖B‖2

Rn×m},
.

(3.12) Z
$ .
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f8P 3.3 : ;]\�^ .

�Ãç!Û®Ü���P 1.1, ¿�À�Ê ÏHÑ (P0) ª-O@P�Á�Â p0(·) Â T0 ��f�g�è�é�ê [0, +∞) b ,

Ó
Ë�� p0(·), ë p0(·)
/ ü�C�e :






dp0(t)

dt
= −A>p0(t) + x0(t) − z, t ∈ [0, +∞),

p0(kT0) = p0((k + 1)T0), k ∈ N,

(3.15)

���
u0 = B>p0(τ + kT0), ∀ k ∈ N. (3.16)

ñ-ò
1.1 | RG} Ñ Ò��4� T > τ + N0T0. � çJC+~+��â , í§û�ð ªJ: ;®î#¿ÇÀ-Ë

ȳ(t) = yT (t) − x0(t), p̄(t) = pT (t) − p0(t),∀t ∈ [0, T ],
Ø

ūk = uT
k − u0, ∀k ∈ ΛT . " (1.1),

(1.3), (2.1), (2.2) Â Ø (3.15)
ì

(3.16), ¿�À
&






























dȳ(t)

dt
= Aȳ(t), t ∈ [0, T ]\{τ + kT0}k∈ΛT

,

ȳ(τ + kT0) = ȳ−(τ + kT0) + Būk, k ∈ ΛT ,

dp̄(t)

dt
= −A>p̄(t) + ȳ(t), t ∈ [0, T ],

ūk = B>p̄(τ + kT0), k ∈ ΛT .

(3.17)

Ê (3.17) ª]<)e
j�H�k6ª>È$u�i�vNwdÿ�@ ȳ(t) � � = , �õí [0, T ] b4�
=�?�Á�Û
∫ T

0

‖ȳ(t)‖2
Rndt =

∫ T

0

〈

ȳ(t),
dp̄(t)

dt

〉

Rn

dt +

∫ T

0

〈

ȳ(t), A>p̄(t)
〉

Rn
dt.

Ù�04T , " (3.17) Á$#
∫ T

0

‖ȳ(t)‖2
Rndt = − 〈ȳ(0), p̄(0)〉

Rn +

NT
∑

k=0

〈

ȳ−(τ + kT0) − ȳ(τ + kT0), p̄(τ + kT0)
〉

Rn

+ 〈ȳ(T ), p̄(T )〉
Rn

= − 〈ȳ(0), p̄(0)〉
Rn −

NT
∑

k=0

〈Būk, p̄(τ + kT0)〉Rn + 〈ȳ(T ), p̄(T )〉
Rn

= − 〈ȳ(0), p̄(0)〉
Rn −

NT
∑

k=0

‖ūk‖
2
Rn + 〈ȳ(T ), p̄(T )〉

Rn .

% �
∫ T

0

‖ȳ(t)‖2
Rndt +

NT
∑

k=0

‖ūk‖
2
Rn = 〈ȳ(T ), p̄(T )〉

Rn − 〈ȳ(0), p̄(0)〉
Rn

≤ ‖ȳ(T )‖Rn‖p̄(T )‖Rn + ‖ȳ(0)‖Rn‖p̄(0)‖Rn

≤ ε1‖ȳ(T )‖2
Rn + C(ε1)‖p

0(T )‖2
Rn + ε2‖p̄(0)‖2

Rn

+ C(ε2)‖y0 − x0(0)‖2
Rn ,

(3.18)
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 î ε1, ε2 ¾BÑ�Ò�F � , C(ε1), C(ε2) ?4M´¾Q&��4��² ε1, ε2 ª�F � . "0f8P 3.2, f8P 3.3
Ø

(3.17) Á$# , ��í�@ T Q�ZÊª�F � C2, C3 > 0, Ý�Û

‖p̄(0)‖2
Rn ≤ C2

(

NT
∑

k=0

‖B>p̄(τ + kT0)‖
2
Rm +

∫ T

0

‖ȳ(t)‖2
Rndt

)

= C2

(

NT
∑

k=0

‖ūk‖
2
Rm +

∫ T

0

‖ȳ(t)‖2
Rndt

)

,

(3.19)

Â Ø
‖ȳ(T )‖2

Rn ≤ C3

(

NT
∑

k=0

‖ūk‖
2
Rm +

∫ T

0

‖ȳ(t)‖2
Rndt

)

. (3.20)

í (3.18) îy� ε1 = 1
4C2

, ε2 = 1
4C3

, Ê (3.19), (3.20) S
U�Ü (3.18) îøÁ�Û
∫ T

0

‖ȳ(t)‖2
Rndt +

NT
∑

k=0

‖ūk‖
2
Rm ≤ 2C(ε1)‖p

0(T )‖2
Rn + 2C(ε2)‖y0 − x0(0)‖2

Rn , ∀ T > 0.

% �-� T → ∞ ÿ 1
T

∫ T

0

‖ȳ(t)‖2
Rndt → 0, � 1

T

NT
∑

k=0

‖ūk‖
2
Rn → 0,

î z�b�H Ø NT ª���Ú�Á$#

1

NT + 1

NT
∑

k=0

‖ūk‖
2
Rn → 0.

��P 1.1 : ;]\�^ .
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MEAN SQUARE TURNPIKE PROPERTY OF PERIODIC

IMPULSIVE CONTROL PROBLEMS FOR ORDINARY

DIFFERENTIAL EQUATIONS

YAN Qi-shu, ZHAO Rui

(School of Science, Hebei University of Technology, Tianjin 300401, China)

Abstract: In this paper, we study the optimal control problem of a class of ordinary

differential equations, in which the control periodically acts into the system in the form of impulses.

Firstly, we give the maximum principles of the optimal control problem and the reference control

problem, respectively. Secondly, under the assumption that the control system is controllable, the

observability inequality of the system is proved. Finally, by using the maximum principles and the

observability inequality, the convergence relationship of the optimal states and optimal controls

between two optimal control problems is obtained when the time range is large enough—the mean

square turnpike property.

Keywords: periodic impulse control system; turnpike property; maximum principle
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